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Abstract: A 2D-direction of arrival estimation (DOAE) for multi-
input and multi-output (MIMO) radar using improved multiple
temporal-spatial subspaces in estimating signal parameters via
rotational invariance techniques method (TS-ESPRIT) is intro-
duced. In order to realize the improved TS-ESPRIT, the proposed
algorithm divides the planar array into multiple uniform sub-planar
arrays with common reference point to get a unified phase shifts
measurement point for all sub-arrays. The TS-ESPRIT is applied
to each sub-array separately, and in the same time with the oth-
ers to realize the parallelly temporal and spatial processing, so
that it reduces the non-linearity effect of model and decreases the
computational time. Then, the time difference of arrival (TDOA)
technique is applied to combine the multiple sub-arrays in or-
der to form the improved TS-ESPRIT. It is found that the proposed
method achieves high accuracy at a low signal to noise ratio (SNR)
with low computational complexity, leading to enhancement of the
estimators performance.
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1. Introduction

The direction of arrival estimation (DOAE) of the multiple
narrowband signals is important in array signal processing
including sonar, radar, astronomy and mobile communica-
tions.

In a radar tracking system, the target exact position de-
termination during the initial detections is associated with
the DOAE accuracy. Thus, the DOAE error affects the
radar tracking system performance.

The ESPRIT and its extensions [1–11] have been widely
studied in one-dimensional (1D) DOAE for uniform linear
array (ULA), and non-uniform linear array (NULA), and
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also extended to two-dimensional (2D) DOAE [12–19].
The main drawback of these methods is the high com-
putational costs associated with the high DOAE accuracy.
Additionally these methods have a poor performance at a
low signal to noise ratio (SNR). This paper presents a mo-
dern algorithm based on combination between time sub-
space ESPRIT (T-ESPRIT) [1,2] and spatial subspace
ESPRIT (S-ESPRIT) via using the TDOA technique,
which enhances the estimates performance specially at low
SNR due to the using of the improved TS-ESPRIT method
that enables multiple phase deference measurements with
different resolutions. Firstly, the spatial subspace is rea-
lized by arranging the main planar array as a multiple uni-
form sub-planar arrays related to the common reference
point to get a unified phase shifts measurement point for
all sub-arrays. The TS-ESPRIT is simultaneously applied
on all sub-arrays to realize the parallelly temporal and spa-
tial processing, so that it reduces the non-linearity effect of
the model and decreases the computational time. Then, the
TDOA is applied to combine the multiple sub-arrays to cal-
culate the optimum DOAE value at the reference antenna,
which can enhance the estimation accuracy and reduce the
computational load.

2. Proposed algorithm

2.1 Measurement model

In this model, the radiation propagates in straight lines due
to the isotropic and non-dispersive transmission medium
assumption. Also, it is assumed that the sources are far-
field signals. Consequently, the radiation impinging on
the array is a summation of the plane waves. The signals
are assumed to be narrow-band, and they can be consi-
dered as sample functions of a stationary stochastic pro-
cess or deterministic functions of time. Considering there
are K narrow-band signals and the center frequency ω 0 is
ω0 = 2πf , the kth signal can be written as

sk(t) = Ekej(ω0t+ψk), k = 1, 2, . . . ,K (1)
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where sk(t) is the signal of the kth emitting source at t,
ψk is the carrier phase angle assumed to be a random vari-
able distributed uniformly on [0, 2π] and independent from
each other.

Fig. 1 introduces a planar array arranged as sub-planar
arrays and indexed with N,G along y and x directions re-
spectively.

Fig. 1 Planar antenna array

Fig. 2 shows an (n, g) sub-planar array, where n =
1, . . . , N , and g = 1, . . . , G have elements indexed L, I
along y and x directions respectively. For any pair (i, l), its
coordinates with respect to the reference point (R.P) along
y and x directions respectively are (y ii,n, xii,g), where
i = 1, . . . , I, l = 1, . . . , L.

