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Abstract: Based on the theory of the passive hydrogen maser,
along with the technology of frequency modulation and modula-
tion transfer spectroscopy, the theoretical expression of the single
frequency modulation for the passive hydrogen maser and the
function of the cavity and H line error signals separation are de-
rived, which are basically coincident with the experiment. The
absorption and dispersion spectrum curves with different reso-
nance widths show that the cavity and hydrogen transition serve
as discriminators, and the two error signals can be separated.
Through the calculations of the two error signals in the passive
hydrogen maser, it analyzes the traditional method of the two error
signals separation, and then describes a new improved method for
the passive hydrogen servo loops consisting in the use of a single
modulation frequency and frequency discrimination. A null inter-
action of the two error signals for the new selection of the phase
setting is deduced theoretically and validated by the simulation.
The preliminary experimental result confirms the feasibility of this
new approach, which can reduce the influence from the cavity fre-
quency variety on the crystal oscillator and contribute significantly
to the long term performance of the passive hydrogen maser.
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1. Introduction

The passive hydrogen maser is one of the atomic standards
with outstanding performance in terms of frequency sta-
bility and low drift [1,2]. Its realization comes as an ex-
tension of the attempt to reduce the volume and weight of
the active hydrogen maser by reducing the microwave ca-
vity dimensions, while the hydrogen atoms in the small
size cavity need an excitation signal to stimulated emis-
sion [3]. The microwave cavity with wide bandwidth and
the hydrogen transition with narrow linewidth act as dis-
criminators, and the excitation signal is a microwave with
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frequency modulation for frequency discrimination [4].
Therefore, the technology of frequency modulation is one
of the key technologies for the passive hydrogen maser.

In the past, the servo control of the passive hydrogen
maser used two modulation frequencies. The interrogation
signal is modulated at two frequencies, one is a high fre-
quency used to probe the cavity and the other is a low fre-
quency used to probe the hydrogen resonance [5]. This sig-
nal, after going through the physical package, then con-
tains amplitude modulation components at two frequen-
cies, which lead to certain practical difficulties due to the
interaction of the two control signals [6]. In order to over-
come these problems, the passive hydrogen maser is based
on the approach of single frequency modulation and phase
discrimination. This approach requires a proper phase an-
gle selection of the synchronous detectors at present in the
voltage controlled crystal oscillator (VCXO) control loop
and in the cavity control loop, in order to separate the two
error signals [7]. The theoretical calculations of the sin-
gle frequency modulation and separation of the two error
signals are performed in this paper. The simulation results
show the explanatory diagram and validate the calculations
as well. Due to the interaction of the two error signals in
the traditional method of phase selection, the component
of the cavity error signal is in the VCXO control loop and
influences the VCXO control voltage, which affects the ac-
curacy of the passive hydrogen maser. Therefore, it is im-
portant to adopt a new method to separate the two error
signals completely.

2. Theory and calculation of single frequency
modulation

The idea behind the passive hydrogen maser is simple in
principle: a frequency of VCXO is measured with the hy-
perfine transition of hydrogen atoms, and this measure-
ment is fed back to the VCXO to suppress frequency fluc-
tuations. The passive hydrogen maser includes two pack-
ages, the physical package serving as the discriminator
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and the electronic package producing frequency modula-
tion signals and processing error signals [8,9]. Fig. 1 is
a schematic diagram illustrating the two servo loops of
the passive hydrogen maser. The interrogation signal af-
ter passing through the physical package includes the fre-

quency information of the cavity and hydrogen line. It is
analyzed by the envelope detector, the band-pass filter cen-
tered on the modulation frequency, the phase shifter and
the integrator, and then controls the cavity frequency and
the VCXO frequency respectively [10].

Fig. 1 Schematic diagram of the passive hydrogen maser

2.1 Absorption and dispersion lock

In the passive hydrogen maser, two error signals are ob-
tained if the interrogation frequency differs from the hy-
perfine transition frequency and the cavity frequency, and
are separated into two loops. The error signal with the fre-
quency information between the hydrogen line and VCXO
in the VCXO loop controls the VCXO, and the other error
signal with the frequency information between the cavity
and VCXO in the cavity loop tunes the cavity frequency
in order to reduce the cavity pulling [11]. Due to the dif-
ference between the cavity bandwidth and the hydrogen
transition linewidth, the modulation frequency is less than
the cavity bandwidth and much greater than the hydrogen
transition linewidth. For frequency locks, the cavity lock
is called absorption lock, because the error signal results
from the interaction of the carrier and the sidebands with
the resonance. The VCXO lock is called dispersion lock
[12].

