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Abstract: This paper is concerned with the recursive filtering prob-
lem for a class of discrete-time nonlinear stochastic systems in the
presence of multi-sensor measurement delay. The delay occurs in
a multi-step and asynchronous manner, and the delay probability
of each sensor is assumed to be known or unknown. Firstly, a new
model is constructed to describe the measurement process, based
on which a new particle filter is developed with the ability to fuse
multi-sensor information in the case of known delay probability.
In addition, an online delay probability estimation module is intro-
duced in the particle filtering framework, which leads to another
new filter that can be implemented without the prior knowledge of
delay probability. More importantly, since there is no complex itera-
tive operation, the resulting filter can be implemented recursively
and is suitable for many real-time applications. Simulation results
show the effectiveness of the proposed filters.
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1. Introduction

In the past few decades, the filtering problem has received
considerable attention due to its wide applications [1 – 4].
In standard filtering problems, it is usually assumed that
the measurements received by the data processing center
are available in real-time. However, in many engineering
applications, the arrival of the measurements can be af-
fected by random delay, which poses a great challenge to
the classical filtering theory.

Generally speaking, the filtering problems for systems
with measurement delay can be divided into two cate-
gories according to whether the measurement packet is
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time-stamped or not. For time-stamped cases, it is exact-
ly known when the current received measurement is col-
lected by the sensor, and many filters have been developed
[1,5,6].

For no time-stamp cases, the measurement delay is con-
sidered to randomly arise with a certain probability, and
usually described by a set of stochastic parameters obey-
ing Bernoulli distribution [7 – 9]. Following this idea, in
[7] and [8], the improved extended and unscented Kalman
filters were proposed for nonlinear dynamic systems with
one-step or two-step random measurement delay. By us-
ing the Gaussian approximations of the one-step predic-
tive probability densities of state and delayed measure-
ment, a general processing framework and a novel Gaus-
sian approximation filter were proposed for nonlinear sys-
tems with one-step delay [10]. Due to the inherent Gaus-
sian assumption, these filters developed in Kalman filter-
ing framework tend to perform poorly for highly nonli-
near systems [11]. Recently, particle filters (PFs) [12,13]
have become attractive alternatives to estimate nonlinear
non-Gaussian systems since they can, in theory, provide
optimal results asymptotically for arbitrary nonlinear non-
Gaussian systems in the number of particles [14]. In [9],
a filter, taking into account the multi-step random delays,
has also been developed in the particle filtering framework.

The aforementioned filters have a common assumption
that the delay probability must be known. However, this
assumption may not hold in practice since the delay prob-
ability is often difficult to obtain, which makes these fil-
ters invalid [15,16 – 18]. In [16] and [18], the delay prob-
ability is estimated by using the expectation maximization
(EM) algorithm and the maximum likelihood criterion, re-
spectively. It has been reported both algorithms can pro-
duce satisfactory results if the delay probability is an un-
known constant. To accommodate the unknown and time-
varying delay probability, Wang et al. [17] proposed an
improved identification algorithm in the EM framework.
Based on the assumption that the measurement delay obeys
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a Markov chain, the Gaussian-consensus filter for nonli-
near systems with random measurement delay was pro-
posed in [15]. The filter circumvents the problem of iden-
tifying the delay probability, but has to face another in-
tractable problem, namely, how to obtain the transition
probability matrix.

To the best of our knowledge, the state estimation prob-
lems for systems with measurement delay are far from be-
ing well solved. First, for the case of known delay prob-
ability, the filters mentioned above are only suitable for
single-sensor-system or multi-sensor system but with syn-
chronous delay. In fact, multi-sensor asynchronous delay
is more common in practice. Second, for the case of un-
known delay probability, the existing identification algo-
rithms [16 – 18] are designed only for systems with one-
step delay and, in addition, not suitable for real-time ap-
plication. With further development of the networked con-
trol technique, it is necessary to design a fast suboptimal
online estimator for nonlinear systems with multi-sensor
asynchronous multi-step delay and unknown delay proba-
bility.

