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Abstract: For the polarimetric synthetic aperture radar interfe-
rometry (PolInSAR) processing, it is necessary to coregister all the
images, including the coregistration of polarimetric SAR images
and the coregistration of interferometric SAR images. Otherwise,
the performance of the estimated optimal interferograms will be
deteriorated. A generalized scattering vector (GSV) model is pro-
posed to execute the PolInSAR optimal interferograms estimation.
The generalized scattering vector is constructed by the Pauli scat-
tering vectors of the processing pixel and the surrounding pixels.
Even though there are coregistration errors, all the polarimetric in-
formation of the current processing pixel is entirely included in the
generalized scattering vector. Therefore, the GSV-based method
can automatically recover the optimal scattering mechanisms of
the processing pixel with coregistration errors either in interferoe-
metric channels or polarimetric channels. Theoretical analysis and
processing results of simulated PolSARPro data and real PALSAR
data validate the effectiveness and correctness of the proposed
method.
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1. Introduction

Polarimetric synthetic aperture radar interferometry
(PolInSAR) is widely used in different fields such as the
vegetable parameters inversion [1 – 5] and the ground tar-
get recognition and classification [6 – 8]. The polarimet-
ric coherence optimization is usually utilized to obtain
the optimal interferograms of different scattering mech-
anisms. Actually, the principle of the polarimetric cohe-
rence optimization is to find the different polarimetric state
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combinations which correspond to the highest possible in-
terferometric coherence. However, it is assumed that the
SAR images, including the polarimetric SAR images and
the interferometric SAR images, are all accurately coregi-
stered during the PolInSAR processing. As is known that
the accurate coregistration of SAR images is difficult for
InSAR processing especially for high resolution SAR im-
ages, so does the PolInSAR processing. The coregistra-
tion errors will affect the optimal interferograms estima-
tion (i.e., the optimal scattering mechanisms), mainly the
noise level of the interferograms. Therefore, it can be pre-
dicted that the coregistration errors must be small enough
to obtain a better performance on the optimal scattering
mechanisms estimation.

The coregistration approaches used in PolInSAR pro-
cessing are similar to the conventional InSAR processing.
The traditional coregistration methods only use the SAR
images of the same polarimetric channel (for example, the
HH channel or the VV channel) to obtain the coregistra-
tion parameters and the interpolation coefficients, includ-
ing the cross correlation method [9], the average fluctu-
ation function method [10] and the maximum spectrum
method [11,12]. The coregistration parameters and the in-
terpolation coefficients obtained by the single channel will
be used to coregister other polarimetric channels in PolIn-
SAR processing. The polarimetric characteristics are not
used in the traditional methods [9 – 12], so the coregis-
tration accuracy of other polarimetric channels cannot be
guaranteed except the reference channel. In order to im-
prove the coregistration accuracy in PolInSAR, the total
power image pairs of all polarimetric channels are uti-
lized to obtain the coregistration parameters. However, in
the power images the phases are lost and only the to-
tal power is left, which limits the improvement of the
coregistration accuracy. The similarity parameter, repre-
senting the similar scattering mechanism, was introduced
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in [13] to improve the coregistration accuracy between
the polarimetric images. In [14], the Cameron decomposi-
tion [15,16] was used to obtain the same scattering mech-
anism, and then the conventional InSAR coregistration
methods are employed to obtain the coregistration para-
meters. The scale invariant feature transform (SIFT) algo-
rithm was used to select ground control points in the power
image to improve the coregistration performance for the
polarimetric SAR/InSAR processing in [17]. From the Pol-
SAR/PolInSAR processing results given in [13 – 17], it is
concluded that the higher coregistration accuracy will be
obtained by using the same scattering mechanisms com-
pared to the conventional processing.

When the interferometric SAR images are coregistered,
it is still indicated that all the polarimetric SAR images are
accurately coregistered. Generally, the true phase center of
an antenna cannot be obtained inerrably and the polarimet-
ric channels are not completely orthogonal to each other.
Even though the polarimetric calibration is executed, there
still remain residue image shift errors in different polari-
metric channels. Furthermore, when the horizontal chan-
nel and the vertical channel are placed separately in the
PolSAR/PolInSAR systems, the images of different polari-
metric channels have to be coregistered inevitably. Thus
the coregistration errors are unavoidable in different po-
larimetric channels. For PolInSAR processing, coregistra-
tion errors exist not only in the polarimetric SAR images,
but also in the interferometric SAR images. Both core-
gistration errors will affect the optimal interferograms es-
timation. Up to now, the effect of coregistration errors of
polarimetric channels on optimal interferogram estimation
has not been discussed in references. In order to alleviate
the coregistration errors effect, the joint pixel processing
method is used to estimate InSAR phase [18,19] or sup-
press the clutter in SAR-GMTI [20]. The joint pixel pro-
cessing method relaxes the limitation of coregistration ac-
curacy, and has robust performance of InSAR phase esti-
mation and clutter suppression. Based on the ideal used in
InSAR or SAR-GMTI, we use the generalized scattering
vector (GSV), which is constructed by the scattering vec-
tors of the processing pixel and its neighboring pixels, to
overcome the effect of the coregistration errors on robust
optimal interferogram estimation.

