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Abstract: The reliability of the product sold under a warranty is
usually maintained by the manufacturer during the warranty period.
After the expiry of the warranty, however, the consumer confronts
a problem about how to maintain the reliability of the product.
This paper proposes, from the consumer’s perspective, a replace-
ment policy after the extended warranty, under the assumption
that the product is sold under the renewable free replacement
warranty (RFRW) policy in which the replacement is dependent
on the repair-cost threshold. The proposed replacement policy
is the replacement after the extended warranty is performed by
the consumer based on the repair-cost threshold or preventive
replacement (PR) age, which are decision variables. The expected
cost rate model is derived from the consumer’s perspective. The
existence and uniqueness of the optimal solution that minimizes
the expected cost rate per unit time are offered. Finally, a numeri-
cal example is presented to exemplify the proposed model.

Keywords: extended warranty, cost threshold, minimal repair,
cost-based replacement, age-based replacement.

DOI: 10.21629/JSEE.2017.04.12

1. Introduction

Warranty is a marketing tool, and can benefit simultane-
ously the manufacturer and the customer. From the manu-
facturer’s perspective, the warranty can make the manufac-
turer gain more profit and a favourable reputation. From
the customer’s perspective, the warranty makes product
quality more reliable. The warranty has recently been a
hot research topic due to its importance. A great many of
warranty policies were widely researched by academic re-
searchers or practitioners. The earlier and completer war-
ranty policies were found in [1], and some recent research
can be found in [2 – 6].

With the development of technology, some products are
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increasingly complex and multi-functional. Thus, the re-
pair cost resulted from failure is dependent on the damage
extent of failure. In other words, when a failure occurs, a
harsher damage leads to a greater repair cost. If this repair
cost approaches or exceeds a cost limit (e.g., sale price or
production cost), the manufacturer or the consumer would
like to replace the failed product by a new identical one
rather than repair it. This implies that if the repair cost ap-
proaches or exceeds the certain threshold, the failed pro-
duct is replaced; otherwise, the failed product is repaired.

This type of the cost limit was early used to investi-
gate some warranty problems in [2,7,8]. However, these
literature concentrated only on the non-renewablewarranty
policy, did not consider the extended warranty and consi-
dered the repair-cost limit as a unique decision variable. In
practice, the renewable free replacement warranty (RFRW)
policy is one of the most popular warranty policies, be-
cause most customers prefer to obtain a new replacement
at no cost when the product fails during the warranty pe-
riod. Considering this preference, the manufacturer is very
willing to provide the RFRW policy for the customer in or-
der to increase sales volumes of the product. But this action
produces higher replacement frequency since any failure
during the warranty period is required to be removed by
using an identical one to replace. This makes the manufac-
turer incur more replacement cost. In order to overcome
this shortcoming, we consider an RFRW policy with the
repair-cost threshold in this paper, where the failed prod-
uct is replaced if the repair cost resulted from failure ex-
ceeds the repair-cost threshold and otherwise this failure is
removed by the minimal repair. Obviously, this warranty
policy not only keeps the replacement action and but also
reduces the replacement cost.

For the product sold under a warranty, besides, although
reliability is maintained by the manufacturer during the
warranty, the consumer still confronts a problem about
how to maintain reliability during the post-warranty pe-
riod. Because of the increasing expected cost rate during



726 Journal of Systems Engineering and Electronics Vol. 28, No. 4, August 2017

the post-warranty period, recently, maintenance policies
after the warranty expiration have attracted increasing at-
tention. This type of research was found early in [9], and
the subsequent research can be found in [6 – 16]. These
literatures focused mainly on three types of maintenance
policies after the warranty expiration. The first type is age-
based maintenance or/and preventive replacement (PR),
see for example [6,10 – 16]. The second type is cost-based
corrective replacement (CR), which can be found in [7,8].
The third type is the combination of the extended warranty
and age-based replacement, which can be found in [6]. It is
worth pointing out that there is few literature on the post-
warranty maintenance policy, where a combination of the
age-based PR and the cost-based CR is considered. Com-
pared with the traditional age replacement policy, the ad-
vantage of this combination policy is to reduce replace-
ment frequency.

