
Journal of Systems Engineering and Electronics

Vol. 28, No. 6, December 2017, pp.1057– 1063

Dual-threshold symbol selective relaying in cooperative networks

Peiyao Yang, Hai Li, and Shujuan Hou*

School of Information and Electronics, Beijing Institute of Technology, Beijing 100081, China

Abstract: In order to efficiently mitigate error propagation and re-
duce computational complexity, this paper proposes a scheme for
traditional cooperative networks, named as dual-threshold symbol
selective demodulate-and-forward. In the scheme, two log likeli-
hood ratio (LLR)-based thresholds are devised to measure the
reliability of received signals for the relay and the destination, re-
spectively. One of the threshold guarantees that the relay only
forwards reliable symbols, thus less error will be propagated to
the destination. The other threshold is used at the destination for
determining the reliability of symbols received from the source.
The destination will directly demodulate reliable symbols received
from the source. Otherwise, when the symbols received from the
source are not reliable, the maximum ratio combiner (MRC) is
used to combine symbols received from the source and the relay.
Closed-form expression of the bit error probability (BEP) of the pro-
posed scheme is derived and analyzed under binary phase shift
keying (BPSK) modulation. Then, the relationship and closed-form
solutions of two LLR-based thresholds are derived. Simulation
results prove that the theoretical BEP of the proposed scheme
closely matches the simulated ones. The proposed scheme can
achieve high performance with low computational complexity com-
pared to existing schemes.
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1. Introduction

Cooperative relaying strategies can be classified into two
categories [1]: (i) amplify-and-forward (AF), where the
signals are amplified by the relay and then forwarded to the
destination, and (ii) decode-and-forward (DF), where the
signals being decoded and remodulated before forwards to
the destination. For AF, the destination needs full know-
ledge of the channel-state-information (CSI) of each link.
The scheme becomes complicated when the CSI is un-
known. For DF, there is no error propagation compared
with AF because DF relaying only forwards symbols upon
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successful decoding. However, there will be few frames
being forwarded to the destination when the signal-to-
noise ratio (SNR) between the source and the relay is too
low. In that case, the relay cannot successfully decode most
received signals [2].

In order to reduce the computation complexity in DF
at the relay, demodulate-and-forward (DmF) was proposed
in [3]. The relay demodulates the received signals and then
forwards remodulated symbols to the destination without
decoding. However, signals that are forwarded by the relay
have equal weights and do not carry any information about
the degree of uncertainty [4,5]. Thus, DmF can be viewed
as a suboptimal scheme and cannot effectively mitigate er-
ror propagation.

To mitigate error propagation in DmF, threshold-based
DmF relaying schemes were introduced, including SNR-
based selective relaying schemes and LLR-based selective
relaying schemes [6 – 21]. For SNR-based schemes [6 –
16], the received signals at the relay will be detected and
forwarded to the destination only when their SNR is above
a predefined threshold. However, SNR-based schemes rely
on that the relay knows the instantaneous SNR of the
source-destination (S-D) link. Once the instantaneous SNR
cannot be obtained accurately, the applying of the average
SNR will degrade the system performance [6]. For log like-
lihood ratio (LLR)-based schemes [17 – 21], the authors
derive the theoretical BEP and a near-optimal threshold is
calculated by minimizing the system bit error probability
(BEP).

The above studies only focus on the error propaga-
tion mitigation on the relay side. To further improve the
BEP performance, Ikki et al. [22] demonstrated that the
error performance highly depends on the threshold em-
ployed at the destination. Zeng et al. [23,24] proposed joint
threshold-based relaying and maximum-likelihood (ML)
detection at the destination, and the optimal threshold of
the relay is obtained by minimizing the BEP using the ex-
haustive grid search method. However, performance anal-
ysis of ML detection is quite complicated especially for
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general constellations, and the grid search method requires
a large number of function evaluations in practical appli-
cation.

In order to solve this problem, some studies have fo-
cused on designing the receiver at the destination, in-
cluding λ-maximum ratio combiner (MRC) [25] and
C-MRC [26,27]. However, for λ-MRC, since the com-
biner parameter λ has not been specified analytically, full-
diversity claims cannot be proved [26]. For C-MRC, the
instantaneous BEP of the S-R link is required at the desti-
nation.

