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Abstract: The analog-to-information convertor (AIC) is a suc-
cessful practice of compressive sensing (CS) theory in the analog
signal acquisition. This paper presents a multi-narrowband sig-
nals sampling and reconstruction model based on AIC and block
sparsity. To overcome the practical problems, the block sparsity is
divided into uniform block and non-uniform block situations, and
the block restricted isometry property and sub-sampling limit in
different situations are analyzed respectively in detail. Theoretical
analysis proves that using the block sparsity in AIC can reduce the
restricted isometric constant, increase the reconstruction proba-
bility and reduce the sub-sampling rate. Simulation results show
that the proposed model can complete sub-sampling and recon-
struction for multi-narrowband signals. This paper extends the
application range of AIC from the finite information rate signal to
the multi-narrowband signals by using the potential relevance of
support sets. The proposed receiving model has low complexity
and is easy to implement, which can promote the application of
CS theory in the radar receiver to reduce the burden of analog-to-
digital convertor (ADC) and solve bandwidth limitations of ADC.
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1. Introduction

The compressive sensing (CS) theory was proposed by
Donoho et al. [1-3] in 2006. It can obtain a non-adaptive
linear projection at a rate far below the Nyquist frequency
form signal and reconstruct it in a high probability through
algorithms using the prior knowledge of sparsity.

CS technology has been applied to many research fields,
including radar signal processing, wireless sensor net-
works, image acquisition, medical signal processing, etc.
These applications are usually built on the basis of digi-
tal signal processing, mainly used in the finite-dimensional
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digital signal. In the analog domain, Tropp, et al. stu-
died the feasibility of applications of CS in analog in-
formation collection [4—7]. Baraniuk, a research team
from Rice University, designed an analog-to-information
convertor (AIC) based on CS theory [8—-12]. After that,
Candes of California Institute of Technology developed
a compression sampling chip named random modulation
pre-integration (RMPI) on the basis of AIC [13]. Daponte
et al. studied the effects of the jitter in the pseudo ran-
dom binary sequence used in the mixing step of the AIC
[14]. As the most successful application of CS theory in the
analog domain, the AIC sampling model has been widely
used in radar, communications, cognitive radio and other
fields [15-19]. In 2010, Mishali et al. improved the frame-
work of AIC and presented a modulated wideband conver-
sion (MWC) [20-22]. However, it has high computational
complexity and strict requirements for the hardware with
parallel structure.

In terms of reconstruction, various algorithms can be
used to reconstruct the original signal using compressive
samples [23—-27]. Based on the framework of traditional
algorithms, Lee et al. proposed a novel support detec-
tion method which was referred to maximize the posteri-
ori support detection [28]. Recent studies have addressed
reconstruction algorithms specially for the original signal
with special structure characteristics and the advantages of
block sparsity are re-emphasized by scholars. By analy-
zing the characteristic of block sparse signals, Eldar et al.
developed a block-MP and block-BOMP algorithm on the
basis of matching pursuit (MP) and orthogonal MP (OMP)
[29,30]. Shekaramiz et al. investigated the recovery of
block-sparse signals via multiple measurement vectors in
the presence of noise [31]. Shah et al. explored the block
11-norm regularizers for the compressive image recovery,
which used the potential correlation between adjacent pix-
els [32].

In reality, many of the original signals, such as the multi-
band narrowband signal that the radar receiver may en-
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counter, have block sparse structures. By promoting the
application to receiver, the sampling rate and the sam-
pling burden of the analog-to-digital convertor (ADC) will
be greatly reduced. Meanwhile, the problem of bandwidth
limitations on ADC can also be solved.

2. Digital CStheory

Different from the traditional Nyquist theory, the CS the-
ory suggests that as long as the signal is compressible or
sparse in a transform domain, an observation matrix in-
coherent with the transform bases can be used to project
the resulting high-dimensional signal onto a lower dimen-
sional space, and then the original signal can be recon-
structed in a high probability from the few projections by
solving an optimization problem. It has been proved that
such projections contain enough information for recon-
structing signals. In this framework, the sampling rate is
not determined by the bandwidth of the signal, but depends
on the structure and content of the information in the sig-
nal.

The signal = € RM*! to be processed is the
one-dimensional real-valued time series with element
z[n] (n=1,2,...,N). Asignal is called the time-domain
sparse signal if most elements of « are zero or approximate
to zero. However, most of the signals in the nature are non-
sparse in the time domain but sparse in some transform
domain. Such signals are called the compressible signal.