The main objective of this paper is, from the consumer’s
point of view, to propose an optimal replacement policy
after the expiry of the extended warranty, under the as-
sumption that the product is sold under the RFRW pol-
icy with the repair-cost threshold. However, the approach
of this study is different from that of the existing works.
Firstly, the warranty policy considered in this paper is the
RFRW policy with the repair-cost threshold. This differs
from [10,11,14– 16], where each failure during the war-
ranty requires replacement. That is, each failure during the
warranty period is removed by using a new identical one to
replace. During the PR period, secondly, the consumer per-
forms at his/her expense replacement for the failed product
based on the repair-cost threshold or the PR age. This is
different from [7,8], where the CR related to repair-cost
threshold was only considered and the PR related to age
was not considered.

The remainder of this paper is organized as follows.
Section 2 gives the problem descriptions and assumptions.
Section 3 presents the expected cost rate model. In Sec-
tion 4, a numerical example is offered. Finally, we con-
clude this study with a brief discussion in Section 5.

2. Problem descriptions

2.1 Problems

We first assume the product is sold under the proposedwar-
ranty policy, i.e., the RFRW policy with the repair-cost
threshold, then deal with a problem about the consumer
how to maintain the reliability of the product when the war-
ranty expires. The detailed information is as follows. The
reliability of the product is maintained by the manufacturer
during the basic warranty period w. When the basic war-
ranty expires, the consumer purchases k units of the ex-
tended warranty, where the failed product is restored to the

condition “as bad as old” regardless of the repair cost. Sub-
sequently, the product with the past age w + kξ operates
during the PR period T , where the consumer estimates the
repair cost resulted from each failure. If the repair cost Yl

resulted from the lth failure exceeds the repair-cost thresh-
old � predetermined by the consumer, then the consumer
will carry out the CR in which the failed product is re-
placed by a new identical one. Otherwise, the consumers
will perform the PR at the age T . Obviously, each purchase
of the consumer means one renewal.

Similar to [6,10,14], we define the life cycle as an inter-
val from the installment instant of a new product purchased
by the consumer to the replacement instant of this product
at the consumer’s expense, which is diagrammed in details
in Fig. 1.

Fig. 1 Life cycle of the product

Therefore, our problem is, from the consumer’s perspec-
tive, to determine the repair-cost threshold � and the PR
age T , which will balance the CR cost and the PR cost.
For this, we first compute the expected length E[L] of the
life cycle and the expected total cost E[C(L)] during the
life cycle, then compute the expected cost rate based on
the renewal rewarded theorem in [17], as

lim
t→∞

D(t)
t

=
Expected cost in one cycle
Mean time of one cycle

.

2.2 Assumptions

(i) All claims are valid and accepted during the basic
warranty and the extended warranty period.

(ii) The repair time and replacement time are neglectful.
(iii) The manufacturer implements minimal repair for

the failed product at no charge to the consumer during the
extended warranty period kξ.

(iv) The distribution function of lifetime does not de-
pend on the distribution function of the repair cost.

(v) The distribution function of the lifetime and the dis-
tribution function of the repair cost are continuous and are
known to the consumer.

(vi) The repair-cost threshold θ predetermined by the
manufacturer is also known to the consumer.

3. Formulation of cost rate model

3.1 Preliminaries

θ: repair-cost threshold predetermined by the manufac-
turer;
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�: repair-cost threshold predetermined by the con-
sumer.

Let the random variable X be the time to failure, then
its characteristics are described as follows.

F (x): distribution function;
F (x): reliability function, where F (x) = 1 − F (x);

γ(x): failure rate function, where γ(x) =
dF (x)
F (x)dx

.

Let the random variable Y be the repair cost, then its
characteristics are described as follows.

G(y): distribution function;
G(y): reliability function, where G(y) = 1 − G(y).
Let the random variable X∗ be the interval between two

consecutive replacements during the basic warranty period
w, then its characteristics are described as follows.

F θ(x): reliability function, where F θ(x) =

exp
(
−G(θ)

∫x

0

γ(u)du

)
= [F (x)]G(θ);

Fθ(x): distribution function, where Fθ(x) = 1−F θ(x).