This paper is arranged as follows. By reviewing the con-
ventional Pauli-based method of optimal interferogram es-
timation, the GSV model is proposed in Section 2. In Sec-
tion 3, we analyze the performance of the optimal interfe-
rogram estimation of the GSV method when there are
coregistration errors either in the polarimetric channels or
in the interferometric channels. The detailed steps to es-
timate the optimal interferograms using the GSV-based
method are listed in Section 4. The performance of the pro-

posed method is investigated by the PolSARPro simulated
data and the real PALSAR data in Section 5. We summa-
rize the whole paper in Section 6.

2. Signal model of GSV

2.1 Pauli scattering vector and optimal
interferogram estimation

Assuming reciprocal scattering, we get the Pauli scattering
vector of PolSAR [1] as

km =
1√
2
[Sm,hh + Sm,vv, Sm,hh − Sm,vv, 2Sm,hv]T,

m = 1, 2 (1)

where m = 1 represents the master interferometric chan-
nel, m = 2 represents the slave interferometric channel,
and the superscript “T” represents transpose. The polari-
metric coherence optimization is used to maximize the fol-
lowing equation:

max
ω1,ω2

ξ =
ωH

1 Ω12ω2√
ωH

1 T11ω1

√
ωH

2 T22ω2

(2)

where ω1 and ω2 represent different scattering mecha-
nisms. T11 = 〈k1k

H
1 〉 and T22 = 〈k2k

H
2 〉 are the her-

mitian coherency matrices corresponding to master chan-
nel and slave channel, respectively. Ω 12 = 〈k1k

H
2 〉 is the

covariance matrix containing all the polarimetric and in-
terferometric information. From (2), we can see that the
interferometric coherence is strongly dependent on the po-
larization states (i.e., different ω1 and ω2). To maximize
(2), the complex Lagrange function [21] is used. The op-
timal scattering mechanism estimation can be obtained [1]
by eigen-decompositing the equations:

T−1
11 Ω12T

−1
22 ΩH

12ω1j = vjω1j (3)

T−1
22 ΩH

12T
−1
11 Ω12ω2j = vjω2j (4)

where the superscript “H” represents the conjugate trans-
pose.

The optimal coherence corresponds to the square roots
of the eigenvalues vj (j = 1, 2, 3), and the optimal scatter-
ing mechanisms (i.e., the optimal interferegrams) are ob-
tained by

ϕi = arg(ωH
1jΩ12ω2j), j = 1, 2, 3 (5)

where ω1j and ω2j are constrained by the following equa-
tion:

arg(ωH
1jω2j) = 0, j = 1, 2, 3. (6)

2.2 GSV model

For the conventional Pauli-based method, all the SAR
images are assumed to be accurately coregistered for the
optimal interferogram estimation. In fact, it is impossible
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for us to simultaneously coregister all the SAR images of
the polarimetric channels and/or the interferometric chan-
nels accurately. Therefore, the GSV-based method is used
to alleviate the rigorous limitation of the coregistration er-
rors for PolInSAR processing. For the sake of simplicity,
we first assume that the GSV model is constructed by two
pixels of the Pauli scattering vectors, as is shown in Fig. 1.

Fig. 1 Sketch of GSV construction

From Fig. 1, we can see that the scattering vectors of the
processing pixel (marked as ki) and its neighboring pixel
are simultaneously utilized to construct the GSV. There-
fore, the GSV can be expressed as

k(G)
m = [kT

m,(i−1) kT
m,(i)]

T =

1√
2
[Smhh,i−1 + Smvv,i−1, Smhh,i−1 − Smvv,i−1,

2Smhv,i−1 , Smhh,i+Smvv,i, Smhh,i−Smvv,i, 2Smhv,i]T

(7)

where m = 1, 2 have the same meaning as (1).
If the pixels of polarimetric SAR images are indepen-

dent, the interferometric coherence exists only in corre-
sponding pixel pairs, i.e.,

k1(i)kH
2 (j) =

{
Ω12, i = j

03×3, i �= j
(8)

km(i)kH
m(j) =

{
Tmm, i = j

03×3, i �= j
(9)

where m = 1, 2.
Similar to the conventional Pauli-based method process-

ing, the GSV-based optimal scattering mechanisms can be
obtained as

T
(G)−1
11 Ω

(G)
12 T

(G)−1
22 Ω

(G)H
12 ω

(G)
1 = v

(G)
1 ω

(G)
1 (10)

T
(G)−1
22 Ω

(G)H
12 T

(G)−1
11 Ω

(G)
12 ω

(G)
2 = v

(G)
2 ω

(G)
2 (11)

where the superscript “(G)” represents the GSV-based pro-

cessing. The two matrices T
(G)−1
11 Ω

(G)
12 T

(G)−1
22 Ω

(G)H
12 and

T
(G)−1
22 Ω

(G)H
12 T

(G)−1
11 Ω

(G)
12 are named as “coefficient ma-

trices”.

Ω
(G)
12 = k

(G)
1 k

(G)H
2 =

[
Ω12,(i−1,i−1) 0

0 Ω12,(i,i)

]
(12)

T (G)
mm = k(G)

m k(G)H
m =

[
Tmm,(i−1,i−1) 0

0 Tmm,(i,i)

]
.