Motivated by the previous research, we aim at exploit-
ing the LLR-based thresholds at the relay and at the desti-
nation in this paper, respectively. In the proposed scheme,
the relay detects and forwards symbols whose magnitude
of LLR is greater than a predetermined threshold to miti-
gate error propagation. An LLR-based threshold is also
used at the destination to measure the reliability of received
symbols from the S-D link. In order to analyze the perfor-
mance and obtain the thresholds of the proposed scheme,
the close-form BEP expression is derived in this paper. Dif-
ferent from the previous studies, closed-form solutions of
the thresholds are derived in this paper.

The rest of this paper is organized as follows. In Sec-
tion 2, we introduce the notation and the system model. In
Section 3, the closed-form expression of BEP and the ex-
pressions of thresholds are derived. In Section 4, we pro-
vide simulation results that validate the theoretical anal-
ysis of our proposal. Finally, conclusions are given in
Section 5.

2. System model

In this paper, a traditional two-hop relay system is used, in-
cluding a source node S, a relay node R and a destination
node D, as shown in Fig. 1.

Fig. 1 System model

In Fig. 1, transmission is divided into time slot 1 and
time slot 2. In time slot 1, the source transmits symbols to

both the relay and the destination. The signals received at
the relay and at the destination are expressed as

rsr = hsrus + wsr (1)

rsd = hsdus + wsd (2)

where us ∈ {±1} is the symbol transmitted by the source
under BPSK modulation with equal probability. wsr and
wsd are complex additive white Gaussian noise (AWGN)
signals with variance σ2

sr and σ2
sd, respectively. hsr and

hsd represent the Rayleigh channel fading coefficients of
the S-R link and S-D link, respectively. The channel fad-
ing coefficients are defined as

E[|hsr|2] = (dsr)−γ (3)

E[|hsd|2] = (dsd)−γ (4)

where dij is the i-j link distance, γ is the path-loss expo-
nent.

The received signal after channel compensation for S-R
link can be expressed as

ysr = Re{h∗
srrsr} = |hsr|2us + |hsr||wsr |. (5)

In time slot 2, the hard-decision of received symbol
while its LLR is greater than a preset threshold Tr is for-
warded by the relay. Otherwise, the relay will keep silent.
The signal received from the relay to destination (R-D) link
is expressed as

rrd = hrdur + wrd (6)

where ur ∈ {±1} is the remodulated symbol at the relay
under BPSK.

At the destination, an LLR threshold Td is applied to
distinguish reliable symbols from unreliable symbols of
the S-D link signals ysd. If the relay forwards the symbol to
the destination, and the LLR of ysd is less than Td, which
we call unreliable symbol, the destination will combine
both the S-D link signal ysd and the R-D link signal yrd

by MRC [28] in the time slot 2. Otherwise, the destination
will perform the detection only based on the received sig-
nal from the S-D link. The LLR of received symbol from
S-D link can be calculated by

Lsd = ln
P (ysd|hsd, xs = +1)
P (ysd|hsd, xs = −1)

=

2
σ2

sd

ysd = Lsd
c ysd (7)

where

Lsd
c =

2
σ2

sd

. (8)

The received signal at the destination after MRC can be
expressed as

yMRC = Lsd + Lrd, |Lsd| � Td, |Lsr| > T. (9)
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3. Performance analysis

3.1 Computation complexity analysis

In the proposed scheme, MRC is used at the destination
when the relay forwards symbols to the destination and the
symbols received from the source are not reliable. Since
an LLR-based threshold is applied at the destination, fewer
symbols from the source and the relay need to be combined
at the destination. This is more efficient than the scheme
[23] that requires an ML detector for all symbols from the
source and the relay.

The ML detector [23] for BPSK when |Lsr| > Tr can
be expressed as

x̂ML
d ≈ arg max

α∈{±1}

(
maxFα,β

β∈{±1}

)
(10)

where

Fα,β = Re
{

1
σ2

sd

h∗
sdrsdα +

1
σ2

rd

h∗
rdrrdβ

}
+

ln P (xr = β|xs = α). (11)

Clearly, comparing (9) with (10), the ML detector is
more complex, especially for higher-order constellations.
Table 1 presents the computational cost of the proposed
method and the scheme [23] at the destination when the
relay forwards received reliable symbols.