Fig. 2 Sub-planar antenna array

The space phase factors along x and y directions are ex-
pressed as

pi(θ
n,g
k , ϕn,gk ) ≡ pki (n, g) =

ej 2π(i−1)Δx
λ sin θn,gk cosϕn,gk (2)

xii,g = ((i− 1)Δx) + ((g − 1)IΔx) (3)

qi(θ
n,g
k , ϕn,gk ) ≡ qki (n, g) =

ej
2π(l−1)Δy

λ sin θn,gk sinϕn,gk (4)

yii,n = ((l − 1)Δy) + ((n− 1)LΔy) (5)

where (θn,gk , ϕn,gk ) denotes the kth source estimated ele-
vation angle and azimuth angle respectively with respect
to the (n, g) sub-array, Δx and Δy are reference displace-
ments between neighbor elements along x and y directions
within any (n, g) sub-array, also Δx and Δy are reference
displacements between neighbor sub-arrays along x and y
directions respectively, and λ is the wavelength of the sig-
nal. The receiving model can be expressed as

Zn,g(t) = An,gS(t) + W (t) (6)

where the matrices S(t),A and W (t) are the recei-
ving signal, transform factor for each sub-array, and ad-
ditive white Gaussian noise (AWGN), respectively. They
are given in the subspace as follows:

Zn,g(t) = [zn,g1,1 (t) · · · zn,g1,L(t) · · · zn,gI,1 (t) · · · zn,gI,L(t)]T

(7)

An,g def==[uT
k (γk, ηk, θ

n,g
k , ϕn,gk )⊗

pi(θ
n,g
k , ϕn,gk ) ⊗ ql(θ

n,g
k , ϕn,gk ] (8)

where ⊗ denotes the Kronker product. Then, for any (n, g)
sub-array, we have

An,g = A(θn,gk , ϕn,gk ) = [UT
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where pi(θ
n,g
k , ϕn,gk ) and ql(θ

n,g
k , ϕn,gk ) are symbolized as

pki , qkl . And,

UT
k = uk(γk, ηk, θ

n,g
k , ϕn,gk ) =(

sin γk cos θn,gk cosϕn,gk ejηk − cos γk sinϕn,gk
sin γk cos θn,gk sinϕn,gk ejηk + cos γk cosϕn,gk

)
(10)

S(t) def==[s1(t) · · · · · · sK(t)]T (11)

W (t) = [w1.1(t) · · ·w1,L(t) · · ·wl,1(t) · · ·wl,L(t)]T.

(12)

The auxiliary polarization angle is defined as γ ∈
[0,π/2], and the polarization phase difference is given as
η ∈ [−π,π]. We omit (n, g) for simplicity. The whole data
are divided intoM snapshots at each time ts with sampling
frequency fs according to the Nequist law. Then it picks
up enough data r enclosed by each snapshot m with time

period τ =
t5
r

as short as possible. Then, from (6) each

receiving signal measurement value in the mth subspace is
given as

zm(τ) = Asm(τ) + wm(τ) (13)

where m = 1, 2, . . . ,M . Therefore, the whole space-time
steering data matrix can be expressed as
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Z
def==

⎡⎢⎣ z
1
1,1(0) · · · z1

1,1(τ1) · · · zm1,1(0) · · · zm1,1(τ1) · · · zM1,1(0) · · · zM1,1(τ1)
...

. . .
...

. . .
...

. . .
...

. . .
...

. . .
...

z1
I,L(0) · · · z1

I,L(τ1) · · · zmI,L(0) · · · zmI,L(τ1) · · · zMI,L(0) · · · zMI,L(τ1)

⎤⎥⎦ . (14)

Then

Z = [[z1(τ)] · · · [zm(τ)] · · · [zM (τ)]] (15)

where τ1 = τ(r − 1), the dimension of Z for the kth sig-
nal is (2IL ×Mr). The mth subspace data matrix can be
expressed as

zm(τ) =

⎡⎢⎣ z
m
1,1(0) · · · zm1,1(τ1)

...
. . .

...
zmI,L(0) · · · zmI,L(τ1)

⎤⎥⎦ . (16)

For the T-ESPRIT scheme, the ESPRIT algorithm is
used in an appropriate picked data represented in (14) for
each subspace given in (16). It is noted that (15) presents
a parallel calculation for each subspace for the same sam-
pling accuracy, then, the calculations load reduction and
consequently saving time are achieved.

2.2 T-ESPRIT method for 2-D DOAE

The ESPRIT algorithm is based on a covariance formula-
tion, that is

R̂zz
def==E[Z(τ)Z∗(τ)] = AR̂ssA

∗ + σ2ΣW (17)

R̂ss = E[S(τ)S∗(τ)] (18)

where R̂zz is the correlation matrix of the sub-array out-
put signal matrix, R̂ss is the autocorrelation matrix of the
signal. The subscript (∗) denotes the complex conjugate
transpose. The correlation matrix of R̂zz can be doned for
the eigenvalue decomposition as follows:

R̂zz
def== ÊSΛÊ∗

S + σ2ÊNΛÊ∗
N (19)

where the eigenvalues are λ1 > λ2 > · · · > λK >

λK+1 = · · · = λZ(I×L) = σ2.