3.2 The expected length of the life cycle

During the basic warranty period w, if the repair cost Yi re-
sulted from the ith failure exceeds the repair-cost threshold
θ, then the manufacturer will replace this failed product.
So we denote the lifetime X0 of the replaced product as
Xi|Xi � w, Yi � θ (i = 1, 2, 3, · · ·), then the distribution
function of X0 is obtained as

Fbw(x) =

⎧⎪⎪⎨
⎪⎪⎩

1, x > w
Fθ(x)
Fθ(w)

, 0 � x � w

0, otherwise

(1)

where Xi is the occurrence time of the ith failure during
the basic warranty period w.

Let the random variable η1 − 1 be the number of re-
placements until the first product surviving the basic war-
ranty period w is obtained, then η1 follows the geometric
distribution as

P1(n) = P{η1 = n} = [Fθ(w)]n−1 · [F θ(w)]. (2)

Furthermore, the expected number of replacements dur-
ing the basic warranty period w is given by

E[η1 − 1] =
1 − [F (w)]G(θ)

[F (w)]G(θ)
=

Fθ(w)
F θ(w)

. (3)

Obviously, when θ = 0, then E[η1−1] =
F (w)
F (w)

, which

is the expected number of replacements under the tradi-
tional RFRW policy that is found in [6,14]. So we have the
following proposition.

Proposition 1 For a given warranty period w, the

expected number
Fθ(w)
F θ(w)

of replacements under the war-

ranty policy proposed in this paper is smaller than the ex-

pected number
F (w)
F (w)

of replacements under the traditional

RFRW policy, i.e.,
Fθ(w)
F θ(w)

<
F (w)
F (w)

.

Proof Let h(x) =
x

1 − x
, then obviously h(x) in-

creases with respect to x. In addition, [F (w)]x (0 <

F (w) < 1) decreases with respect to x, so 1 −
[F (w)]G(θ) < 1 − F (w) when 0 < G(θ) < 1. Thus,

1 − [F (w)]G(θ)

1 − (1 − [F (w)]G(θ))
<

1 − F (w)
1 − (1 − F (w))

, i.e.,
Fθ(w)
F θ(w)

<

F (w)
F (w)

. �

Let {Xj} (j = 1, 2, · · · , η1 − 1) be an independent and
identically distributed (i.i.d.) sequence of randomvariables
subjected to Fbw(x), then the expected life length of the
product replaced during the basic warranty period w is cal-
culated as

E[Xj] =

∫w

0

xdFθ(x)

Fθ(w)
. (4)

The length of the actual warranty servicing period is ex-
pressed as

W =
η1−1∑
j=1

Xj + w. (5)

As η1 is also a stopping time, by Wald’s equation in [18],
(3) and (4), the expected length of the actual warranty ser-
vicing period is obtained as

E[W ] = E[η1 − 1] · E[Xj] + w =

∫w

0

F θ(x)dx

F θ(w)
. (6)

After the expiry of the extended warranty, the pro-
duct with the past age w + kξ operates during the PR pe-
riod T , where the consumer will replace the failed pro-
duct by a new identical one if the repair cost Yl resulted
from the lth failure exceeds the repair-cost threshold �.
Hence, we denote the lifetime X1 of the product replaced
as Xl|Xl > w + kξ, Yl � � (l = 1, 2, 3, · · ·), then X1

follows the reliability function, as

F aew(x) =
[F (w + kξ + x)]G(�)

[F (w + kξ)]G(�)
(7)

where Xl is the occurrence time of the lth failure during
the PR period T .
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During the PR period T , additionally, the consumer will
implement CR for the failed product if the repair cost Yl re-
sulted from the lth failure exceeds the repair-cost threshold
�; otherwise, the consumer will perform PR for the pro-
duct at the PR age T . Let the random variable Z∗ be the
occurrence time of CR. During the PR period T , therefore,
the occurrence time of replacement is Zr = min(Z∗, T ),
then its expectation can be given by

E[Zr] =
∫T

0

F aew(x)dx. (8)

By Subsection 2.1, the length of the life cycle is written
as

L = W + kξ + Zr. (9)

By (6) and (8), finally, the expected length of the life
cycle can be represented as

E[L] = E[W ] + kξ + E[Zr] =

∫w

0

F θ(x)dx

F θ(w)
+ kξ +

∫T

0

F aew(x)dx. (10)

3.3 The expected cost during the life cycle

During the basic warranty period w, let the random vari-
able η2 − 1 be the number of minimal repairs between two
consecutive replacements, so the variable η2 has the fol-
lowing the geometric distribution, as

P2(n) = P{η2 = n} = [G(θ)]n−1[G(θ)] (11)

where G(θ) is the probability that replacement occurs,
where G(θ) = 1 − G(θ).