Table 1 Computation complexity analysis of the proposed method
and the scheme [23] at the destination when the relay forwards sym-
bols

Computational costMethod
Multiplication Addition

Proposed scheme when
|Lsd| � Td, |Lsr| > Tr

2N N

Proposed scheme when
|Lsd| > Td, |Lsr| > Tr

2N 0

Scheme [23] 2N 8N

3.2 BER analysis

The closed-form expression of E2E BEP can be expressed
as

Pe(ε) = Pe(εsd, |Lsd| > Td)+

Pe(εsd, |Lsd| � Td, |Lsr| � Tr)+

Pe(εMRC , |Lsd| � Td, |Lsr| > Tr) (12)

where Pe(εsd, |Lsd| > Td) is the BEP at the destination
when the signal received from the source ysd is viewed
as reliable symbol. Pe(εsd, |Lsd| � Td, |Lsr| � Tr) is
the BEP at the destination when the received signal ysd is
not reliable when the relay keep silent. Pe(εMRC , |Lsd| �
Td, |Lsr| > Tr) is the BEP at the destination after combi-
nation of the S-D link signals ysd and the R-D link signals
yrd.

The PDF of received signals for i-j link can be ex-

pressed as (as shown in Appendix A of [19])

fyij (yij) = αij exp(βijxiyij) exp(−χij |yij |) (13)

where
αij = 1/

√
d−α

ij 2σ2
ij(1 + γ̄ij)

βij = 1/σ2
ij

χij =
√

(1 + γ̄ij)/γ̄ij/σ2
ij . (14)

We set

ϕij =
βij − χij

Lij
c

=
−PB(γ̄ij)

1 − 2PB(γ̄ij)

ϕC
ij =

βij + χij

Lij
c

=
1 − PB(γ̄ij)
1 − 2PB(γ̄ij)

. (15)

To calculate (12), we use the expression of BEP with
BPSK modulation [29], that is

PB(γ̄) =
1
2

(
1 −

√
γ̄

1 + γ̄

)
(16)

where γ̄ is the average SNR.
If the LLR of ysd is greater than the threshold Td, the

destination will directly demodulate signals received from
the S-D link. To simplify the analysis of the proposed
scheme, we assume that all symbols transmitted from the
source is +1 (us = +1). The error probability can be de-
rived as

Pe(εsd, |Lsd| > Td) =
∫−Td/Lsd

c

−∞
fysd

(ysd)dysd =

PB(γ̄sd) exp(−ϕC
sdTd). (17)

Thus, if symbols transmitted from the source is us = +1,
an error occurs when Lsd is negative.

If the LLR of ysd and ysr are less than the threshold Td

and Tr respectively, the relay will keep silent and only S-D
link signals ysd will be considered when the destination
performs detection. The error probability can be derived as

Pe(εsd, |Lsd| � Td, |Lsr| � Tr) =
∫Tr/Lsr

c

−Tr/Lsr
c

∫0

−Td/Lsd
c

fysd
(ysd)fysr (ysr)dysddysr =

(1 − PB(γ̄sr)e−ϕC
srTr − (1 − PB(γ̄))eϕsrTr )·

PB(γ̄sd)(1 − e−ϕC
sdTd). (18)

If the LLR of ysd is less than the threshold Td, and the
LLR of ysr is greater than the threshold Tr, the relay will
forward the remodulated reliable symbols received from
the source to the destination. Then, the destination will
combine both the S-D link signals ysd and the R-D link
signals yrd by MRC. Thus, the BEP at the destination after
MRC can be derived as

Pe(εMRC , |Lsd| � Td, |Lsr| > Tr) =
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Pe(εprop)Pe(εr, |Lsr| > Tr)+

Pe(εcoop)P (εC
r , |Lsr| > Tr) (19)

where Pe(εr, |Lsr| > Tr) is the BEP at the relay when the
erroneous detected symbol is selected for retransmission.
P (εC

r , |Lsr| > Tr) is the probability at the relay when
the symbol is detected as correct. Pe(εprop) is the BEP at
the destination when the relay forwards erroneous detected
symbol and an MRC combiner is used at the destination.
Pe(εcoop) is the BEP at the destination when the relay for-
wards correctly detected symbol and an MRC combiner is
used at the destination.

In the proposed relaying scheme, only reliable symbols
are forwarded to the destination in order to reduce the in-
fluence of error propagation. However, if the relay makes
an incorrect detection and the corresponding symbols are
selected for retransmission, the error probability at the des-
tination can be derived as

Pe(εprop) = Pe(εMRC , |Lsd| � Td|εr, |Lsr| > Tr) =

∫Td/Lsd
c

−Td/Lsd
c

∫−Lsd
c ysd/Lrd

c

−∞
fysd

(ysd)fyrd
(yrd)dyrddysd =

αsd

Lsd
c

1 − PB(γ̄rd)
ϕsd + ϕrd

(e(ϕsd+ϕrd)Td − 1)+

αsd

Lsd
c

−PB(γ̄rd)
ϕC

sd + ϕC
rd

(1 − e−(ϕC
sd+ϕC

rd)Td)+

PB(γ̄sd)(1 − e−ϕC
sdTd). (20)