The eigenvectors ÊS = [θ̂1, θ̂2, . . . , θ̂K ] for the larger
K eigenvalues span the signal subspace, and the rest 2(I×
L) − K smaller eigenvalues ÊN = [θ̂K+1, . . . , θ̂2(I×L)]
span the noise subspace which is orthogonal to the signal
subspace. Therefore, there exists a unique nonsingular ma-
trix Q, such that:

ÊS = AQ = [uT
k ⊗ pi(θk, ϕk) ⊗ ql(θk, ϕk)]Q. (20)

In (13), AP1 and AP2 are the first and the last
2L × (I − 1) rows of A respectively. The difference be-
tween them along the x direction is the factor Δpk =

ej 2πΔx
λ sin θk cosϕk . Thus, AP2 = AP1φP , where φP is

the diagonal matrix with diagonal elements Δpk. Con-
sequently, let ÊP1 and ÊP2 be the first and the last
2L× (I − 1) sub-matrices formed from ÊS . Then the dia-
gonal elements pk of φP are the eigenvalues of the unique
matrix ΨP = Q−1φPQ, which satisfy

ÊP2 = ÊP1ΨP . (21)

Similarly, the two 2I × (L − 1) sub-matrices Aq1 and
Aq2 consisting of the rows of A numbered with 2L× (i−
1) + l and 2L× (i− 1) + l + 2 respectively differ by the

space factor Δqk = ej
2πΔy

λ sin θk sinϕk along the y direc-
tion, where l = 1, . . . , 2(L − 1). Then Aq2 = Aq1φq ,
where φq is the diagonal matrix with diagonal elements
Δqk.

Consequently, ÊS forms the 2I × (L − 1) two sub-
matrices Êq1 and Êq2. Then the diagonal elements Δqk
of φq are the eigenvalues of the unique matrix Ψ q =
Q−1φqQ, which satisfies

Êq2 = Êq1Ψ q. (22)

It is noted that for multiple signals processing the orde-
ring of the eigenvectors of Ψ q is generally permuted to the
ordering of the eigenvectors of Ψ p. Then, it is essential to
pair the eigenvalues of Ψ q and Ψ p. Thus, for all possible
permutations, the eigenvalue of Ψ q corresponds to Δpku

the element of the Δqkv set which realizes

{k0
1, k

0
2 , . . . , k

0
K} =

Δpku

Δqkv

− Δqkt (23)

where ku, kv, kt = 1, 2, . . . ,K .
Therefore, it is easy to derivate the arrival angles

(θk, ϕk) as follows:

θk = arcsin

⎧⎨⎩ λ

2π

[(
arg(Δpk)

Δx

)2

+
(

arg(Δqk)
Δy

)2
]1/2

⎫⎬⎭
(24)

ϕk = arctan
[
Δx

Δy
· arg(qk)
arg(pk)

]
. (25)

2.3 Optimal DOAE calculation

The sub-planar pair is shown in Fig. 3.



700 Journal of Systems Engineering and Electronics Vol. 28, No. 4, August 2017

Fig. 3 Arrangement of sub-planar pair

The TDOA (δng) for the kth received signal is calcu-
lated [20] as follows:

δn,gk =
H

c
sin θ̂n,gk (26)

where c is the wave velocity (3 × 108 m/s) and H is the
distance between any (n, g) sub-array groups as shown in
Fig. 3. For the sub-planar groups shown in Fig. 4, the
TDOA between group (1, 1) and group (N,G) for the kth
source is denoted by δ1G

k , and the TDOA between group
(N, 1) and group (1, G) for the kth source is denoted by
δN,1k .

Fig. 4 Arrangement of sub-planar groups

Then, from (26) we have

δ1,Gk =
H

c
sin θ̂1,Gk (27)

δN,1k =
H

c
sin θ̂N,1k (28)

H =
√

(Hx)2 + (Hy)2 (29)

whereHx andHy are the distance between the first and last
sub-array arranged along x and y directions respectively.

Hx = xg=Gc − xg=1
c (30)

Hy = yn=N
c − yn=1

c (31)

where xgc is the coordinate of the (g) sub-array center
point, and ync is the coordinate of the (n) sub-array cen-
ter point with respect to the reference point along x and y
directions respectively.

