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Abstract: In the constant-stress accelerated life test, estimation
issues are discussed for a generalized half-normal distribution
under a log-linear life-stress model. The maximum likelihood es-
timates with the corresponding fixed point type iterative algorithm
for unknown parameters are presented, and the least square es-
timates of the parameters are also proposed. Meanwhile, confi-
dence intervals of model parameters are constructed by using the
asymptotic theory and bootstrap technique. Numerical illustration
is given to investigate the performance of our methods.
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1. Introduction

The two-parameter generalized half-normal (GHN) distri-
bution was introduced by Cooray and Ananda [1] and has
received wide attention in recent years. The GHN model
features decreasing, increasing and bathtub shapes of the
hazard function which makes it more flexible and applica-
ble in reliability and lifetime studies. Moreover, property
such as positive and negative skewness also makes it have
better fitness for real lifetime data.

Let T be a random variable from the GHN distribution,
of which the cumulative distribution function (CDF) and
probability density function (PDF) with parameters 6 > 0
and o > 0 are given by

Ft)=1-28(—(t/0)?), t>0
6
Ft) = %g (5) W2 s (1)

where &(-) is the CDF of the standard normal model. The
inference on the GHN distribution has been studied by
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many authors. Ahmadi et al. [2] considered estimation is-
sues for the GHN model under progressive censoring. Ol-
mos et al. [3] proposed an extension of the GHN model and
provided some applications to real data examples. Details
about the GHN model can be found in [1].

In the reliability analysis, products are usually charac-
terized by high reliability and long span, and it is imprac-
tical to test them under the use condition. Fortunately, the
accelerated life test (ALT) provides an economical way to
obtain failure data rapidly within a reasonable cycle, where
units are tested under the higher use stress level. Two com-
mon methods in ALTs are constant-stress model and step-
stress model, and both models have been studied exten-
sively, for example, the works of Abdel-Hamid [4], Balakr-
ishnan et al. [5], Kateri and Kamps [6], Nelson and Meeker
[7]. One can find more details about ALTs in monographs
of Nelson [8], Bagdonavicius and Nikulin [9]. As a flexible
and applicable lifetime distribution in reliability and life-
time studies, according to our best knowledge, however,
there are no studies on the ALT for the GHN model so
far. This paper considers the constant-stress ALT when the
lifetime of units follows the GHN distribution (1). When
the scale model parameter follows the log-linear life-stress
model, estimations are discussed for the unknown param-
eters.

The rest of this paper is organized as follows. Basic
assumptions and life test procedure are presented in Sec-
tion 2. Point and interval estimates are presented in Sec-
tions 3 and 4 respectively based on different methods. Nu-
merical illustration is provided in Section 5, and Section 6
presents some concluding remarks.

2. Basic assumptionsand life test procedure
2.1 Basic assumptions

The assumptions are made as follows:
(i) The lifetime of units has the GHN distribution at
stress s; (i = 1, 2), of which the PDF is
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where parameters 6, and o; affect the geometric shape and
the steepness of the model density curve, respectively.

(if) The shape parameter 6; is assumed to be the same
under stress s;, i.e.

0, =6y =0,

which implies the failure mechanism keeps unchanged at
different stress s;.

(iif) The scale parameter o, is a log-linear function of
stress s;, i.e.

Ino; = ag + 185, 1=1,2 3)

where o and «; are coefficient parameters.
2.2 Lifetest procedure

A two-stage constant-stress ALT namely the simple
constant-stress model is studied in this paper, and the ex-
periment is described as follows. Under the accelerated
stress level s; (i = 1,2), there are n; units running simul-
taneously and the failure times are recorded until all units
fail.

Supposethat T = {T;; : j = 1,---,n;,4 = 1,2} is the
observed sample from (2), the likelihood function is given
by

2 ny 9
L(a,@) = H H fz(t> o HHWO';ni9~
i=1

i=1j=1
i 0_—29 i
exp HZIDtij — i2 Zlntfjg ) 4)
j=1 j=1

3. Point estimation

Maximum likelihood estimates (MLES) and least-square
estimates (LSES) are presented in this section.

31 MLE
From (4), the log-likelihood function is

I, 0) x Znﬂn@ — HZnilnai—i—
j=1 j=1

2 ny; 1 2 n; to 20
0 Int;; — = -2 . 5
BUEIINY (%) ©
Taking the derivative for I(«, 6) in (5) with respect to o,
one has
1/260

nq

1
E 20
! n; I ’

j=1

Substituting (6) to (5), one can obtain the profile log-
likelihood function of 6 as

1(0) o Z Pi(0) U]

where

Uz g

Pi(0) =n;n0+0> Int;; — %m AR

j=1 j=1
i=1,2. 8)

Therefore, the MLE of 6 can be derived by maximizing (7)
with respect to 6.