Assume a set of orthonormal basis ¥ = [11, 12, ..., UN]
in the space R, then there are
N
T=> sip=¥"s (1)
i=1

where s = {s;}¥, is a column vector with an N x 1
dimension, and s; = (z,;) = ! . If the number of
support set in s; = (x, ;) is not greater than k, the signal
can be called a k-sparse signal.

With the observation matrix & € RM*N (M << N),
the linear measurements y € R of = can be expressed
as

y=&bx=o0" s (2)

In the process of reconstruction, the original values of x
need to be obtained according to (2). Because the dimen-
sion of y is much smaller than x, (2) can have infinite so-
lutions. If the original signal is k-sparse with &, the sparse
expression s can be reconstructed algorithmically, thereby
we can obtain the original signal. In order to facilitate the
reconstruction process, @ = & ¥ is defined as a reco-
very matrix.

Definition 1 Let © be a given matrix. If there exists a
restricted isometric constant (RIC) ¢, satisfying

(1= o)lsllz, < 1OsllZ, < A+ an)llslz, ()

then @ satisfies the restricted isometry property (RIP).
And s has a unique solution if € (0, 1).

For the given observation matrix, whether it meets the
requirement of RIP is extremely difficult to verify. Bara-
niuk et al. [33] proposed an equivalent conditions of RIP
that the observation matrix is irrelevant with the sparsity
base matrix. The correlation coefficience is defined as be-
low:

(B, ) =VN max |{¢;, ;)| )

1<i,5<N

where i € [1,v/N] defines the maximum correlation of
column vectors. The smaller the correlation coefficient is,
the more original information retained in measurements
and the higher the probability of accurate reconstruction
can be gotten. Most random matrices in uniform distribu-
tion are able to meet RIP in the greater probability. Com-
mon observation matrices include the Gaussian random
matrix, the Bernoulli random matrix, the part Fourier ma-
trix, the part Hadamard matrix, the sparsity random matrix,
etc.

The reconstruction algorithms can be grouped into the
following two categories:

(i) Convex optimization algorithm

These methods obtain approximate solutions of signals
by solving a non-convex problem into a convex problem
such as basis pursuit, interior-point method, projected gra-
dient method, and iterative thresholding.

(ii) Greedy algorithm

Greedy algorithms iteratively approximate the coeffi-
cients and the support of the original signal. They have the
advantage of fast convergency and are easy to implement.
Commonly used greedy algorithms include MP, OMP,
stagewise OMP (StOMP), regularized OMP (ROMP) and
compressive sampling MP (CoSaMP). These algorithms
require more samples than BP in exchange for reducing
the computational complexity.

3. CSin analog domain

The original CS theory was proposed to solve the problem
of high sampling rate. CS technology has a sound perfor-
mance in digital domain with discrete sequence. In order
to reduce the pressure of sampling device, promoting the
CS technology to the analog domain is considered the key
which can subvert the traditional sampling mode. How to
achieve the CS physically for the continuous-time signal is
the main research content of CS in the analog domain. In
other words, it is a procedure completing the compression
and recovery of information on the time domain. Currently,
AIC is a main method of CS in the analog domain.



Hongyi Xu et al.: Multi-narrowband signals receiving method based on analog-to-information convertor and block sparsity 645

3.1 AIC sampling model

Physical implementation structure of the AIC is shown in
Fig. 1, which includes the mixer for pre-modulation, the
low pass filter for integral and low-speed ADC.

x(1) *#(0) LPF ylm]
(integral) | APC

AW

Pseudo-random
number generator

Fig.1 AIC physical implementation structure

First, the analog signal z(¢) needs to be modulated with
a high rate random wave P.(¢) which is a pseudo-random
sequence with +1 in this paper and has a frequency greater
than or equal to the Nyquist sampling rate of the analog
signal «(¢). Second, the modulated waveform x p(¢) enters
a low pass filter (LPF) to compress information, which is a
process of integration. Finally, the CS sampling data can be
obtained through the traditional low-rate ADC sampling.

The pseudo-random sequence P.(t) changes with the
frequency of W, and each change randomly takes 1 or
—1. The mathematical expression is shown as follows:

Pt)=cn, te [%%} Cn=0,1,... W1
()
where ¢,, takes the value of +-1.