(13)
In the following, we analyze the relationship of the

eigenvalues and the eigenvectors between (3) and (10).
The coefficient matrix of (10) can be rewritten as fol-

lows:
T

(G)−1
11 Ω

(G)
12 T

(G)−1
22 Ω

(G)H
12 =[

T−1
11,(i−1,i−1) 0

0 T−1
11,(i,i)

][
Ω12,(i−1,i−1) 0

0 Ω12,(i,i)

]
·

[
T−1

22,(i−1,i−1) 0
0 T−1

22,(i,i)

][
ΩH

12,(i−1,i−1) 0
0 ΩH

12,(i,i)

]
=

[
T−1

11,(i−1,i−1)Ω12,(i−1,i−1)T
−1
22,(i−1,i−1)Ω

H
12,(i−1,i−1)

0

0
T−1

11,(i,i)Ω12,(i,i)T
−1
22,(i,i)Ω

H
12,(i,i)

]
. (14)

If the scattering vectors of the neighboring pixels are
identical independent distribution (i.i.d) samples, we have

〈T11,(i−1,i−1)〉 = 〈T11,(i,i)〉 (15)

〈T22,(i−1,i−1)〉 = 〈T22,(i,i)〉 (16)

〈Ω12,(i−1,i−1)〉 = 〈Ω12,(i,i)〉 (17)

where 〈·〉 means the expectation. Therefore, the expecta-
tions of the diagonal block matrices in (14) are equal, i.e.,

〈T−1
11,(i−1,i−1)Ω12,(i−1,i−1)T

−1
22,(i−1,i−1)Ω

H
12,(i−1,i−1)〉 =

〈T−1
11,(i,i)Ω12,(i,i)T

−1
22,(i,i)Ω

H
12,(i,i)〉 = A. (18)

Using (18), we can rewrite (14) as

T
(G)−1
11 Ω

(G)
12 T

(G)−1
22 Ω

(G)H
12 = I2×2 ⊗ A (19)

where “⊗” means the Kronecker product.
Similar to the analysis of (10), (11) can be rewritten as

T
(G)−1
22 Ω

(G)H
12 T

(G)−1
11 Ω

(G)
12 =[

T−1
22,(i−1,i−1)Ω

H
12,(i−1,i−1)T

−1
11,(i−1,i−1)Ω12,(i−1,i−1)

0

0
T−1

22,(i,i)Ω
H
12,(i,i)T

−1
11,(i,i)Ω12,(i,i)

]
= I2×2 ⊗ B (20)
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where B = T −1
22,(i,i)Ω

H
12,(i,i)T

−1
11,(i,i)Ω12,(i,i).

Theorem 1 [18] If λ(P ) and λ(Q) are the eigen-
values of the matrices P and Q respectively, and u(P )
and u(Q) are the corresponding eigenvectors respectively,
then λ(P )λ(Q) are the eigenvalues of the matrix P ⊗
Q, and u(P ) ⊗ u(Q) are the corresponding vectors of
λ(P )λ(Q).

According to Theorem 1, (19) has three different eigen-
values, and each eigenvalue is a two-fold eigenvalue.

The optimal scattering mechanisms (i.e., the optimal in-
terferograms) are obtained by

ϕi = arg

(
2∑

k=1

λi,kω
(G)H
i,k Ω

(G)
12 ω

(G)
i,k

)
, i = 1, 2, 3.

(21)

3. Robustness of GSV to coregistration errors

Without loss of generality and for simplicity, we first as-
sume that coregistration errors exist either in the slave po-
larimetric channels or in the slave interferometric channels.
Furthermore, we assume that the coregistration errors are
only in one direction and the SAR images of master an-
tenna are accurately coregistered.

Theorem 2 [22] The eigenspectrum (i.e., the distribu-
tion of eigenvalues) of a covariance matrix is invariant no
matter how the elements of the corresponding data vector
are permuted.

(i) Accurate coregistration
For accurate coregistration, the optimal scattering

mechanisms can be obtained by (21).
(ii) Coregistration errors of interferometric images
When coregistration errors are in the slave interferomet-

ric PolSAR images, the Pauli scattering vector of the slave
polarimetric SAR images corresponding to the master po-
larimetric SAR images can be expressed as

k2,(i) = k
(a)
2,(i) + k

(b)
2,(i+1) (22)

where k
(b)
2,(i+1) is the signal mixed into the processing pixel

in the slave channel. When there are coregistration errors,
the GSV can be constructed as Fig. 2.

Fig. 2 Construction of GSV of slave PolSAR images with coregis-
tration errors of interferometric images

As is shown in Fig. 2, when there are only coregistra-
tion errors between interferometric channels, the GSV can
be expressed as

k
(G)
2 = [k(a)T

2,(i−1) + k
(b)T
2,(i), k

(a)T
2,(i) + k

(b)T
2,(i+1)]

T. (23)

Using Theorem 2 and rearranging the Pauli scattering vec-
tors as Fig. 3, k

(G)
2 in (23) can be rewritten as

k
(G)
2 = [k(a)T

2,(i−1) + k
(b)T
2,(i+1), kT

2,(i)]
T (24)

where k
(a)
2,(i−1), k

(b)
2,(i+1), k2,(i) are independent to each

other, so we have

k
(a)
2,(i−1)k

H
2,(i) = T22,(i−1,i) = 03×3 (25)

k
(b)
2,(i+1)k

H
2,(i) = T22,(i+1,i) = 03×3 (26)

k
(a)
2,(i−1)k

(b)H
2,(i+1) = T22,(i−1,i+1) = 03×3. (27)