Motivated by the above analysis, we investigate these
problems in this paper. The main contributions are two
folds: i) by extending the algorithm in [9], the PF for sys-
tems with multi-sensor asynchronous delay and known de-
lay probability is developed; ii) for the case of unknown
delay probability, the developed PF in i) is extended by
introducing a simple module for online estimating the pos-
terior delay probability, and the resulting filter can produce
decent results with a low computational cost.

2. Problem formulation

Consider the following nonlinear discrete-time stochastic
system with Ksensors

xt = ft(xt−1) + wt−1 (1)

zt,k = ht,k(xt) + vt,k, k = 1, 2, . . . , K (2)

where t is the time index, k is the sensor index, xt ∈ Rn

denotes the state vector, zt,k ∈ Rmk denotes the ideal
measurement vector collected by the kth sensor. Define
zt = {zt,1, zt,2, . . . , zt,K}. Let wt ∈ Rn and vt,k ∈
Rmk denote the white process noise and measurement
noise of the kth sensor respectively. The probability den-
sity functions of pw(wt) and pv,k(vt,k), as well as the
functions ft(·) and ht,k(·), are assumed to be known. The
K measurement noise sequences {vt,k, t > 1}K

k=1 are as-
sumed independent of each other and also independent of
the process noise sequence {wt, t > 0}.

The multi-sensor asynchronous random delay model
can be formulated as

yt,k =
Sk∑

d=0

λd
t,kzt−d,k, k = 1, 2, . . . , K (3)

where yt,k ∈ Rmk is the actual measurement received
by the filter from the kth sensor, d is the delay step,
Sk = min(t − 1, lk) where lk is the maximum possible
delay step of the kth sensor, λd

t,k is a binary random vari-
able taking the value of 0 or 1. For any given t and k, only
one element in {λd

t,k}Sk

d=0 takes the value of 1, while others
take 0. The K actual measurements {yt,1, yt,2, . . . , yt,K}
are collectively represented as yt.

Define rt,k = [λ0
t,k, λ1

t,k, . . . , λSk

t,k]T. It is assumed that
rt1,k is independent of rt2,k if t1 �= t2, rt,k1 is inde-
pendent of rt,k2 if k1 �= k2. Furthermore, the vector se-
quence {rt,k, t > 0} is independent of {wt, t � 0},
{vt,k, t > 0}K

k=1 and x0. For any given t and k, the
state space of rt,k consists of Sk + 1 column vectors
{rd

t,k}Sk

d=0. In rd
t,k, the (d + 1)th element takes the value

of 1, while others take 0. For example, if Sk = 3, then
r2

t,k = [0, 0, 1, 0]T. Random vector rt,k obeys the dis-
crete distribution p(rt,k = rd

t,k) = pd
t,k, d = 0, 1, . . . , Sk,

where pd
t,k � 0 and

Sk∑
d=0

pd
t,k = 1. The random event

rt,k = rd
t,k indicates that, for the sensor k, the measure-

ment delayed by d sampling periods, i.e., zt−d,k, will be
used to estimate the state at time t.

Our aim is to recursively estimate xt based on all avail-
able actual measurements y1:t = {yτ}t

τ=1. From the be-
ginning of Section 3, particle filtering solutions for the two
cases corresponding to known or unknown delay probabi-
lity will be discussed.

Remark 1 As an extension to the one-step or two-step
delay model in [7,8], a multi-step delay model has been
reported in [9], which, however, can be seen as the special
case of the model given by (1) – (3). Specifically, if for all
k ∈ {1, 2, . . . , K}, lk is a constant and rt,1 = rt,2 = · · · =
rt,K holds for any time index, then the proposed model re-
duces to the model in [9]. With the ability to represent the
multi-sensor asynchronous delay, the proposed model can
be used to describe more complex situations of measure-
ment delay, including some special cases, e.g., measure-
ments from some sensors undergo delay while those from
others do not.