Assume the input analog signal has a limited informa-
tion rate, namely, the signal can be represented with & pa-
rameters in a set of continuous bases in each unit of time.
More specifically, the analog signal is made up of a dis-
crete and limited number of weighting dictionary compo-
nents or continuous bases composition. Now define a set
of orthonormal basis ¥ = [¢1,v2,...,1¥N] in the space

RY, then N
2(t) =D anthn(t). (6)

n=1

When «,, has few non-zero coefficients, the input x(t)
can be considered a sparse signal. Although each dic-
tionary component or orthogonal base may have a rela-
tively wide bandwidth, the signal itself has only a few de-
grees of freedom. When the observation matrix is & €
RM*N (M < N), the linear measurements y € R can
be expressed as

y=dx=>d0 s 7

Distinct from the traditional discrete CS reconstruction
process, the AIC faces continuous-time signals directly in
the analog domain. Hence, there is no observation matrix
in this system during the reconstruction process. To predi-
gest the reconstruction process, the recovery matrix of AIC

system @ = & ¥" is defined as in Section 2. After the
process of random demodulation and low-pass filter, the
low-speed sampling result y[m] is generated, which can be
described as

N o0

ylm] = Z osz Un(T)pe(T)R(mM — 7)d7.  (8)

n=1

The recovery matrix @ can be written as

97n,n = JOO '(/JTL(T)pC(T)h(mM — T)dT. (9)

In order to facilitate the simulation, the LPF in (9) is
replaced by an ideal integrator as

(m4+1)Te
ylm] = J pe(t)z(t)dt =

mTe
(m+1)N/M (m+1)T.
plil [ aae o)
n=m-N/M mTe

where T, is the equivalent sampling interval. If AIC ac-
quires the signal in the period of T, MT = NT,. Then the
analog signal z(t) is represented as a sequence of Nyquist
sampling, and (10) can be rewritten as

(m+1)N/M

ym) = Y

n=mN/M

peln] - z[n]. (11)

It can be expressed as a matrix-vector form:
y = DPx (12)

where y = [yo,y1,...,yar—1]" are measurements of AIC,
x = [0, 71,...,25_1]" is a Nyquist sampling sequence
of the original analog signal, P is the random sequence in
the form of a unit matrix

pel0]

pe[l]
P = . . (13)

pe[N — 1]

In the case of a discrete sequence, the integrator aims
at accumulating N/M sampling values, thereby achiev-
ing the purpose of compressing observation signals. For
instance, when N = 9, M = 4, D can be expressed as

1 1

N N N

(14)

BN N

B~ W
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Thus the recovery matrix © can be found as @ =
D P ¥ in the AIC sampling model in the form of a matrix-
vector.

Signal reconstruction algorithms can be grouped into
convex optimization algorithms and greedy algorithms as
described in Section 2. Compared with convex optimiza-
tion algorithms, greedy algorithms are easier for engi-
neering implementation because of their lower calculation
load. Considering the high demand of computing speed for
signal reconstruction, the AIC system using greedy algo-
rithms would have a better performance.

3.2 Simulation and analysis of AlC sampling model

Discrete Fourier transform (DFT) bases are selected as or-
thogonal bases. The original input signal contains three
frequency components: 100 Hz, 300 Hz and 350 Hz. The
Nyquist sampling rate fxyq = 700 Hz, the simulation sam-
pling frequency f, = 800 Hz, the signal length N = 256,
the compression sampling number M = 40, the sub-
Nyquist sampling rate Q@ = 0.179. The OMP is used in
this simulation. Reconstruction results are shown in Fig. 2.

4
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Fig. 2 Resultsof reconstruction by AlIC

The simulation results show that average reconstruction
errors are in the magnitude of 104 or less when the sub-
sampling rate is @ = 0.179 in the time domain and fre-
quency domain. It can be considered that the reconstructed
signal contains almost complete information of the origi-
nal signal. As expected, the AIC frame can realize the CS
procedure for limited information rate signals in the analog
domain and most information can be recovered effectively
by using greedy algorithms.

In general, the traditional AIC sampling model has the
following advantages:

(i) It can obtain information efficiently and reconstruct
the original signal accurately in a rate far below the
Nyquist sampling rate.

(i) The whole process completes compression and sen-
sing simultaneously, in other words, it can acquire signals
in low-speed and digitize the input signal at the same time.

(iii) On account of its simple structure, the AIC sam-
pling model performs better with its universality and im-
plementation.