Fig. 3 Sketch of pixels rearrangement with polarimetric coregistra-
tion errors

Furthermore, the Pauli scattering vector of master chan-
nels can be expressed as k1,(i−1) = k

(a)
1,(i−1) + k

(b)
1,(i−1),

then we have

k
(a)
1,(i−1)k

(b)H
2,(i+1) = Ω

(a)(b)
12,(i−1,i+1) = 03×3 (28)

k
(b)
1,(i−1)k

(b)H
2,(i+1) = Ω

(b)
12,(i−1,i+1) = 03×3. (29)

Using relations of (25) – (29) and the similar deduction of
(10), the coefficient matrix with coregistration errors of in-
terferometric channels can be expressed as

T
(G)−1
11 Ω

(G)
12 T

(G)−1
22 Ω

(G)H
12 =[

T−1
11,(i−1,i−1) 0

0 T−1
11,(i,i)

] [
Ω

(a)
12,(i−1,i−1) 0

0 Ω12,(i,i)

]
·

[
T

(a)
22,(i−1,i−1) + T

(b)
22,(i+1,i+1) 0

0 T22,(i,i)

]−1

·
[
Ω

(a)H
12,(i−1,i−1) 0

0 ΩH
12,(i,i)

]
. (30)
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Theorem 3 [23] Supposing A is an n × n invertible
matrix, and x, y are both n × 1 vectors, if A + xyH is
invertible, then we have

(A + xyH)−1 = A−1 − A−1xyHA−1

1 + yHA−1x
. (31)

According to Theorem 3, (30) can be deduced as

[T (G)
11 ]−1[Ω (G)

12 ][T (G)
22 ]−1[Ω (G)

12 ]H =[
T−1

11,(i−1,i−1)Ω
(a)
12,(i−1,i−1)(T

(a)
22,(i−1,i−1) + k

(b)
2,(i+1)k

(b)H
2,(i+1))

−1Ω
(a)H
12,(i−1,i−1)

0
0 T−1

11,(i,i)Ω12,(i,i)T
−1
22,(i,i)Ω

H
12,(i,i)

]
=

[
T−1

11,(i−1,i−1)Ω
(a)
12,(i−1,i−1)T

(a)−1
22,(i−1,i−1)Ω

(a)H
12,(i−1,i−1) 0

0 T−1
11,(i,i)Ω12,(i,i)T

−1
22,(i,i)Ω

H
12,(i,i)

]
−
[

ΔA1 0
0 0

]
(32)

where

ΔA1 =
T−1

11,(i−1,i−1)Ω
(a)
12,(i−1,i−1)T

(a)−1
22,(i−1,i−1)

1 + k
(b)H
2,(i+1)T

(a)−1
22,(i−1,i−1)k

(b)
2,(i+1)

·

T
(b)
22,(i+1,i+1)T

(a)−1
22,(i−1,i−1)Ω

(a)H
12,(i−1,i−1). (33)

If the used pixels are i.i.d samples, then

〈T (b)
22,(i+1,i+1)〉 = 〈T (b)

22,(i−1,i−1)〉. (34)

The superscript “(b)” represents the signal introduced by
the coregistration errors of the slave images. For the con-
ventional InSAR processing, the coregistration accuracy is
less than 1/10 pixels, so the power of part “(b)” is far less
than the power of part “(a)”, i.e.,

tr(T (b)
22,(i−1,i−1)) � tr(T (a)

22,(i−1,i−1)). (35)

T
(a)−1
22,(i−1,i−1) is a Hermitian and non-negative matrix, so

the quadratic function

k
(b)H
2,(i+1)T

(a)−1
22,(i−1,i−1)k

(b)
2,(i+1) � 0. (36)

Therefore, we have

tr(ΔA1) � tr
(

T−1
11,(i−1,i−1)Ω

(a)
12,(i−1,i−1)T

(a)−1
22,(i−1,i−1)

1 + k
(b)H
2,(i+1)T

(a)−1
22,(i−1,i−1)k

(b)
2,(i+1)

·

T
(a)
22,(i−1,i−1)T

(a)−1
22,(i−1,i−1)Ω

(a)H
12,(i−1,i−1)

)
=

tr

 
T −1

11,(i−1,i−1)
Ω

(a)

12,(i−1,i−1)
T

(a)−1

22,(i−1,i−1)
Ω

(a)H

12,(i−1,i−1)

1 + k
(b)H
2,(i+1)T

(a)−1
22,(i−1,i−1)k

(b)
2,(i+1)

!
�

tr(T−1
11,(i−1,i−1)Ω

(a)
12,(i−1,i−1)T

(a)−1
22,(i−1,i−1)·

Ω
(a)H
12,(i−1,i−1)) < tr(T−1

11,(i−1,i−1)·
Ω12,(i−1,i−1)T

−1
22,(i−1,i−1)Ω

H
12,(i−1,i−1)). (37)