Lemmal Suppose that P;(6) (¢ = 1,2) is defined in
(8), then 1(0) in (7) is the concave function.

Proof It is seen that

0?P;(0
Z( ) = —2ni~
062
2
Z t?je In? tij Z t?je — Z t?je In tij
j=1 J=1 J=1 g
2 ez

Uz

26
>t
=1

thj’? (i = 1,2), since
j=1
p?(0)pi(0) = [pi(0)]? (i = 1,2), then the second deriva-
tive of P;(0) is negative, which implies that [(9) is the con-
cave function. O
From Lemma 1 and the fact that [(#) — —ccasé — 0
and 6 — oo, it is noted that [(0) is the unimodal function
and has unique maximum. By taking derivative for [(6),
the MLE of # can be derived from the following equation:

Denote quantities p;(6) =

Hy(6) — Hy(6) = 0 ©)

where

Hy(0) = —1219
n; Z tfja In tij )
H2 (0) = Z 7j:ii — Z In tij . (10)

i=1 2 : 20 j=1
j=1

Lemma2 Suppose that H;(#) and Hy(6) are defined
in (10), then
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(i) H1(0) is the decreasing function with

lim H;(0) = 400, lim Hy(0) =0.

6—0 6—o00
(if) H»(6) is the increasing function with

lim H- =
lim H>(6) = 0,

9) = Z Zl [ln tini

i=1 j=1

glim HQ( — lntij] >0.

Proof The results of H;(#) are obvious.
For H(6), since

Zt” In? t;

2(0)

Similar as Lemma 1, one has > 0, thus Ha(0) is

increasing. Moreover, the Ilmltatlons of H4(6) are obvious
that are omitted. O

Based on Lemma 2, there is a unique interaction point
for curves of H1(0) and Ho(#). From (9), the MLE of 6
can be solved from the following fixed type equation

H(H) =06
where

H(9) =
, | Zt elnt .

) = N o HY
i=1 thj(? Jj=1

j=1

n1 + ng

An iterative procedure is provided to estimate g, oy and
0 as follows.

Iterative algorithm

Step 1 Denote #() is an initial guess of 6, and obtain

o) = H(Q(O))_
Step 2 In the (k + 1)th iterative, *+1) = H(9(F)),
and
QU+ _ S ln(agk—H)) — 51 ln(aék—H))
0 So — S1 ’
( (k+1)) 7ln(0§k+1))

(k+1) _ In(oy
ozl == )
So — S1

with
1/29(k+1)
1 &
1 (k+1) .
oF T = | N2 , i=1,2.
n; J
7 j:1

Step 3 Stop the iterative process when |§ (1) —g(*)| <

g, \a§k+1) - agk)\ < ¢ (i = 0,1), for some pre-assigned
tolerance limit ¢.
32 LSE

Let T;1 < Tia < -+ < Ty, (¢ = 1,2) be the random
samples of the size n; under stress s;. From (2), one has

(1= F(ti;)/2] = 0lnty; — Bo — frsi (11)

where Bo = O and B1 = 0ay.

Let F} be the empirical distribution function of £'(¢) un-
der s;, where F'(t;;) equals j/n,. In order to avoid In 0 in
(11), we modify F, tobe pij = j/(n;+1) att,;. Therefore,
the LSEs of 3y, 31 and @ can be derived from

In[— &~

2 N4
=3 i — 0lnti; + o + Prsil?

i=1 j=1
where y;; = In[—®7*[(1 — p;;)/2]. Solving the normal
equation
0G(a,0)  0G(a,0)  0G(a,0) 0
By ok 00 7
one has
A\N=B
where XA = [Bo, 51, 6]
A=
r 2 2 2 n; T
)UTD DU S) SIS
i=1 i=1 7, 15=1
2 2 ng
YIS DT B 3yt
i=1 i=1 i=1 j=1
2 g 2 M4 2 Uz
)BT ) LTINS ) Bt
L i=1 j=1 i=1 j=1 i=1 j=1 ]
and
B =
2 i !
ZZM ZszwZZywlntw
=1 j=1 =1 j=1 i=1 j=1

Thus the LSEs of A, say X = [, 41, 6], can be derived
as A = A~' B, which implies that the LSEs of a, a; and

ﬁO LS _

6 are given by a/f5 = 5o Buogrs _ g,

9’ )
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4. Confidence interval estimation

Confidence interval (Cl) estimates are derived in this sec-
tion including the asymptotic confidence intervals (ACls)
and the bootstrap confidence intervals (BCls), respectively.