Nevertheless, coupled with traditional greedy algo-
rithms, the AIC sampling model also has some disadvan-
tages. A major problem is that AIC can be only applied
efficaciously to limit the information rate signal. It means
that the analog input signal must be made up of discrete
and limited weighted consecutive bases or dictionary com-
ponents.

As is shown in Fig. 3, when the AIC sampling model
is applied for narrowband signals or certain non-strict
sparse signals which contain continuous spectrum, tradi-
tional greedy algorithms like OMP will have serious mis-
match in the choice of orthogonal basis. This problem is
due to the single atom searching principle in the step of cal-
culating the correlation. On the other hand, the continuous
spectrum will greatly increase the amount of calculation
so that the receiver cannot achieve the real-time reception.
This issue will be resolved in the next section.
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(a) Frequency spectrum of original signal (K =168, M =400, O =0.27)
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(b) Frequency spectrum of reconstructed signal (Acc = 23.56%)

Fig. 3 Mismatch on reconstruction by OMP

4. CSmodd of block sparse signals
4.1 Block sparsesignal

Assume that the signal = € R” is composed of several
blocks with length d; (I > 1) respectively. Block sparse
signals are defined as

x = [x1,.. TN (15)

<3 Zdyy ooy LN—dp+1, - - -

=T[1] xT[L]

where x[l] denotes the Ith sub-blocks of signal « with
length d;.

Compared with the typical k-sparse signal which has
at most K nonzero coefficients randomly, non-zero coeffi-
cients of the block sparse signal distributed only in certain
blocks. A block K-sparse signal « is defined as a vector
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that satisfies ||x||2,0 < K, where ||z||2,0 is described as

[Eg

L
2.0 =>_&|t]l2) (16)
t=1

where £ is an indicator function, &(x||¢]|2 > 0) = 1 and
0 otherwise. Moreover, when d; = dy = --- = dj, = d,
the signal is considered into the uniform block K '-sparse.
In contrast, it is called as the non-uniform block K -sparse
when it has different lengths of each block. When d = 1,
block-sparsity retrogrades to the conventional sparsity in
which non-zero values are randomly distributed. In this pa-
per, unless otherwise specified, the block K'-sparse refers
to the uniformblock K -sparse. A uniform block sparse sig-
nal can be expressed as

T =[x1,.. . Tod, - - TN

<y Ldy Td+1s - - 3y TN—d+1s- -

xT[1] zT[2] xT[L]

(17

Many practical signals or problems have the form of

block spars, such as multi-measurement vector problems,

multi-band narrowband signals, and radar pulse signals.

Therefore, reconstruction algorithms of these sparse sig-

nals with certain specific structure need to be studied fur-
therly.

4.2 CSmode of block sparsesignals

The process of CS with the block sparse signal is shown as
follows:
y= bz, = ¥z = Oz (18)

where x, is the original signal, & is the orthonormal
base, x is the block sparsity projection of =, in ¥, y
is the measurement vector. The observation matrix & <
RM*N (M < N) is actually a process of sampling in
CS. The recovery matrix @ = & @7 defined in Sec-
tion 2 can be partitioned into the block distribution 7 =
{d1,---,dr}, similar to the signal

0=10,..

o[1] O1L]

0y ON—dy i1, ON] (19)

where @i (i = 1,2,..., L) is a sub-measurement matrix
of M x d. Then (18) can be re-expressed by (15) and (19)
as

Z 0[i)[i). (20)

It can bring many benefits rewriting the CS process to
the form of block when the signal is known as the block

647

sparse signal. In the aspect of signal reconstruction, the
feature that non-zero values appear concentrated makes the
recovery matrix easier to meet the RIP in a block form.
In the aspect of sub-sampling, the prior knowledge of sig-
nal structure form block sparsity can further reduce the re-
quired number of sub-samples under the premise of gua-
ranteeing the reconstruction probability, namely, reduce
the sub-sampling rate. These two corollaries will be
demonstrated in detail in the following sections.

4.2.1 Block-RIP and RIC

To ensure that the sparsity expression x of the original sig-
nal x, can be reconstructed stably from the measured va-
lues y in the conventional sparsity concept, the recovery
matrix @ needs to meet RIP. In other words, there exists a
o € (0,1) satisfying (3). Reference [34] generalized the
RIP to the block-sparsity setting and proposed the block
restricted isometry property (Block-RIP).