Furthermore, the following term can be written as

T−1
11,(i−1,i−1)Ω

(a)
12,(i−1,i−1)T

(a)−1
22,(i−1,i−1)Ω

(a)H
12,(i−1,i−1) =

T−1
11,(i−1,i−1)Ω12,(i−1,i−1)T

−1
22,(i−1,i−1)Ω

H
12,(i−1,i−1)+

ΔA2 (38)

where
ΔA2 =

−T−1
11,(i−1,i−1)Ω12,(i−1,i−1)T

−1
22,(i−1,i−1)Ω

(b)H
12,(i−1,i−1)+

T−1
11,(i−1,i−1)Ω

(b)
12,(i−1,i−1)·

T−1
22,(i−1,i−1)T

(b)
22,(i−1,i−1)T

−1
22,(i−1,i−1)

1 + k
(b)H
2,(i−1)T

−1
22,(i−1,i−1)k

(b)
2,(i−1)

Ω
(a)H
12,(i−1,i−1)−

T−1
11,(i−1,i−1)Ω

(b)
12,(i−1,i−1)T

−1
22,(i−1,i−1)Ω

(a)H
12,(i−1,i−1)−

T−1
11,(i−1,i−1)Ω12,(i−1,i−1)·

T−1
22,(i−1,i−1)T

(b)
22,(i−1,i−1)T

−1
22,(i−1,i−1)

1 + k
(b)H
2,(i−1)T

−1
22,(i−1,i−1)k

(b)
2,(i−1)

Ω
(a)H
12,(i−1,i−1).

(39)

Using the Theorem 3 and the deduction of (34) – (37),
we have

tr(ΔA2) � tr(T−1
11,(i−1,i−1)Ω12,(i−1,i−1)·

T−1
22,(i−1,i−1)Ω

H
12,(i−1,i−1)). (40)

Then (32) can be rewritten as

T
(G)−1
11 Ω

(G)
12 T

(G)−1
22 Ω

(G)H
12 =

I2×2 ⊗ A −
[

ΔA1 0
0 0

]
+
[

ΔA2 0
0 0

]
. (41)

From (37) and (40), we know that the powers of the
last two terms of (41) are far less than the useful sig-
nal of I2×2 ⊗ A. Therefore, the eigenvalues of ΔA1 and
ΔA2 are far less than those of A, and the eigenvectors
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of I2×2 ⊗ A will be slightly influenced, which can be al-
most ignored, when coregistration errors are less than 1/10
pixels. Furthremore, the biases can be calibrated with au-
xiliary data, like the corner reflector and/or the bare soil,
etc. When there are coregistration errors, the conventional
Pauli-based scattering vector cannot fully recover the op-
timal interferograms. On the contrary, the GSV-based pro-
cessing with biases calibration is robust to coregistration
errors for the optimal scattering mechanisms estimation.

Similar to the analysis of (30), we have
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(iii) Coregistration errors of polarimetric images
Taking the HH polarization as a reference, the offsets of

VV image and HV image relative to HH are c1 and c2, re-
spectively. Therefore, the scattering vector of pixel i with
polarimetric channel coregistration errors can be expressed
as

k2,(i) = k
(a)
2,(i) + k

(c)
2,(i+1) =

1√
2
[S2hh,(i) + S

(a1)
2vv,(i), S2hh,(i) − S
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2vv,(i), 2S

(a2)
2hv,(i)]

T+

1√
2
[S(c1)

2vv,(i+1), −S
(c1)
2vv,(i+1), 2S

(c2)
2hv,(i+1)]

T (45)

where k
(a)
2,(i) is the signal corresponding to the master

image, k
(c)
2,(i+1) is the signal introduced by coregistration

errors. Without loss of generality, we suppose that c1 =
c2 = c in (45).

The generalized scattering vector can be constructed as
follows:

k
(G)
2 = [k(a)T

2,(i−1) + k
(c)T
2,(i) , k

(a)T
2,(i) + k

(c)T
2,(i+1)]

T. (46)

Using Theorem 1 and Fig. 3, the rearranged generalized
scattering vector is

k
(G)
2 = [k(a)T

2,(i−1) + k
(c)T
2,(i+1), k

T
2,(i)]

T. (47)

Similar to the analysis in the subsection (ii), the scat-
tering vectors k

(a)T
2,(i−1), k

(c)T
2,(i+1) and kT

2,(i) are independent
to each other. We can obtain the following equations when
there are polarimetric channel coregistration errors:
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where
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Therefore, we have the similar conclusion as (41) and (42).
(iv) Coregistration errors of polarimetric images and in-

terferometric images
When both polarimetric channels and interferometric

channels are not accurately coregistered, the scattering
vector of pixel i can be expressed as
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Then the GSV with coregistration errors is
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The rearranged GSV is expressed as
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Therefore, the polarimetric coherence optimal decomposi-
tion is executed as
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Therefore, we have the similar conclusion as (41) and (42)
again.

(v) Unknown coregistration errors
In practice, the coregistration errors between the in-

terferometric SAR images and/or the polarimetric SAR
images are often unknown. In previous disscussion, we as-
sume that the coregistration errors are only in the slave
antenna, but the coregistration errors of the polarimetric
SAR images of master antenna is unavoidable. Consider-
ing that the coregistration errors are random, and the error
direction and error magnitude are also unknown, the GSV
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should be constructed by using the scattering vectors of its
neighboring eight pixels. In the case, the generalized co-
herency matrix T

(G)
11 , T

(G)
22 and the cross interferometric

matrix Ω
(G)
12 are all 27×27. The number of eigenvalues of

the coefficient matrix is 27. Without coregsitration errors,
there are three different eigenvalues and each eigenvalue is
a nine-fold eigenvalue.