The interrogation signal produced by the electronic
package, which is in the exponent form for simple expres-
sion, is then

Einc = E0 exp[i(ωt + m sinωmt)] (1)

where E0 is the amplitude of the interrogation signal, ω

and ωm are the carrier angular frequency and the mo-

dulation angular frequency respectively and m is the mo-
dulation index [13]. Assuming E0 = 1, this expression is
expanded, using Bessel functions [14,15], to obtain

Eint =[
J0(m) +

∞∑
n=1

2(i)nJ1(m) sin(ωmt)

]
exp(iωt) ≈

[J0(m) + 2iJ1(m) sin(ωmt)] exp(iωt) =

J0(m) exp(iωt) + J1(m){exp[i(ω + ωmt)]−
exp[i(ω − ωmt)]}. (2)

In this case, it is sufficient to take into account only the
carrier and the first-order side bands determined by J 0(m)
and J1(m) respectively, because the Bessel functions of
higher orders become very small [16,17].

The frequency response of the discriminator can be writ-
ten as

H(iω) = U(ω) + iV (ω). (3)

U(ω) and V (ω) are the real part and the imaginary part
of the imaginary part of the discriminator response, having
angular frequency ω0 and linewidth γ.

The output signal becomes

Eout ≈ J0(m)[U(ω) + iV (ω)] exp(iωt)+

J1(m)[U(ω + ωm) + iV (ω + ωm)]×
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exp[i(ω + ωm)t] − J1(m)[U(ω − ωm)+

iV (ω − ωm)] exp[i(ω − ωm)t]. (4)

If there is no error signal ω = ω0, the signal, after the
envelope detector and the filter at frequency ωm, which is
obtained through multiplying the output signal by its com-
plex conjugate and retaining the ωm terms, is found to be

S(ω0, ωm) = 2 × J0(m)J1(m)×

[ε(ω0, ωm) cos(ωmt) + λ(ω0, ωm) sin(ωmt)]

ε(ω0, ωm) = U(ω0) × [U(ω0 + ωm) − U(ω0 − ωm)]+

V (ω0) × [V (ω0 + ωm) − V (ω0 − ωm)]

λ(ω0, ωm) = U(ω0) × [V (ω0 + ωm) + V (ω0 − ωm)]−
V (ω0) × [U(ω0 + ωm) + U(ω0 − ωm)]. (5)

Assuming the difference value between the carrier angular
frequency of the interrogation signal and the discriminator
resonance angular frequency x = ω − ω0 [18], the error
signal is

ξ(x, ωm) = 2 × J0(m)J1(m)×

[ε(x, ωm) cos(ωmt) + λ(x, ωm) sin(ωmt)]. (6)

In the absorption lock, the modulation frequency is much
less to the resonance width γa and

arctan[ε(x, ωm)/λ(x, ωm)] ≈ 90◦.

In this regime, only the cosine term in (6) plays the do-
minant role and it is called absorption spectrum curve. The
normalized expression is

ξabs(x, ωm) = U(x) × [U(x + ωm) − U(x − ωm)]+

V (x) × [V (x + ωm) − V (x − ωm)]. (7)

In the same way of the dispersion lock, the modulation fre-
quency is much more to the resonance width γd and

arctan[ε(x, ωm)/λ(x, ωm)] ≈ 0◦.

Only the sine term in (6) survives, which is called disper-
sion spectrum curve [19 – 21] and becomes

ξdis(x, ωm) = U(x) × [V (x + ωm) + V (x − ωm)]−

V (x) × [U(x + ωm) + U(x − ωm)]. (8)

2.2 Error signals in passive hydrogen maser

In the passive hydrogen maser, a simple mathematical
analysis of the error signal can be made using the absorp-
tion and dispersion lock method. After the signal produced

by the VCXO has passed through the frequency multi-
plier, divider, mixer and frequency modulator, the center
frequency of the interrogation signal with frequency mo-
dulation approximates to the hydrogen hyperfine transition
frequency 1.420 405 751 GHz [22]. For simplicity, only
the carrier and the first sidebands of the interrogation signal
are considered. The interrogation signal enters the physical
package as the excitation signal for the hydrogen transition
and comes out with the frequency information of the cavity
and hydrogen line [23].