41 ACI

From (5), the second derivatives of I(«, #) with respect to
o, a1 and 6 are

8la9 20;2( )

z;zz 0y 3 (%)

T - 2“2“()
MZXX )

il

=1 j=1

l(a,0)
00100

Fr ()"

=1

20
292252 (—) ij
=1 j=1 ‘
ol =i
02—

2 n; tij 260 )

i=1 j=1

From [10], one has

ro Lo 1 tdt — %W(v) —Ind], v,9>0
0

JOO '~ le ™ In® tdt = %Z){[w(v) — 9 +4(2,0)}
0

where I'(v) is the Gamma function, ¢(v) = dInT'(v)/dv
and ¢(z, v) is the Riemann’s zeta function defined by

— 1
:Z(U+k>z7

k=0

z>1Lv#0,-1,---
Denote n = [y, a1, 0], the expected fisher information
matrix I(n) is given by

I(n) = [Iij]sxs = E[-0%(a, 0)/0n:0n;]3x3

where 1 = ap, 172 = ai,n3 = 6. Using previous results
of [10], the items of expectations I;; can be obtained as

B 9?l(a, 0)
111 =FE |: 8&0 :| = 72027174

0%l(a, 0)
112 =E |: 80408041 :| —20 E Mn;S;
921(av, 0)
L =E { Doyl ] -

(3/2) + In2] + Ino;)

,an

0? l(a 0) 9
122E|: a :| = —20 an

9%(a,0)]
%—Ekﬁmﬂ—
—ansl{ (3/2) +In2] +1no;}
[ U0
®E{fwf]

+Z ¥(3/2) + In 2>+

Ino;

6(2,3/2)} +2> n{——[¥(3/2) + In2] + In® 0;}.

Under mild regularity conditions, the asymptotic distri-
bution of the MLE 7 of ny is

i —n— N(O,I""(n))

where I~1(n) is the inverse of the matrix I(n) with
Var(ég)  Cov(dg,d1) Cou(ég,0)
I''(n)= | Cov(dg,&n) Var(dy)  Cov(éy,b)
Cov(ag,0)  Couv(ay,0) Var(f)

Thus for0 < v < 1, the 100(1—~)% ACI of ) is given by
Nk £ 2420/ Var(i) (k= 1,2,3), where z, is the upper
~th quantile of the standard normal distribution.

4.2 BCI

MLE is a typical statistical method. However, in many
practical situations since the sample size is not large, so
the large-sample based inference like MLE-based asymp-
totic estimates may not be suitable and may even be mis-
leading sometimes. In this subsection, parametric BCls are
constructed for unknown parameters, see [11] for details.
The parametric bootstrap procedure is briefly described as
follows:
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Step 1 Compute MLE of n, (kK = 1,2,3), say 7,
basedondatat = {¢t;; : j = 1,---,n;,% = 1,2}, where
M = o, N2 = aq,n3 = 0.

Step 2 Based on 7 (k = 1,2,3), generate samples
tr={t;;:j=1,---,n;i=1,2} with

ty; = 6i[— &1 ((1 — uy) /63)]*
where for ¢ = 1,2, u;; is generated independent observa-
tions from the uniform distribution U/ (0, 1) of sample size
n;.

Step 3 Compute MLE of 7, (k = 1,2,3), say 73,
based on t*.

Step 4 Repeat Steps 2 and 3 N times and generate NV
bootstrap estimate of n, (k = 1,2, 3).

Step 5 Arrange all 7} (k = 1,2,3) in an ascend-
ing order, one can obtain the bootstrap sample for 5 as
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#[1] #[V]
nk 9 ank .
Let G(z) = P(mx < =z) be the CDF of n;, (k =

1,2,3). Define nghoot = G~1(z) for given z. For
0 < v < 1, the bootstrap 100(1 — v)% CI of 5y is
(Mkboot (7/2)s Mboot (1 —7)/2)), k=1,2,3.

5. Numerical illustration
5.1 Simulation studies

In this subsection, simulation is conducted to investigate
the performance of point estimates in terms of average
bias (AB) and mean square error (MSE), and interval es-
timates in terms of coverage probability (CP) and ave-
rage width (AW), respectively. For different choices of
ni,na, ap, a1, 0 values, previous four criteria quantities
are obtained based on 10 000 replications and the results
are presented in Table 1 to Table 4 with v = 0.10.