Thus, (3) and (5) could be modified to represent the co-
ordinates of any (n, g) sub-array with respect to the refe-
rence point as follows:

xgc =
(

(I − 1)
2

Δx

)
+ ((g − 1)IΔx) (32)

xnc =
(

(L− 1)
2

Δy

)
+ ((n− 1)LΔy) (33)

θ̂1,Gk =
θ̂1,1k + θ̂N,Ck

2
(34)

θ̂N,1k =
θ̂N,1k + θ̂N,Ck

2
(35)

where the value of θk for any (n, g) sub-array group is
estimated as in (24). Substituting (29)–(35) into (27) and
(28), the kth received signal TDOA (δ1G

k , δN1
k ) is obtained.

As shown in Fig. 4, the optimal DOAE values (θ0
k, ϕ

0
k)

are measured at the center of the sub-array groups which
are located in the cross point of the straight lines passing
through group (1, 1) and group (N,G) and through group
(N, 1) and group (1, G). Thus, (θ0

k, ϕ
0
k) values can be rep-

resented [20–22] in terms of ( θ̂1,Gk , θ̂N,1k ) as follows:

sin θ̂1,Gk = sin θ̂0k sin ϕ̂0
k =

cδ1,G

H
(36)

sin θ̂N,1k = sin θ̂0k cos ϕ̂0
k =

cδN,1

H
. (37)

From (36) and (37), the optimal DOAE values are ex-
pressed as

ϕ̂0
k = arctan

(
δ1,Gk
δN,1k

)
(38)

θ̂0k = arcsin
(
c

H

√
(δ1,Gk )2 + (δN,1k )2

)
. (39)

3. Simulation results

Considering the 2D-DOAE process with AWGN, the pa-
rameters are given as fs = 25 MHz. Assume total tempo-
ral snapshots are 25, pickup the enclosed data 20 times, and
do 200 independent Monte Carlo simulations. In order to
validate the proposed method, it has been used in the pla-
nar case with number of elements, such as (I, L) = (3, 3),
(N,G) = (2, 2) with displacement values Δx = Δy =
λ/2, with initial values θ = 45◦ and ϕ = 60◦.

Fig. 5 presents the RMSEs of the T-ESPRIT algorithm
applied on array with elements (6,6) without dividing to
sub-arrays, and the RMSEs of the proposed algorithm
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(T-ESPRIT with spatial subspace) by dividing the planar
array into two sub-planar arrays with (I, L) = (3, 3),
(N,G) = (2, 2).

Fig. 5 indicates that the proposed algorithm errors are
getting closer to the CRB as a result of applying spatial
subspace concept which enables multiple phase deference
measurements with different resolutions with respect to the
same reference point.

Fig. 5 RMSEs vs. SNR for T-ESPRIT algorithm and the proposed
algorithm

Comparison results displayed in Fig. 6 show that errors
of the proposed algorithm are less than that of the 2D Beam
ESPRIT, the ESPRIT-Like, and the Quaternion ESPRIT
algorithms used in [13–15] respectively, especially at the
low SNR. This upgrade has been realized due to two fac-
tors. The first factor is the applying of the time subspace
approach which decreases the errors caused by the model
non-linearity effect. And the second factor is the using of
spatial subspace technique which increases the resolution
of phase deference measurement.

Fig. 6 RMSEs vs. SNR for the proposed algorithm and ESPRIT
methods

Table 1 represents the computational time and comple-
xity.

Table 1 Computation time and complexity

Computation
Method

Time/ms Complexity

Conventional ESPRIT 17.7 O([4d(IGLN)2 + 8(IGLN)3])

Proposed algorithm 1.14 O([M + 4r(IL)2 + 8(IL)3])

From Table 1, it has been found that the proposed
algorithm requires O([M + 4r(IL)2 + 8(IL)3]) flops,
while the conventional ESPRIT needs O([4d(IGLN)2 +
8(IGLN)3]) flops. The proposed algorithm requires only
about 6% computational time of the conventional ESPRIT
as a result of using the TDOA method.

We can figure out that the combination between the
T-ESPRIT algorithm and the spatial subspace algorithm
using TDOA technique, which forms the proposed im-
proved TS-ESPRIT algorithm, has achieved success in im-
proving the DOAE accuracy with low computational load.
Simply, the proposed method improves the estimation per-
formance.

4. Conclusions

In this paper, a new ESPRIT method is developed based
on the concept of subspace. Firstly, the T-ESPRIT method
is used to estimate DOA for each sub-array to realize the
time subspace concept. Secondly, the T-ESPRIT method is
combined with the TDOA algorithm to compute the opti-
mal DOAE value in order to realize the temporal-spatial
subspace concept. It has been found that the estimation ac-
curacy has been improved with low computational load.
The computational time has been reduced by about 94%,
which consequently enhances the estimation performance.
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