Definition 2 Let @ be a given matrix. Then @ satisfies
the block RIP over I = {d;,...,dr} with the parameter
Ok ifforevery x € R itis block K-sparse over I, thus
we have

(1= dxpllzl3 <€ 2[5 < (1 +dxn)lzl  (21)

where d | is the restricted isometric constant (RIC) of the
block K'-sparse « over I. From [28], we know if @ satis-
fies the block-RIP with 557 < 1, there is a unique value
of « consistent with (18). And the smaller RIC means that
the signal can be reconstructed at a higher probability.

Corollary 1 Suppose a signal is block K -sparse over I
and k-sparse with £ = Kd, then RIC satisfies 6 x|; < 6.

Proof Refering to the perspective of the union of sub-
spaces [35], the arbitrary k-sparse signal 2 € R can be
seen as a union of the finite-dimensional linear subspaces
A,

A= (22)

j=1
where S; is the subspace with & dimension in RY, A, is
the union of r subspaces, 5;:” is RIC of x € A, which
meets (3), r represents all cases of possible distribution of
non-zero values in the sparse signal. Obviously, the fewer

r is, the easier the observation matrix can meet RIP, so the
less &;'" we have. Thus, it can be derived that

0<o <o < <h <1 (23)

Now suppose that a signal is block K-sparse, then r =

L o . .
(K)' When it is considered to be a random sparse sig-

. N
nal with & = Kd non-zero values, r’ = (k) It can be
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calculated that » < ¢/, the number of distribution situa-
tions in block sparsity is less than the conventional random
sparsity. O

In the process of CS and reconstruction in AIC, adopt-
ing the concept of the block sparsity provides a smaller
RIC so that the original signal can be reconstructed at a
higher probability.

4.2.2 Sub-Nyquist sampling limit

In fact, the sub-sampling rate has a lower bound, which
depends on the sparsity level of the original signal. When
the prior knowledge of block sparsity is known, the perfor-
mance of sub-Nyquist sampling can be further enhanced.
In this section, we still use the perspective of the union of
subspaces that the arbitrary k-sparse signal z € R* can be
seen as a union of the finite-dimensional linear subspaces
A.

A= D S; (24)

where S; is the subspace with & dimensions in RY, A is
the union of m g subspace. For a uniform block K -sparse

L
signal, mg = (K) , where L is the total number of blocks

. N . .
in (18). And my, = (k when the same signal is regarded

as the common random k-sparse signal with k& = Kd.
Combining conclusions in [29] with the block sparsity, we
have

Theorem1 Let ©® € RM*N (M << N) be arecove-
ry matrix. € R” is the uniform block K-sparse signal

over] ={dy =---=dy =d}.Forany ¢ > 0, let
2 12
M>2—|In2mg+kln — +1¢ (25)
co )

then @ satisfies the block-RIP (21) of 6 x|; = J with the
probability at least 1 —e?. The constant ¢ > 0 only depends
on the distribution of the entries in @ and ¢ = 7/18 if the
entries of @ are independent identically distributed (i.i.d.)
normal.

Corollary 2 The uniform block sparsity model has a
less low limit of number of measurements than that of the
conventional random sparsity model in CS.

Proof  From the perspective of the approximation,
In 2my, is the dominant factor in (25). Hence, there exists
a proportional relationship between m , and the lower limit
of M. Apparently, the random sparsity model takes all
combinations of the non-zero value distribution into ac-
count, while the uniform block sparsity model only con-
siders the case that non-zero values locate into block ac-
cordingto I = {d; = --- = d; = d}. Then we have
mg < mig. O

Corollary 3 The low limit of measurements humber
in the non-uniform block sparsity model is higher than the

situation of the uniform block sparsity model segmented
with the maximum block length, but is not higher than the
situation segmented with the minimum block length.

Proof For the non-uniform block sparse signal, it can
be segmented into two extreme forms as Fig. 4 shows.