Tablel ABsand MSEs (within bracket) for parametersat a = (0.3, —0.6),0 = 1, (s1,32) = (0.3,0.8)

ao a1 (7
(n1,m2)
MLE LSE MLE LSE MLE LSE
(10,15) 0.103 8[0.012 6] 0.301 7[0.127 6] 0.087 9[0.012 9] 0.387 6[0.169 2] 0.062 4[0.009 1] 0.265 4[0.096 9]
(10,20) 0.095 1[0.011 9] 0.254 8[0.086 2] 0.063 4[0.007 5] 0.354 8[0.138 5] 0.056 8[0.005 3] 0.237 9[0.069 2]
(15,20) 0.084 6[0.009 4]  0.196 4[0.055 6] 0.052 0[0.005 6]  0.289 7[0.103 1] 0.042 3[0.0032]  0.184 7[0.042 6]
(25,35) 0.053 1[0.005 7] 0.126 5[0.021 7] 0.039 1[0.002 8] 0.204 3[0.053 9] 0.021 0[0.000 9] 0.112 5[0.020 6]
(45,50) 0.037 9[0.003 1] 0.099 2[0.012 1] 0.026 7[0.001 7] 0.123 8[0.021 4] 0.019 7[0.000 3] 0.084 9[0.017 2]
Table2 CPsand AWSs (within bracket) for parametersat a = (0.3, —0.6),0 = 1, (s1, s2) = (0.3,0.8)
(n1,n2) ACI BCI
ag al 0 ag a1 [
(10,15) 0.8836[0.3117]  0.8721[0.9203]  0.884 5[0.265 4] 0.8827[0.2812]  0.8712[0.7541]  0.884 2[0.221 4]
(10,20) 0.8854[0.276 8]  0.8783[0.8918]  0.887 3[0.248 3] 0.884 6[0.264 3]  0.8749[0.6879]  0.886 7[0.198 9]
(15,20) 0.889 1[0.254 9] 0.883 9[0.763 2] 0.891 6[0.186 7] 0.887 9[0.225 9] 0.882 5[0.569 3] 0.891 0[0.164 5]
(25,35) 0.896 3[0.173 5] 0.895 6[0.542 0] 0.897 8[0.135 2] 0.891 4[0.164 0] 0.893 1[0.388 6] 0.895 8[0.111 1]
(45,50) 0.902 1[0.1492]  0.9009[0.4647]  0.9102[0.121 0] 0.896 2[0.1258]  0.8989[0.3411]  0.901 3[0.087 9]
Table3 ABsand MSEs (within bracket) for parametersat a = (0.1, —0.9),0 = 1.2,(s1,s2) = (0.5,1.1)
ag ai 0
(1, m2) MLE LSE MLE LSE MLE LSE
(15,10) 0.2153[0.0534]  0.378 9[0.175 7] 0.134 6[0.026 0]  0.432 7[0.231 4] 0.1192[0.0477]  0.321 6[0.145 3]
(20,10) 0.196 4[0.040 5]  0.325 1[0.121 9] 0.1231[0.0214]  0.398 9[0.168 6] 0.1085[0.0412]  0.312 4[0.107 7]
(20,15) 0.167 1[0.036 5] 0.289 7[0.084 8] 0.104 2[0.013 1] 0.351 8[0.130 5] 0.093 6[0.014 0] 0.2359[0.079 1]
(35,25) 0.1130[0.0147]  0.155 4[0.036 6] 0.086 7[0.0113]  0.269 4[0.086 0] 0.064 8[0.007 5]  0.111 0[0.016 4]
(50,45) 0.064 8[0.008 3]  0.097 9[0.010 2] 0.052 3[0.007 3]  0.121 2[0.033 6] 0.036 4[0.002 8]  0.072 1[0.006 8]
Table4 CPsand AWs (within bracket) for parametersat a = (0.1,—0.9),0 = 1.2,(s1,s2) = (0.5,1.1)
ACI BCI