The physical package of the passive hydrogen maser
performs the function of a very narrow-band microwave
amplifier and a frequency discriminator, produced by the
hydrogen hyperfine transition and microwave cavity [24].
The general idea of absorption and dispersion lock can be
applied to the passive hydrogen maser. However, the sim-
ple response function of a frequency discriminator cannot
be used. A quantum mechanical calculation is needed. The
frequency response of the cavity and hydrogen [25,26] is

HC(iω) = HCR(ω) + i × HCI(ω) =

γ2
C

γ2
C + (ω − ω0)2

+ i
γC × (ω − ω0)
γ2

C + (ω − ω0)2
. (9)

And
HH(iω) = HHR(ω) + i × HHI(ω)

HHR(ω) =
γ2

H(1−z)+(ω−ω0)
[
ω−ω0+

γH

γC
(ω−ωC)

]

[γH(1 − z)]2 +
[
ω − ω0 +

γH

γC
(ω − ωC)

]2

HHI(ω) =
γH

[
ω − ω0 +

γH

γC
(ω − ωC)

]

[γH(1 − z)]2 +
[
ω − ω0 +

γH

γC
(ω − ωC)

]2

(10)

where ωC is the resonant frequency of the microwave
cavity, which influences the hydrogen transition and has
been called cavity pulling effect. As we discuss the VCXO
loop, assume that the cavity error signal is neglected and
ω − ωC = 0. z has the meaning of a normalized popula-
tion difference, z = 1 corresponds to the oscillation limit
and z < 1 to the passive maser operation, so it can be set
z = 0.4.

From the frequency response of the cavity, the error sig-
nal of the cavity is

EC(x, t) = 2 × J0(m)J1(m)×

[εC(x, ωm) cos(ωmt) + λC(x, ωm) sin(ωmt)]
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εC(x, ωm) = HCR(x)×[HCR(x+ωm)−HCR(x−ωm)]+

HCI(x) × [HCI(x + ωm) − HCI(x − ωm)]

λC(x, ωm) = HCR(x)×[HCI(x+ωm)+HCI(x−ωm)]−

HCI(x) × [HCR(x + ωm) + HCR(x − ωm)]. (11)

The error signal of the hydrogen is

EH(x, t) = 2 × J0(m)J1(m)×

[εH(x, ωm) cos(ωmt) + λH(x, ωm) sin(ωmt)]

εH(x, ωm) = HHR(x)×[HHR(x+ωm)−HHR(x−ωm)]+

HHI(x) × [HHI(x + ωm) − HHI(x − ωm)]

λH(x, ωm) = HHR(x)×[HHI (x+ωm)+HHI(x−ωm)]−

HHI(x) × [HHR(x + ωm) + HHR(x − ωm)]. (12)

For the convenience of simulation, assume that ωm =
100 Hz, γC = 4 000 Hz and γH = 4 Hz are plugged
into (11) and (12) respectively and obtain the absorption
and dispersion spectrum curves, as shown in Fig. 2. They
clearly show that the absorption spectrum curve is the main
component in the absorption lock with γ � ωm, while the
dispersion spectrum curve is the main component in the
dispersion lock with γ � ωm. Because of the antisymmet-
ric for frequency difference of the spectrum curves, they
are able to be used for discriminating frequency [27]. Al-
though the resonance linewidth in dispersion lock is nar-
row, such as the hydrogen natural linewidth γH ≈ 2 Hz,
the frequency range of the discriminator is from −ωm to
ωm, which adopts the frequency modulation spectroscopy
and modulation transfer spectroscopy technology [28].

Fig. 2 Absorption and dispersion spectrum curves of different
linewidths

The typical parameter values of the passive hydrogen
maser are as follows : ω0 = 1 420 405 751 Hz, ωm =
12 500 Hz, γC = 180 000 Hz, γH = 2 Hz. The phase angle
of the error signal, for near tuning condition and referred
to the frequency modulation signal sin(ωmt), is given by

θC = arctan
εC(x, ωm)
λC(x, ωm)

≈ arctan(7.165 3) ≈ 82.06◦.

(13)
And the phase angle of the hydrogen error signal is given

by

θH = arctan
εH(x, ωm)
λH(x, ωm)

≈ arctan(−6.4 × 10−5) ≈

−0.003 7◦. (14)

The phase difference between the two phase angles ap-
proaches 90◦. With sin(ωmt) being as the reference phase
direction and perpendicular to cos(ωmt), the result of the
vector model is shown in Fig. 3.

Fig. 3 Vectors sketch diagram of the cavity phase angle and hydro-
gen phase angle
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2.3 Separation of the two error signals

As the passive hydrogen maser is based on the single fre-
quency modulation approach, it requires a proper phase
selection of the synchronous detectors presented in the
VCXO control loop and in the cavity control loop, in or-
der to separate the two error signals. Conventionally, the
phase is first adjusted for obtaining a maximum hydrogen
error signal in the VCXO loop, for nearly tuned cavity, in
a second step the reference phase of the cavity loop syn-
chronous detector is shifted resulting in a maximum cavity
error signal in the cavity loop. They are θH and θC in Fig. 3
and the phase selection in the VCXO loop is shown in
Fig. 4(a). In this way, the maximum error signal can be
obtained in each loop, while one is actually contaminated
by the presence of the other error signal, because of the im-
perfect verticality of the two phase angles are not perfectly
vertical.