[ T

(a) Original signal

/ 0\

(b) Segmenting with the (c) Segmenting with the
smallest block length largest block length

Fig. 4 Segmenting of the original signal

Segment the original signal (a) with a minimum block
length to structure a new uniform block sparse signal (b).
In this way, big non-zero blocks are cut into several con-
tiguous small blocks. The increase of the number of non-
zero blocks and total number of blocks make m g ;) >
Mg (a)- AN extreme example is that the minimum block
length is one, then (b) degrades into a conventional ran-
dom sparse signal after segmenting with my, > mg sy >
MK (a)-

Then segment the original signal (a) with a maximum
block length to structure a new uniform block sparse signal
(¢)- Inthis case, numbers of non-zero blocks K () > K|.),
and total numbers of blocks satisfy L) > L), thereby
MK (a) Z MK (c)-

Combining both segmenting cases, we have mj; >
MK (b)) > MK(a) > MK (c)- O

5. Reconstruction method for narrowband
signal based on block sparsity

5.1 Block sparsity reconstruction algorithm

In the process of reconstruction, common reconstruction
algorithms usually ignore the certain inherent structure that
the practical signals generally have. For the recovery ma-
trix ©® € RM*Y (M < N) and the measurement vector
y € RM, the model of block sparse signal reconstruction
can be written as
min [|z(|2,0
s.t. Ox = y. (26)
The function above is also an NP problem similar to the
model of the general sparse signal reconstruction. And it
can be transformed into

min [[2]|2,1
x
s.t. Ox = y. 27)
Equation (27) is a mixed-norm minimization problem

where the L-OPT algorithm is commonly used. Neverthe-
less, the L-OPT algorithm is not straightforward for strong
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real-time characteristic in radar reconnaissance receiver in
consideration of its high computational complexity. For
this reason, this paper uses greedy algorithms for signal
reconstruction. On the basis of MP and OMP algorithms,
[26] proposed BMP and BOMP algorithms considering
the concept of block sparsity. Different from BMP, BOMP
coupled with the idea of the orthogonalization can satisfac-
torily avoid the repetitive match, and perform a higher re-
construction accuracy. Moreover, it can also satisfy the re-
quirement of real-time property in a small amount of calcu-
lation. At this point, this paper uses BOMP to reconstruct
signals.

Procedure of BOMP is summarized as follows:

Step 1 Initialization. Initialize residuals ro = y.

Step 2 Block selection. Select the best matching block
compared with residuals r;_y in the ¢th iteration.

iy = argmax || @ [i]ry_1 2. (28)

Step 3 Once the index 4, is chosen, compute x[i] and
find optimal coefficients by

min [ly — @il (29)
icl
Step 4 Update the support block and residuals
I =11 Ui (30)
ri=y— Y #lil(#iy) (31)
icl

where ¢'[i] = [pT @] 1T is the pseudoinverse of ¢|i].

In BOMP, the inner product is computed by block, and
in each iteration, the block with the largest correlation to
the residual is added to the support set. Then the resi-
dual is updated for the next loop. The algorithm stops
until the halting condition is reached, e.g. the number of
iterations is equal to the block sparsity level or the resi-
dual is less than a threshold. After determining the sup-
port set, the sparse representation of the signal can be reco-
vered according to the least square method. Step 4 assures
that signal residuals are orthogonal with all the support
block through recursion, which will ensure optimal repre-
sentation and reduce the number of iterations. Benefit from
that, the algorithm has faster convergence rate and more su-
perior efficiency and accuracy in the process of searching
for support blocks of signals.

Theorem 2 [30] Any block K-sparse vector x can be
recovered from measurements y = @ax using BOMP if
the block-coherence satisfies Kd < (upz" + d)/2, where
15 is the block-coherence defined as

1
kB = ?}% EP(MU’ r]) (32)
where M[l,7] = @"[1]@[r] is the (I,7)th d x d block of

the N x N matrix M = ®©%@. Whend = 1, 1 decreases
to the conventional definition of (4).

If « is treated as a conventional random K d-sparse vec-
tor without exploiting knowledge of the block-sparse struc-
ture, a sufficient condition for perfect recovery using OMP
is Kd < (u=' + d)/2. We know that the coherence is
an equivalent condition of RIP and ¢ |; < dx has been
proved in Section 4.1.1. It is easy to deduce that ;g < p.
Thus exploiting the block structure guarantees the recovery
of a potentially higher sparsity level.

Considering the computational complexity, we suppose
that the number of compressed sampling points is M, the
number of Nyquist sampling points is IV, the traditional
sparsity level is k and the block sparsity level is K. Then
the computational complexity of OMP is O(M - N - k),
while the BOMP is O(M - N - K). Obviously, the addi-
tion of block sparsity can significantly reduce the compu-
tational complexity.