Due to the influence of noise and coregistration errors,
the Kronecker product of the identity matrix I and A (or
B) does not hold strictly, so the optimal scattering mec-
hanisms (or interferograms) are estimated by the combina-
tion of weighted projection of Ω

(G)
12 onto different eigen-

vectors.
Supposing the eigenvalues of the GSV-based coefficient

matrix are λ1 � · · · � λ9 > λ10 � λ11 · · · � λ18 >

λ19 � λ20 · · · � λ27, and the corresponding eigenvec-
tors are ω

(G)
1 , ω

(G)
2 , · · · , ω(G)

26 , ω
(G)
27 , the optimal scatter-

ing mechanisms can be expressed as

Φopt1 = arg

(
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i=1

λiω
(G)H
i Ω

(G)
12 ω

(G)
i /

9∑
i=1

λi

)
(63)

Φopt2 = arg

(
18∑
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Φopt3 = arg

(
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i=19

λiω
(G)H
i Ω

(G)
12 ω

(G)
i /

27∑
i=19

λi

)
. (65)

(vi) Noise influence analysis
The noise influence can be divided into two parts, in-

cluding the SAR images’ noise and the non-coregistered
signals. The SAR images’ noise distributes in the whole
frequency domain. However, the SAR images’ noise can
be considered as complex circular Gauss noise [22], it can
be filtered by eigen-decomposition and subspace projec-
tion as (63) – (65). Therefore, the SAR images’ noise will
not affect optimal interferogram estimation.

When the SAR images are not accurately coregistered,
the GSV-based coefficient matrix will be affected by the
non-coregistered signals. The non-coregistered signals’
power is far less than the coregistered signals’ power. In
[22], the authors analyze the effect of the non-coregistered
signals on InSAR phase estimation. The non-coregistered
signals will increase the dimension of signal subspace,
however, they do not affect the final estimate results of in-
terferogram. The determination of signal subspace dimen-
sion is discussed in detail [24]. Because the total power of
coregistration errors is much lower than the coregistered
parts, if we use (63) – (65) to estimate the optimal inter-
ferograms, a phase bias will be introduced to the final es-
timates, and the phase bias is constant for the whole in-
terferogram, i.e., it is a systematic error for the estimated

interferogram. Therefore, the phase bias can be calibrated
with auxiliary data, like the corner reflector and/or the bare
soil, etc.

4. Procedures of optimal scattering
mechanisms estimation using GSV

In this section, we give the detailed procedures to es-
timate the optimal scattering mechamisms (or interfero-
grams) based on GSV.

Step 1 SAR images coregistration
We use the span image or the corresponding polarimet-

ric SAR image to coregister the PolSAR images. The main
object of Step 1 is to coarsely coregister the interferomet-
ric SAR images by cross correlation or other techniques
for generalized scattering vector construction.

Step 2 Generalized scattering vector construction
The GSV is constructed by the Pauli scattering vector of

the processing pixel and its neighboring pixels. The GSV
must be constructed in the interferometric master channel
and the interferometric slave channel respectively.

Step 3 Generalized coherency matrix T
(G)
11 , T

(G)
22 and

interferometric matrix Ω
(G)
12 estimation

Generally, we cannot get the statistical expectation of
T

(G)
11 , T

(G)
22 and Ω

(G)
12 , so we estimate them using i.i.d

samples. Supposing the GSVs are i.i.d samples, we can
estimate T

(G)
11 , T

(G)
22 and Ω

(G)
12 as

T
(G)
11 =

1
2N + 1

N∑
n=−N

k
(G)
1 (i + n)k(G)H

1 (i + n) (66)

T
(G)
22 =

1
2N + 1

N∑
n=−N

k
(G)
2 (i + n)k(G)H

2 (i + n) (67)

Ω
(G)
12 =

1
2N + 1

N∑
n=−N

k
(G)
1 (i + n)k(G)H

2 (i + n) (68)

where 2N + 1 is the i.i.d sample number.
Step 4 Coefficient matrix eigen-composition
Step 5 Eigenvalues sorting and corresponding eigen-

vectors sequence adjusting
The eigenvalues are sorted in the decreasing order,

meanwhile the sequence of eigenvectors are adjusted in or-
der to correspond to their eigenvalue respectively.

Step 6 Optimal interferograms (or scattering mecha-
nisms) estimation using (63) – (65).

5. Experiment results and performance
investigation

In this section, the performance of two different me-
thods, i.e., the conventional Pauli-based optimal scattering
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mechanisms estimation method and the GSV-based opti-
mal scattering mechanisms estimation method, are investi-
gated by using the simulated data and the actual PALSAR
data.

5.1 PolSARPro simulated data investigation

We use the simulated PolInSAR data generated by Pol-
SARPro to investigate the performance of the optimal in-
terferograms estimation based on the Pauli scattering vec-
tor and the GSV respectively. The simulation parameters
are listed in Table 1.