When the relay detects symbols correctly, the error
event will occur at the destination after the combination
of the S-D link signals ysd and the R-D link signals yrd.
The error probability at the destination can be derived as

Pe(εcoop) = Pe(εMRC , |Lsd| � Td|εC
r , |Lsr| > Tr) =

∫Td/Lsd
c

−Td/Lsd
c

∫−Lsd
c ysd/Lrd

c

−∞
fysd

(ysd)fyrd
(yrd)dyrddysd =

αsd

Lsd
c

2PB(γ̄rd) − 1
ϕsd − ϕC

rd

(e(ϕsd−ϕC
rd)Td − 1)+

PB(γ̄sd)(1 − e−ϕC
sdTd). (21)

Substituting the result of (20) and (21) into (19), the
BER after MRC is derived. Then the BER of the proposed
system is derived by inserting (17), (18) and (19) into (12),
the BER expression of the proposed system can be ob-
tained by

Pe(εd) = PB(γ̄sd)+

αsd

Lsd
c

2PB(γ̄rd) − 1
ϕsd − ϕC

rd

(e(ϕsd−ϕC
rd)Td−1)(1−PB(γ̄sr))eϕsrTr+

αsd

Lsd
c

1 − PB(γ̄rd)
ϕsd + ϕrd

(e(ϕsd+ϕrd)Td − 1)PB(γ̄sr)e−ϕC
srTr+

αsd

Lsd
c

−PB(γ̄rd)
ϕC

sd + ϕC
rd

(1 − e−(ϕC
sd+ϕC

rd)Td)PB(γ̄sr)e−ϕC
srTr .

(22)

3.3 Calculation of two thresholds

Equation (22) can be expressed as

Pe(εd) =
αsd

Lsd
c

(1− 2PB(γ̄rd))(1− 2PB(γ̄sr))f(Tr, Td)+

PB(γ̄sd) (23)

where

f(Tr, Td) = − ϕC
sr

ϕsd − ϕC
rd

(e(ϕsd−ϕC
rd)Td − 1)eϕsrTr−

ϕC
rdϕsr

ϕsd + ϕrd
(e(ϕsd+ϕrd)Td − 1)e−ϕC

srTr−
ϕrdϕsr

ϕC
sd + ϕC

rd

(1 − e−(ϕC
sd+ϕC

rd)Td)e−ϕC
srTr . (24)

The thresholds Tr and Td can be obtained by minimiz-
ing Pe(εd), which also means minimizing f(Tr, Td). By
calculating the partial derivative of function f(Tr, Td) with
respect to Td equal to 0, we can get the relationship be-
tween Tr and Td as

Td ≈ Tr + ln
(

1 − PB(γ̄sr)
ϕC

rdPB(γ̄sr)

)
. (25)

As shown in (25), there exists a one-to-one relationship
between Tr and Td. Therefore, we can calculate the thresh-
old Tr when Td is given and vice versa.

By calculating the partial derivative of function
f(Tr, Td) with respect to Tr equal to 0, we can get the
relationship between Tr and Td as

∂f(Tr, Td)
∂Tr

≈ ϕsrϕ
C
sr

ϕsd − ϕC
rd

eϕsrTr+

ϕC
rdϕsrϕ

C
sr

ϕsd + ϕrd
(e(ϕsd+ϕrd)Td − 1)e−ϕC

srTr (26)

where e(ϕsd−ϕC
rd)Td ≈ 0, e−(ϕC

sd+ϕC
rd)Td ≈ 0 and

ϕrdϕsrϕ
C
sr

ϕC
sd + ϕC

rd

e−ϕC
srTr ≈ 0 in high SNR.

The threshold Tr can be obtained by substituting (25)
into (26), and we apply Taylor series to obtain a closed-
form solution for Tr by

ϕsd + ϕrd

ϕC
rd(ϕsd − ϕC

rd)
= e−Tr(1 − C2e(ϕsd+ϕrd)Tr ) (27)

ln
ϕsd + ϕrd

ϕC
rd(ϕsd − ϕC

rd)
= −Tr + ln(1 − C1)+
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ln
(

1 +
−C1

1 − C1
(ϕsd + ϕrd)Tr

)
(28)

where C1 =
(

1 − PB(γ̄sr)
ϕC

rdPB(γ̄sr)

)(ϕsd+ϕrd)

.