During the basic warranty period w, therefore, the ex-
pected number of minimal repairs between two consecu-
tive replacements is given by

E[η2 − 1] =
G(θ)
G(θ)

. (12)

Let {ηj
2} (j = 1, 2, · · · , η1 − 1) be an i.i.d. sequence

of random variables conforming to P2(n). Therefore, the
total cost during the basic warranty period w is computed
as

υ(w) =
η1−1∑
j=1

[c0 · ηj
2] + c0G(θ)

∫w

0

γ(x)dx (13)

where c0 is the unit failure cost during the basic warranty
period w.

By (3) and (12), the expected total cost during the basic
warranty period w is given by

E[υ(w)] = E

⎡
⎣η1−1∑

j=1

[c0 · ηj
2] + c0G(θ)

∫w

0

γ(x)dx

⎤
⎦ =

E[η1 − 1] · E[c0 · ηj
2] + c0G(θ)

∫w

0

γ(x)dx =

Fθ(w)c0

F θ(w)G(θ)
+ c0G(θ)

∫w

0

γ(x)dx. (14)

After the basic warranty expiration, the consumer pur-
chases k units of the extended warranty period, where the
manufacturer immediately performs minimal repair for the
failed product regardless of repair cost. Therefore, the ex-
pected total cost during the extended warranty period kξ is
equal to the sum of the total cost incurred for purchasing
k units of the extended warranty and the total failure cost
during the extended warranty period kξ. Then it is com-
puted by

E[Cw
e ] = kce + c1

∫kξ

w

γ(t)dt (15)

where ce is the unit cost incurred for purchasing one unit
of the extended warranty, and c1 is unit failure cost during
the extended warranty period kξ.

During the PR period T , if the repair cost Yl resulted
from the lth failure does not exceeds the repair-cost thresh-
old �, then the consumer will perform the minimal repair
for the failed product at his/her expense. Denote the repair
cost Y ∗ as Yl|Yl � � (l = 1, 2, 3, · · ·), then Y ∗ follows
the distribution function, as

Gr(y) =

⎧⎪⎪⎨
⎪⎪⎩

1, y > �
G(y)
G(�)

, 0 < y � �
0, otherwise

. (16)

Therefore, the expected repair cost resulted from each
failure during the PR period T is represented as

CR = E[Y ∗] =
∫�

0

ydGr(y) =

∫�

0

ydG(y)

G(�)
. (17)

Further, if the repair cost Yl resulted from the lth failure
exceeds the repair-cost threshold � during the PR period
T , then the consumer will implement the CR with a cost
cr; otherwise the consumer will carry out the PR with a
cost cp (cr > cp) at the PR age T . Therefore, the expected
total cost during the PR period T is calculated as
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E[C(�, T )] =

F aew(T )

(
(c2 + CR)G(�)

∫T

0

γew(u)du + cp

)
+

∫T

0

(
(c2+CR)G(�)

∫x

0

γew(u)du+cr

)
d(1−F aew(x)) =

(c2 + CR)

[∫T

0

F aew(x)γew(x)dx − Faew(T )

]
+

cpF aew(T ) + crFaew(T ) (18)

where c2 is the unit failure cost during the PR period T ,
and γew(x) = γ(w + kξ + x).

Moreover, the expected total cost during the life cycle is
equal to the sum of the expected total cost E[υ(w)] during
the basic warranty period w, the expected total cost E[Cw

e ]
during the extended warranty period kξ and the expected
total cost E[C(T,�)] during the PR period T . Then it can
be mathematically expressed as

E[C(L)] = E[υ(w)] + E[Cw
e ] + E[C(T,�)] =

M + kce + c1

∫kξ

w

γ(t)dt+

(cmm + CR)

[∫T

0

F aew(x)γew(x)dx − Faew(T )

]
+

cpF aew(T ) + crFaew(T ) (19)

where

M = E[υ(w)] =
Fθ(w)c0

F θ(w)G(θ)
+ c0G(θ)

∫w

0

γ(x)dx.