Table 1 PolSARPro simulation parameters

Simulation parameter Value

Antennae number 2
Master antenna slant range /m 4 242.640 6

Master antenna incidence angle /(◦) 45
Slave antenna slant range /m 4 250.423 6

Slave antenna incidence angle /(◦) 45.085 8
Center frequency /GHz 1.3
Azimuth resolution /m 1.5
Range resolution /m 1.060 7
Mean tree height /m 10.0

Tree density per hectare 900
Ground slope in azimuth direction 0.02

Ground slope in ground range direction 0.01

In the following, we analyze the performance of the
GSV-based method with different coregistration errors.
The Pauli-based conventional optimal interferogram esti-
mation results are also given for comparison. Four cases
are analyzed in the following section.

Case 1 Accurate coregistration
We assume that S1,hh, S1,vv and S1,hv are accurately

coregistered, and S2,hh, S2,vv and S2,hv are also accu-
rately coregistered. Futhermore, we assume that interfe-
rometric SAR images pairs S1,hh and S2,hh are also accu-
rately coregistered. Under the assumptions above, all the
SAR images are accurately coregistered.

Case 2 Coregistration errors of 1/10 pixels between
interferometric SAR images

For this case, we assume that there are no coregistration
errors between polarimetric SAR images, i.e., S1,hh, S1,vv

and S1,hv are accurately coregistered, and S2,hh, S2,vv and
S2,hv are also accurately coregistered. Without loss of ge-
nerality, taking S1,hh as a reference image, we set 1/10 pi-
xels coregistration errors between S1,hh and S2,hh in range
direction. Therefore, S1,vv and S2,vv, as well as S1,hv and
S2,hv, also have 1/10 pixels coregistration errors in the
same range direction.

Case 3 Coregistration errors of 1/10 pixels between
polarimetric SAR images

For this case, we assume that there are no coregistration
errors in interferometric SAR image pairs, i.e., S1,hh and

S2,hh are also accurately coregistered. However, there are
coregistration errors between polarimetric SAR images.
Taking Sm,hh (m = 1, 2) as reference images, we set 1/10
pixels coregistration errors between Sm,hv and Sm,hh in
the same range direction.

Case 4 Coregistration errors of 1/10 pixels in both po-
larimetric SAR images and interferometric SAR images

Taking Sm,hh (m = 1, 2) as the reference images, we
first set image coregistration errors of 1/10 pixels between
Sm,hv and Sm,hh in range direction, and set image core-
gistration errors of 1/10 pixels between Sm,vv and Sm,hh

in azimuth direction. Futhermore, taking S1,hh, S1,hv and
S1,vv as reference images, we set 1/10 pixels coregistra-
tion errors between the corresponding polarimetric SAR
images (i.e., S2,hh, S2,hv and S2,vv) in range direction, re-
spectively. In this case, the coregistration errors exist not
only between polarimetric SAR images but also between
interferometric SAR images.

The optimal scattering mechanisms (i.e., the optimal in-
terferograms) with different errors are shown in Fig. 4 –
Fig. 7.

Fig. 4 shows results of Case 1, where Fig. 4(a) –
Fig. 4(c) are the interferograms obtained by the Pauli-
based method, and Fig. 4(d) – Fig. 4(f) are the interfero-
grams obtained by the GSV-based method. From Fig. 4, we
can see that when all the SAR images are coregistered ac-
curately, the optimal interferograms can be estimated well
either the Pauli-based method or the GSV-based method
is used. However, the phase fluctuations of Fig. 4(d) –
Fig. 4(f) are smaller than those of Fig. 4(a) – Fig. 4(c), es-
pecially in the area where the trees are placed.
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Fig. 4 Optimal interferograms of Case 1

Fig. 5 shows the estimated results of Case 2, where
Fig. 5(a) – Fig. 5(c) are the optimal interferograms ob-
tained by the Pauli-based method, and Fig. 5(d) – Fig. 5(f)
are the optimal interferograms obtained by the GSV-based
method. From Fig. 5, we can see that when there are core-
gistration errors between interferometric SAR images, the
phase fluctuations of Fig. 5(a) – Fig. 5(c) are much worse
than those in Fig. 4(a) – Fig. 4(c), respectively. However,
the estimated results of Fig. 5(d) – Fig. 5(f) are slightly de-
teriorated though there are coregistration errors between
interferometric SAR images.
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Fig. 5 Optimal interferograms of Case 2

The optimal interferograms of Case 3 are shown in
Fig. 6, where Fig. 6(a) – Fig. 6(c) are the optimal in-
terferograms obtained by the Pauli-based method, and
Fig. 6(d) – Fig. 6(f) are the optimal interferograms obtained
by the GSV-based method. From Fig. 6(d) – Fig. 6(f), we
can draw the similar conclusion that coregistration errors
between polarimetric SAR images have almost no effect
on the optimal interferograms estimation while the GSV-
based method is used. Generally, for the single polarimet-
ric InSAR processing, the coregistration errors of 1/10 pi-
xels are enough for DEM generation. However, from
Fig. 6, we can see that the needed coregistration accuracy
for PolInSAR processing is higher than the single polari-
metric InSAR processing.