(n1,n2) p” a1 0 a ai 0
(15,10) 0.887 3[0.452 7] 0.884 5[0.892 4] 0.890 1[0.319 2] 0.885 4[0.432 0] 0.883 5[0.736 2] 0.886 2[0.291 4]
(20,10) 0.8911[0.4232]  0.8894[0.7618]  0.892 3[0.283 4] 0.8879[0.3879]  0.8864[0.6941]  0.891 3[0.256 3]
(20,15) 0.8932[0.3451]  0.890 6[0.694 6]  0.894 1[0.231 5] 0.8912[0.3021]  0.8910[0.6348]  0.8935[0.201 0]
(35,25) 0.9010[0.2317]  0.8954[0.4729]  0.900 2[0.183 1] 0.896 8[0.198 7]  0.892 7[0.4517]  0.897 4[0.164 5]
(50,45) 0.910 3[0.184 3] 0.904 6[0.323 6] 0.906 3[0.149 8] 0.908 1[0.153 4] 0.898 6[0.298 0] 0.903 2[0.127 3]
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From Table 1 to Table 4, it is observed that when n
or ny or both (nq,n2) increases, the ABs and MSEs de-
crease for all MLEs and LSEs of model parameters. For
the fixed (n1,n2), ABs and MSEs of «g, a1, 0 are rela-
tively smaller than those of LSEs, which implies that the
MLEs of parameters «g, a1, 6 have better performances
than the LSEs. Furthermore, it is also noted that, AWSs of
BCls are usually shorter than ACIs under fix sample sizes,
the ACIs, however, are slight closer CPs to the nominal
level comparing to BCls. To sum up, although the LSEs
of ag, a1, 6 have concise expressions, we would recom-
mend to use the MLEs for point estimates, and for interval
estimates, if one wants Cls with a shorter interval length,
BClIs may be an appropriate choice; otherwise if one wants
Cls having closer CPs to the nominal level and the interval
lengths are not a major concern, the ACls can be employed
which provide a balance between coverage probability and
average width.

5.2 Dataanalysis

In this example, the following simulated simple constant-
stress ALT random samples are generated from (2) when
ag = 0.2, 7 = —05,0 =1, s7 = 0.25, s5 = 0.75 as
follows:

$1:0.0499 0.0962 0.2717 0.3715 0.598 8

0.6495 0.6916 0.7460 0.7465 0.798 4
1.2078 1.2738 1.2894 1.8535 2.3503
$2:0.0126 0.0914 0.1212 0.2168 0.299 5
0.346 6 0.3472 0.4114 0.7133 0.756 6
0.8087 0.9419 1.2497 1.3861 1.7441.

Both point and interval estimates are derived in Table 5,
where Cls are obtained with v = 0.10. Meanwhile, in or-
der to show that the profile log-likelihood function /() is
unimodal and has a unique solution, the curve of [(0) is
plotted in Fig. 1.

=55

| | [ | |
o = N N =N
S O S [ S
T T T T T

Profile log-likelihood function

|
3
O
T

—-90 1 1 1 1 1 1 1 1
02 04 06 08 10 12 14 16 18 20

Fig. 1 Profilelog-likelihood function of 6

Table5 Point estimates and bias (within bracket) and interval esti-
mates and interval lengths (within bracket) under simulated data

Estimate ap ai 0
MLE  0.196 1[0.0039] -0.5505[0.050 5]  0.995 0[0.005 0]
LSE 0.499 6[0.299 6] —0.906 8[0.406 8] 0.721 9[0.278 1]

(0.0479,0.344 3) (~0.996 9,-0.104 0) (0.950 4,1.139 6)

ACI
c [0.296 4] [0.892 9] [0.189 2]

gy (011320.2010) (-0.8354-0.2718) (0.9726,11157)
[0.177 8] [0.563 6] [0.143 1]

From Table 5, it is seen that MLEs have better perfor-
mances than LSEs where the MLEs feature smaller bias
than LSEs, and that the interval lengths of BCls are shorter
than ACls, which also shows BCls are superior to ACIs in
terms of interval lengths.

6. Conclusions

In this paper, the estimation is discussed for the constant-
stress ALT when the lifetime of products follows the GHN
distribution. The point estimates of parameters are derived
by using methods of the maximum likelihood and least-
square estimations, and the interval estimates are con-
structed through asymptotic theory and bootstrap proce-
dure. Although the paper considers inference work under
the simple constant-stress model, the results can be ex-
tended to & stages (k > 3) constant-stress ALT. In ad-
dition, it is worth mentioning that although the life-stress
model (4) is log-linear, it can be also extended to general
cases. For instance, the life-stress model can be assumed
as lno; = ag + a1¢(s;). According to [8], the function ¢
follows expressions in practice such as ¢ = 1/s in the Ar-
rhenius model; ¢ = In s in the inverse power model; and
@ = s in the exponential model. The results proposed in
this paper can be derived directly under this assumption.

In future work, reliability inference such as testing de-
sign and sampling plan of the ALT under complete and
censored data for the GHN model seems also interesting
which needs further study.
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