The application range of BOMP is not limited to strictly
uniform block sparse signals, and it has good performance
in non-uniform block sparse signals and even compressible
signals with certain clustering characteristics. Although
the size of the block will affect the reconstruction perfor-
mance, setting a smaller block size can have a certain de-
gree of adaptability for different block sparse signals. Thus
it can be effective to deal with practical problems.

5.2 Simulation resultsand analysis

In this section, an availability verification of the block
greedy algorithm for the multi-band narrowband signal is
given by simulation. We choose the typical ideal multi-
band narrowband signal as the original signal, which is ex-
pressed as follows:

L
z(t) = Z E; - sinc(B(t — 73)) cos(2nf;(t — 73)) (33)

where L is the number of sub-bands, B is the sub-band
bandwidth, E; is the energy coefficient, and f; is the carrier
frequency. The signal above can represent the ideal case of
a radar reconnaissance receiver to receive unknown signals
at a certain time.

In simulation, we set L = 4, B = 2 MHz, E; = [5, 8],
fi = [15 MHz, 35 MHz|. The simulation sampling rate is
fs = 100 MHz and the signal length is N = 2 048. The
original signal is shown in Fig. 5 and we can see that only
a few frequency bands are occupied in a large bandwidth.
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Fig.5 Original signal

The sparsity level is £ = 168, the number of sample is
M = 400, the block length is d = 3, the block sparsity
level is K = k/d = 56. When the iteration number of
BOMP is 56, a representative refactoring case is presented

in Fig. 6:
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(b) Frequency spectrum of reconstructed signal (Acc=90.42%)
Fig. 6 Reconstruction with 56 timesiteration by BOMP

It can be seen that when the number of samples is
M = 400 and the sub-sampling rate is Q = 0.27, the
reconstructed accuracy is 90.42% in the frequency domain
and 77.39% in the time domain. Most of the information of
the original signal is reconstructed basically. In the same
sub-sampling rate, OMP cannot reconstruct the original
signal obviously. Simulation results under the same con-
ditions by OMP are shown in Fig. 7.
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(b) Frequency spectrum of reconstructed signal (Acc=28.24%)
Fig. 7 Reconstruction with 168 timesiteration by OMP

It is noteworthy that BOMP inevitably leads to the de-
cline of reconstruction accuracy because it selects the atom
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block by block rather than a single one in each iteration
with the principle of maximum correlation, which will in-
fluence the process of computing the projected value of or-
thogonal basis in the pseudo-inverse operation. This prob-
lem can be compensated by increasing the number of ite-
ration appropriately. In the conventional greedy algorithm,
the number of iteration should be equal to the sparsity
level which represents the number of all non-zero values
narrowly. However, the narrowband radar signal is a com-
pressible signal instead of a strict sparse signal. Hence, the
concept of generalized sparsity can be exploited to the al-
gorithm. The generalized sparse signal can use K larger
values to represent the original signal approximately in the
sparsity domain while the remaining value is close to 0 but
not equal to 0 exactly. It means that the sparsity level of a
generalized sparse signal is relative. The greater the spar-
sity level is taken, the more information can be retained.
In the contrary, the smaller the sparsity level is taken, the
sparser and more anamorphic the signal is. Thus, increas-
ing the number of iteration, which means increasing the
generalized sparsity level K, can find more detailed in-
formation to improve the reconstruction accuracy. Thus, it
is quite necessary to apply the generalized sparsity in en-
gineering practice. Especially, when the receiver is faced
with the noisy signal, the whole CS system will lose the
prerequisite of sparsity if we only consider it in narrow
sense. When the number of iteration increases to 112, si-
mulation results are shown in Fig. 8.

o 4000 T T T T
g 2000 | .
& e ]
ST N —
0 5 10 15 20 25
Time/ps
2 (a) Reconstructed signal (Acc=100%)
£ 10 . ' ; '
=
=
< 0.5} -
8
T 0
5 0 10 20 30 40 50
Z Frequency/MHz

(b) Frequency spectrum of reconstructed signal (Acc=100%)

Fig. 8 Reconstruction with 112 timesiteration by BOMP

As can be seen from the simulation results, at the same
sub-sampling rate, the accuracy of the reconstruction both
in frequency domain and time domain rises to 100% after
increasing the number of iteration. It can be proved that the
multi-band narrowband signal can be reconstructed effec-
tively and completely by BOMP under the AIC sampling
model.