Fig. 6 Optimal interferograms of Case 3

The optimal interferograms of Case 4 are shown in
Fig. 7, where Fig. 7(a) – Fig. 7(c) are the optimal in-
terferograms obtained by the Pauli-based method, and
Fig. 7(d) – Fig. 7(f) are the optimal interferograms ob-
tained by the GSV-based method. The estimated results of
Fig. 7(d) – Fig. 7(f) show that the GSV-based method has a
changeless performance compared to Fig. 4(d) – Fig. 4(f),
where there are no coregistration errors between SAR im-
ages.
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Fig. 7 Optimal interferograms of Case 4

Comparing Fig. 4(d) – Fig. 4(f), Fig. 5(d) – Fig. 5(f),
Fig. 6(d) – Fig. 6(f), and Fig. 7(d) – Fig. 7(f), we can con-
clude that the GSV-based method is robust to SAR images
coregistration errors, including the polarimetric SAR
images coregistration errors and/or the interferometric
SAR images coregistration errors. On the contrary, the
conventional Pauli-based method is greatly affected by the
coregistration errors. However, from the analysis in Sec-
tion 3, we know that the proposed method have more com-
putational burden than the Pauli-based method because the
eigendecompostion of high-dimension matrix is necessary.
In order to reduce the computational complexity, we can
use the scattering vectors of four adjacent pixels around
the processing pixel to construct the GSV. The relative po-
sition of the pixels likes the symbol “+”.

From Fig. 4 – Fig. 7, we can see that the Pauli-based
method failes to estimate the optimal scattering me-
chanisms when there are coregistration errors. However,
the GSV-based method is robust to coregistration errors
and has a smaller phase fluctuations than the Pauli-based
method when there are coregistration errors.

5.2 Real PALSAR data

To confirm the effectiveness of the proposed method, we
use the PALSAR data to investigate the interferograms es-
timation performance with the GSV-based method and the
Pauli-based method in this section. The two datasets used
for PolInSAR processing are acquired in March 13, 2007
(Site ID ALPSRP060247100) and April 28, 2007 (Site ID
ALPSRP066957100). The illuminated area is the Amazon
River in Brazil.

For the PALSAR data processing, the first thing to do
is to coregister the PolInSAR images. Generally spea-
king, the polarimetric SAR images are coregistered with
high accuracy when the datasets are released. Therefore,
we should coregister the interferometric SAR images in
order to excute PolInSAR processing. We first select a
reference image pair with S1,hh and S2,hh to obtain the
coregistration offsets of S2,hh relative to S1,hh, then the
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coregistration offsets are also used to S2,hv and S2,vv. The
optimal interferograms are given in Fig. 8. We can see
that the phase noises in Fig. 8(d) – Fig. 8(f) are smaller
than those in Fig. 8(a) – Fig. 8(c), especially in the third
scattering mechnism of Fig. 8(c) and Fig. 8(f). Therefore,
the GSV-based method has a better performance than the
Pauli-based method in the optimal interferograms estima-
tion.

Fig. 8 Optimal interferograms of PALSAR data

To further investigate the performance of the GSV-based
method and the Pauli-based method, we count the residue
numbers in different scattering mechanisms. The residue
numbers are shown in Table 2. From Table 2, we can
see that for the corresponding scattering mechanisms, the
residue numbers of the GSV-based method are smaller than
those of the Pauli-based method. The residue numbers of
the GSV-based method are reduced by 8.1%, 53.27% and
28.1% respectively compared to the optimal interferogram
of Fig. 8(a) – Fig. 8(c) obtained by the Pauli-based method.
The results show that the GSV-based method has a better
estimation performance than the Pauli-based method.

Table 2 Residue numbers of GSV-based method and Pauli-based
method for different scattering mechanisms

Different scattering mechanisms Residue number

Pauli-based method for Fig. 8(a) 3 917
Pauli-based method for Fig. 8(b) 13 376
Pauli-based method for Fig. 8(c) 39 468
GSV-based method for Fig. 8(d) 3 601
GSV-based method for Fig. 8(e) 6 250
GSV-based method for Fig. 8(f) 28 398

5.3 Computational complexity analysis

Assuming the SAR images are coarsely coregistered,
the computational complexity is mainly determined by
Step 3, Step 4 and Step 6. For Step 3, the computational
complexity is O(M 3), where M is the dimension of the
covariance matrix. For Step 4, the computational com-
plexity of eigen decomposition is O(M 3). For Step 6, the



470 Journal of Systems Engineering and Electronics Vol. 28, No. 3, June 2017

computational complexity is O(M 2). We can see that for
the larger dimension M , the more computational load is
needed. Therefore, the computational complexity of the
GSV-based method is larger than the conventional Pauli-
based method. In Section 5.2, the relative position of the
pixels as the symbol “+” are suggested to reduce the com-
putational complexity.

6. Conclusions

In this paper, we propose a new model, GSV, to esti-
mate the optimal scattering mechanisms. Compared to the
conventional Pauli-based optimal interferograms estima-
tion method, the proposed GSV-based method can obtain
a more robust estimate when there are coregistration er-
rors between polarimetric SAR images and /or interfero-
metric SAR images. From the construction of the GSV, we
can see that the optimal scattering mechanisms will be re-
covered adaptively even with images coregistration errors.
When the GSV is used, the dimension of the generalized
coherency matrix will be greatly increased, therefore, the
defect of the proposed method has an exhausted compu-
tational burden. Ideally, there are three different eigenva-
lues, and each eigenvalue is nine-fold. However, the eigen-
values are all different because that the coregistration er-
rors are inevitable in practice. Therefore, the eigenvalue-
weighted method is used to estimate the optimal interfero-
grams when the GSV-based method is performed. Finally,
we use the repeated pass PALSAR data to verify the effec-
tiveness of the GSV-based method.
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