3.4 The expected cost rate model

The expected length of the life cycle and the expected total
cost during the life cycle are derived respectively in (10)
and (19). Based on the renewal rewarded theorem in [17],
therefore, the expected cost rate is obtained as

D(�, T ) =
E[C(L)]

E[L]
=

1(∫w

0

F θ(x)dx

)
/(F θ(w)) + kξ +

∫T

0

F aew(x)dx

·

[M + kce + c1

∫kξ

w

γ(t)dt+

(cmm + CR)

(∫T

0

F aew(x)γew(x)dx − Faew(T )

)
+

cpF aew(T ) + crFaew(T )]. (20)

Remark 1 When k = 0, θ → 0 and � → 0, (20) can
be rewritten as

D(0, T ) =
M1 + cpH(T ) + crH(T )(∫w

0

F (x)dx

)
/(F (w)) +

∫T

0

H(x)dx

(21)

where H(x) =
F (w + x)

F (w)
, H(x) = 1 − H(x) and

M1 =
F (w)c0

F (w)
.

The extended warranty period and repair-cost threshold
both are not considered in this model, so the maintenance
policy in this model is a classical age replacement policy
after the warranty expiration, which is similar to [9].

Remark 2 When w = 0, k = 0, θ → 0 and � → 0,
(20) can be rewritten as

D(0, T ) =
cpF (T ) + crF (T )∫T

0

F (x)dx

. (22)

Without considering any extended warranty period and
repair-cost threshold, maintenance policy in this model is
a classical age replacement policy for a new product.

3.5 Optimization

In this subsection, we will find the optimal T ∗ and �∗ by
minimizing the expected cost rate. This is a single-variable
optimization problem, wherein each of both is optimized
based on the other variable to be fixed.

We rewrite (20) as

D(�, T ) =

[
a + (c2 + CR)·

(∫T

0

F aew(x)γew(x)dx − Faew(T )

)
+

cpF aew(T ) + crFaew(T )

]
· 1

b +
∫T

0

F aew(x)dx

(23)

where a = M + kce + cew

∫kξ

w

γ(t)dt and b =(∫w

0

F θ(x)dx

)
/F

θ
(w) + kξ.

We can differentiate (23) with respect to T and the first-
order derivative of D(�, T ) at T is given by

dD(�, T )
dT

=
1

b +
∫T

0

F aew(x)dx

[(c2 + CR)·

(F aew(T )γew(T )−faew(T ))−cpfaew(T )+crfaew(T )]−
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a + (c2 + CR)

(∫T

0

F aew(x)γew(x)dx − Faew(T )

)
+

cpF aew(T ) + crFaew(T )

]
· F aew(T )(

b +
∫T

0

F aew(x)dx

)2

where faew(T ) =
dFaew(T )

dT
. Let

J(T ) =

(
b +

∫T

0

F aew(x)dx

)
[(c2 + CR)·

(F aew(T )γew(T )−faew(T ))−cpfaew(T )+crfaew(T )]−[
a + (c2 + CR)

(∫T

0

F aew(x)γew(x)dx − Faew(T )

)
+

cpF aew(T ) + crFaew(T )

]
· F

aew
(T ).

Supposing that J(T ) is continual with respect to T and
J(∞) lim

T→∞
J(T ) exists. We have

J(0) = lim
T→0

J(T ) = b[(c2 + CR)(γew(0) − faew(0))+

(cr − cp)faew(0)] − (a + cp).

Theorem 1 For any fixed � � 0, the following results
hold.

(i) If J(0) � 0 (J(0) � 0) and J(∞) � 0 (J(∞) � 0),
then there exists a finite T ∗ minimizing D(�, T );

(ii) The condition of (i) holds and J(T ) is strictly
monotonous, then there exists a unique finite T ∗ minimiz-
ing D(�, T );

(iii) If J(T ) is non-decreasing (or non-increasing) and
J(0) > 0 or J(∞) < 0 (or J(∞) > 0 or J(0) < 0), then
“T ∗ = 0” or “T ∗ = ∞” is the optimal value of (20).