Fig. 9 depicts the relationship between sub-sampling
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rate and probability of reconstruction using OMP and
BOMP. For BOMP, the block size is d = 3,21, and set
the iteration number twice the block sparsity level K to
ensure the reconstruction effect. For OMP, we set the ite-
ration number k& and 2k respectively, where k is the tradi-
tional sparsity level of the original signal. Each case ope-
rates 500 times Monte Carlo simulation.
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Fig. 9 Relationship between Q and probability of reconstruction

The relationship between the reconstruction time and
the number of sub-sample M is shown in Fig. 10.
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Fig. 10 Relationship between M and reconstruction time

First, we analyze the difference of reconstruction results
between OMP and BOMP. On one hand, the probabilities
of refactoring have reached 100% while the sub-sampling
rate is 0.4 except the situation of OMP with £ times ite-
ration. We can see that the BOMP does better than OMP
of double iteration obviously when the sub-sampling rate
is less than 0.4. On the other hand, OMP of double itera-
tion pays a huge cost of calculation and time to exchange
the promotion of reconstruction probability as can be seen
from Fig. 10. By contrast, BOMP can spend half the time
of OMP or less to get the same reconstruction probability.
Although OMP of k times iteration is faster than BOMP in
case of d = 3, its reconstruction probability cannot reach

100% even the sub-sampling rate is close to one. This re-
sult also confirms that signals with continuous spectrum
cannot be effectively reconstructed, in other words, the tra-
ditional greedy algorithm under the AIC sampling model
can only be applied to the limited information rate signal.

Next, we mainly compare reconstruction results of
BOMP in different block length. Fig. 9 shows that when
a relatively large block is used, the effect of reconstruc-
tion is better than the small block at a low sub-sampling
rate range. Following with the rise of sub-sampling rate,
the reconstruction probability of small block can catch up
with and gradually surpass the large case. It can be well
explained in the step of atomic search that the larger block
can get more information when the sampling is inadequate,
while the smaller block can provide higher accuracy in
calculating least-square solutions. Considering the recon-
struction time, the larger block has shorter time for block
reconstruction.

Fig. 11 depicts the relationship between the sparsity
level and the probability of reconstruction. We augment
the signal sparsity level by increasing the number of sub-
bands. The number of compression sampling M is 400. For
BOMP, the block size is d = 2. Both algorithms are car-
ried out respectively with two different iterations and each
case operates 500 times Monte Carlo simulations. The re-
sults show that the performance of 2% iterations of OMP is
better than that of BOMP in a small sparsity level with the
increase of sub-bands. K iterations of BOMP has a higher
efficiency when the sparsity level is large than 100, how-
ever it is inferior in accuracy at the same time. Obviously,
the 2K iterations of BOMP has the best reconstruction per-
formance and the appropriate computational complexity.
Overall, the results of Fig. 11 felicitously correspond to
the simulation conclusions of Fig. 9 and Fig. 10.
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Fig. 11 Relationship between k and probability of reconstruction

The two sets above of simulation results show that
BOMP has noteworthy advantages in the AIC sub-
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sampling model for receiving the multi-narrowband signal.
However there are also some problems need to be solved.
We all know that the signal which the reconnaissance re-
ceiver faces is totally unknown, regardless of the block
length and the block sparsity level. Therefore, in practice,
a residual threshold or a preset block sparsity level can be
set to adapt to the unknown block sparse level. At the same
time, a smaller block length such as [ = 2 can be set to
guarantee the versatility of the algorithm. In general, the
adaptive problem of the block length and the sparsity level
has yet to be resolved.

6. Conclusions

AIC is generally considered only to be used for the sig-
nal with the limiting information rate in CS. The reason
is that the method of selecting the single atom form or-
thogonal bases in traditional greedy algorithms is not ef-
fective for non-strict sparse signals which have continuous
spectrum. Combining the concept of block sparsity, this
paper takes advantage of the potential relevance of sup-
port sets to improve the reconstruction performance of AIC
for receiving the multi-band narrowband signal. Theore-
tical analyses prove that combining the concept of block
sparsity with CS can increase the probability of reconstruc-
tion and reduce the sub-sampling rate. This paper also at-
tempts to increase the number of iterations to improve the
reconstruction accuracy. Simulation results show that the
block greedy algorithm can complete reconstruction of the
multi-band narrowband signal more effectively under the
AIC sampling model. It has great potential to reduce the
sampling rate of radar reconnaissance receiver, break the
bottleneck of ADC and further meet the requirement of
real-time characteristics.
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