Fig. 4 Schematic diagram of the phase angle selection in VCXO loop

The theoretical calculation shows that a specific phase
angle exists, on which one loop signal is entirely separate
from the other, i.e. the VCXO loop error signal and the
cavity loop error signal do not contain the component of

each other. For the VCXO loop, if the phase angle is per-
pendicularity to the vector of the cavity error signal, there
will be no cavity error signal while the H error signal am-
plitude is reduced, as shown in Fig. 4(b). The theory for
the cavity loop is the same as the VCXO loop.

3. Matlab simulation of separation

The diagram of Fig. 5 is a good starting point to illustrate
the application of the new phase selection with the inde-
pendence of two error signals. The simulation is performed
with the Matlab 2010 [29]. The H error signal is a sine
wave with the phase θH = −0.003 7◦ and the cavity error
signal with the phase θC = 82.06◦ in the simulation. The
summation of the two error signals is separated by two syn-
chronizing square waves signals with different phases. For
simplicity, the simulation time is 10 s and the sine wave
frequency is 1 Hz.

Fig. 5 Two error signals separation simulation

The traditional method of the separation is keeping the
phases of the synchronizing square wave the same as the
two error signals respectively. The error signals are shown
in Fig. 6. In this way, the error signals after the integrator
change with different amplitudes of the other error signal
as shown in Fig. 7 and Fig. 8. If the new phase selections
are set in the simulation model, the error signals are the
same with different amplitudes of the other error signal as
shown in Fig. 9 and Fig. 10. The simulation clearly shows
that the two error signals are independent in the new phase
selections.
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Fig. 6 Matlab simulation of the two error signals

Fig. 7 Cavity error signals with different H error signals in tradi-
tional method

Fig. 8 H error signals with different cavity error signals in tradi-
tional method

Fig. 9 Cavity error signals with different H error signals in new
phase selections

Fig. 10 H error signals with different cavity error signals in new
phase selections

4. Experiment

The experiment is to debug the demodulation and integral
electrocircuit of the passive hydrogen maser in open loops.
The signal from the physical package, with the error in-
formation, becomes IF signal through the LNA and down
converter, and the error signals are processed by the de-
modulation and integral electrocircuit. In the experiment,
a voltage source is used to supply voltage for VCXO and
variable capacitance diode (VCD) with two independent
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channels to control the frequency of VCXO and cavity. In
the traditional method, the phase selection is operated as
follows. First, turn off the atom transition of maser, and the
error signal is just from cavity. Second, adjust the phase of
the error signal same with the square wave in the cavity
loop, and then change the voltage of the VCD to minimize
the cavity error signal. Finally, turn on the atom transition
of maser and adjust the phase of the error signal, which
is just from the hydrogen atom transition, same with the
square wave in the VCXO loop, as shown in Fig. 11. Due
to the out of strict vertical of the phases, the two error sig-
nals are not separated absolutely. When the voltage of the
VCD changes, the error signal after interaction with the
square wave in the VCXO loop is changed because of the
influence from the cavity error signal.

Fig. 11 Phase selection in traditional method

Fig. 12 New phase selection

The new phase selection is operated as follows. First,
turn off the atom transition of maser and it is just the cavi-
ty error signal. Second, adjust the error signal and square

wave with 90 degrees phase difference in the VCXO loop,
and then minimize the cavity error signal. Finally, turn on
the atom transition of maser and adjust the error signal and
square wave with 90 degrees phase difference in the cavity
loop, as shown in Fig. 12. The two error signals are inde-
pendent in the two loops. When the voltage of the VCD
changes, the error signal after interaction with the square
wave in the VCXO loop is invariable.

5. Conclusions

The frequency modulation technology is a key technol-
ogy of the passive hydrogen maser, which is one of the
widely used frequency standards. The theoretical expres-
sion of the single frequency modulation for the passive hy-
drogen maser and the function of the cavity and H line er-
ror signals separation are derived, which are in good agree-
ment with the test. The calculation results of the absorp-
tion and dispersion spectrum curves validate the frequency
discrimination approaches of the cavity loop and the
VCXO loop respectively. The traditional method of the
two error signals separation is analyzed, and then it de-
scribes a new improved method for the passive hydrogen
servo loops consisting in the use of a single modulation fre-
quency and phase discrimination for the separation. There
is interaction of the two error signals in the new selection
of the phase setting, which is deduced theoretically and
validated by the simulation. The preliminary experimental
result confirms the feasibility of this new approach, which
is conductive to improve significantly the long term perfor-
mance of the passive hydrogen maser.
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