Theorem 1 gives the existence and uniqueness of the op-
timal PR age T ∗, which minimizes the expected cost rate.
We can also present the existence and uniqueness of the
optimal repair-cost threshold �∗ by using the method sim-
ilar to optimize the PR age T ∗. It is worth pointing out
that the existence and uniqueness of the optimal repair-cost
threshold �∗ are related to the expression of the distribu-
tion function G(y). The different expression leads to a dif-
ferent computation complexity, and derives them if inte-
rested.

4. Numerical example

To illustrate the model proposed in the previous section,
this section presents a simple numerical example. We

assume the failure rate function of lifetime is Weibull fail-
ure rate function given by

γ(x) = βα(βx)α−1 with α = 2 and β = 0.5.

And we assume that the repair cost conforms to the
exponential distribution function given by G(y) = 1 −
exp(−λt) with λ = 0.3.

The following parameter values, θ = 1, ξ = 0.2,
ce = 1, cp = 10, cr = 15 and c0 = c1 = c2 = 0.5
are used in this example. Using the Matlab software, we
can obtain the following results.

Table 1 Optimal preventive replacement age T∗ and repair-cost
threshold �∗

w k T ∗ �∗ D(�∗, T ∗)
0 2.692 5 3.433 4 5.931 2

0.8 1 2.617 9 3.423 9 6.141 5
2 2.525 3 3.402 5 6.317 6
0 2.344 8 3.320 1 5.652 6

1 1 2.259 2 3.301 6 5.841 8
2 2.156 9 3.274 3 6.000 8
0 1.950 0 3.195 3 5.300 7

1.2 1 1.854 9 3.171 9 5.473 6
2 1.744 6 3.142 4 5.620 0

From Table 1, we can derive the following remarks.
(i) For the same k, the optimal PR age T ∗, the opti-

mal repair-cost threshold �∗ and the expected cost rate
D(�∗, T ∗) are decreasing with respect to w. The decreas-
ing PR age T ∗ indicates that the replacement actions are
more frequent with respect to w. The decreasing expected
cost rate D(�∗, T ∗) implies that it is more sensible to pur-
chase the product with a longer warranty period.

(ii) For the same w, the optimal PR age T ∗ and the op-
timal repair-cost threshold �∗ decrease with respect to k,
while the expected cost rate D(�∗, T ∗) is increasing. The
decreasing PR age T ∗ means that replacement actions are
more frequent with respect to the number of the extended
warranty period k. When more units of the extended war-
ranty period are bought, the expected cost rate D(�∗, T ∗)
is increasing. These monotonous regularities imply that the
consumer should purchase few units of the extended war-
ranty period in order to reduce the expected cost rate and
replacement frequency.

5. Conclusions

In this paper, we consider an RFRW policy with the repair-
cost threshold. From the consumer’s perspective, then, we
present an optimal replacement policy after the extended
warranty by considering a combination of the age-based
PR and cost-based CR. The life cycle is, from the con-
sumer’s perspective, defined as the time between two con-
secutive replacements executed by the consumer and com-
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posed of the basic warranty, extended warranty and PR pe-
riod. During the PR period, the consumer performs the CR
if the repair cost resulted from failure exceeds a repair-
cost threshold; otherwise, the consumer carries out the
PR for the product at the PR age. The expected cost rate
model is derived, incorporating costs related to failure, re-
pair and replacement. The existence and uniqueness of the
optimal solution that minimizes the expected cost rate are
presented. In addition, a numerical example is presented
to demonstrate the result obtained in this study. From the
numerical example, we can conclude that the consumer
should purchase sensibly the product with a longer war-
ranty period and purchase few units of the extended war-
ranty period.

The maintenance policy proposed in this paper can be
utilized to guide the consumer how to maintain the reli-
ability of the product after the extended warranty expires.
Additionally, this paper provides the theoretical support for
the manufacturer to make a choice between the renewable
warranty policy with a repair cost limit and the traditional
renewable warranty policy.
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