Consequently, we obtain a closed-form solution for Tr

as

Tr ≈ (C2 − 1)
C2

2

+
1

C2
2

[
(C2 − 1)2+

2C2
2 ln

(
ϕC

rd(ϕsd − ϕC
rd)

ϕsd + ϕrd
(1 − C1)

) ] 1
2

(29)

where C2 = − C1

1 − C1
(ϕsd + ϕrd), and the threshold Td

can be derived by (29) and (25).
Unlike the scheme proposed in [23], where the thresh-

old of the relay is obtained by minimizing the BEP using
the exhaustive grid search [30], closed form solutions for
the thresholds are derived in our scheme. This can reduce
the computational cost.

4. Simulation results

In this section, we verify the proposed scheme by simula-
tions.

Fig. 2 shows the relationship between Tr and Td. As
shown in Fig. 2, the thresholds derived from (29) and (25)
match well with the thresholds obtained from simulations.
Further, with given Tr, the analysis threshold Td by (25)
accords with the simulation ones too, which proves the li-
nearity of two thresholds in (25).

Fig. 2 Theoretical and simulation results of two thresholds Tr and
Td with different SNR when dsd = 1, dsr = drd = 1/2,
γ̄sd = γ̄sr = γ̄rd

Based on the relationship between Tr and Td in (25),
we can plot BEP as a function of Tr in Fig. 3. It shows
that the simulation result matches well with the theoretical
ones. The BEP firstly decreases and then increases when
Tr increases. This can be explained by the fact that in the

low-threshold range, more symbols with incorrect detec-
tion will be forwarded to the destination and degrade the
performance of the system. In the high-threshold range,
fewer symbols will be forwarded to the destination, and the
performance is influenced with the increase of the thresh-
old. Next, we compare the BEP performance of the pro-
posed scheme with other schemes: i) LLR-based threshold
selective relaying scheme [19]; ii) LLR-based threshold se-
lective relaying with ML detector [23]; iii) ideal relay se-
lective scheme. In the simulations, the path loss factor is
set as γ = 3. Fig. 4 gives the simulation results of the four
schemes.

Fig. 3 Comparison of the theoretical BEP and the simulation BEP
with respect to Tr when dsr = 1, dsr = drd = 1/2, γ̄sd =
γ̄sr = γ̄rd = 15 dB

Fig. 4 E2E BEP performance comparisons when dsd = 1, dsr =
drd = 1/2, γ̄sd = γ̄sr = γ̄rd

In Fig. 4, the “no thresholding and MRC” represents the
relay directly forwards symbols to the destination node.
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The “ideal relaying and MRC” indicates that the relay only
forwards symbols that are correctly detected to the desti-
nation while discards symbols that are incorrect. Simula-
tion results prove that the theoretical BEP of the proposed
scheme closely matches the simulated ones. We observe
that the performance of the proposed schemes is close to
that of scheme [23], and both of them achieve a better per-
formance than LLR-based threshold and MRC [19].

Further, we compare the computational complexity of
the proposed method with the method in [23]. Table 2
shows the number of real multiplications and additions of
the two methods with a frame length of 107 bits. It can
be observed from Table 2 that the numerical computation
cost required by the proposed scheme is much less than the
scheme [23], especially in high SNR. This accords with the
analytical results in Table 1.

Table 2 Computation cost at the destination of the proposed scheme
and scheme [23] when L = 107, dsd = 1, dsr = drd = 1/2,
γ̄sd = γ̄sr = γ̄rd

Computational costSNR/dB Scheme
Multiplication Addition

Proposed scheme 19 405 410 6 440 8260
Scheme [23] 19 418 974 75 351 792

Proposed scheme 19 912 128 1 897 25410
Scheme [23] 19 912 059 79 296 472

Proposed scheme 19 990 088 279 88920
Scheme [23] 19 990 067 79 920 536

5. Conclusions

In this paper, we propose an LLR-based dual-threshold
symbol selective DmF scheme for three-node cooperative
networks. The thresholds are used at the relay and the des-
tination to measure the reliability of received signals, re-
spectively. The relay only forwards reliable symbols to the
destination to mitigate error propagation. At the destina-
tion, the computing burden is reduced by only combining
unreliable symbols from the source with the symbols from
the relay. To achieve the LLR-based thresholds, we derive
E2E BEP under BPSK. Other than the scheme in [23],
closed-form solutions of the thresholds are derived. Sim-
ulation results show that the analytical thresholds are close
to the simulation ones. And it also proves that the compu-
tation costs of the proposed method is less than the method
in [23] with almost the same BEP performance.
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