3. PF for multi-sensor asynchronous delay
with known delay probability

PF is an approximate method to implement the Bayesian
filter by Monte Carlo simulation, where the joint distribu-
tion p(x0:t−1|y1:t−1) is usually approximated by a set of
weighted particle-trajectories as follows:

p(x0:t−1|y1:t−1) ≈
N∑

i=1

πi
t−1δ(x0:t−1 − xi

0:t−1) (4)
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where δ(·) is the Dirac delta function, xi
0:t−1 =

{xi
0, x

i
1, . . . , x

i
t−1} is the ith particle-trajectory from time

0 to t− 1 with normalized weight πi
t−1. If xi

0:t−1 is drawn
from the importance density function q(x0:t−1|y1:t−1),
then

πi
t−1 ∝ p(xi

0:t−1|y1:t−1)
q(xi

0:t−1|y1:t−1)
(5)

where ∝ stands for ‘proportional to’. With the joint dis-
tribution p(x0:t−1|y1:t−1) available, it is straightforward
to represent the filtering distribution p(xt−1|y1:t−1) by
the weighted particles {xi

t−1, π
i
t−1}N

i=1 as p(xt|y1:t) ≈
N∑

i=1

πi
tδ(xt − xi

t), where xi
t−1 is the component of xi

0:t−1

corresponding to time t − 1.
Suppose, at time t−1, the weighted particle-trajectories

{xi
0:t−1, π

i
t−1}N

i=1 are available and the posterior joint dis-
tribution p(x0:t−1|y1:t−1) can be approximated by (4).
When the new measurement yt arrives, a new weighted
particle-trajectory set {xi

0:t, π
i
t}N

i=1 is required to approxi-
mate p(x0:t|y1:t), where xi

0:t is drawn from the impor-
tance density q(x0:t|y1:t). If q(x0:t|y1:t) is chosen to fac-
torize such that

q(x0:t|y1:t) = q(xt|x0:t−1, y1:t)q(x0:t−1|y1:t−1) (6)

then one can obtain xi
0:t by augmenting each of the exis-

ting particle-trajectories xi
0:t−1 ∼ q(x0:t−1|y1:t−1) with

the new state xi
t ∼ q(xt|xi

0:t−1, y1:t). To derive the weight
update equation, we manipulate p(x0:t|y1:t) as follows:

p(x0:t|y1:t) =

p(yt|x0:t, y1:t−1)p(x0:t|y1:t−1)
p(yt|y1:t−1)

=

p(yt|x0:t, y1:t−1)p(xt|x0:t−1, y1:t−1)p(x0:t−1|y1:t−1)
p(yt|y1:t−1)

∝

p(yt|x0:t, y1:t−1)p(xt|xt−1)p(x0:t−1|y1:t−1). (7)

Substituting (6) and (7) into (5), we have

πi
t ∝

p(yt|xi
0:t, y1:t−1)p(xi

t|xi
t−1)

q(xi
t|xi

0:t−1, y1:t)
· p(xi

0:t−1|y1:t−1)
q(xi

0:t−1|y1:t−1)
=

πi
t−1

p(yt|xi
0:t, y1:t−1)p(xi

t|xi
t−1)

q(xi
t|xi

0:t−1, y1:t)
. (8)

If we choose q(xt|xi
0:t−1, y1:t) = p(xt|xi

t−1), and per-
form resampling at each filter cycle to tackle the particle
degeneracy problem [12], which results in πi

t−1 = 1/N ,
i = 1, 2, . . . , N , then (8) becomes

πi
t ∝ p(yt|xi

0:t, y1:t−1). (9)

For no delay systems, according to the assumption that
yt only depends on the current state, p(yt|xi

0:t, y1:t−1)
can be simplified as p(yt|xi

t). However, in the presence
of multi-step random delay, yt may depend on previous
states and measurements. Define S = max{Sk}K

k=1, then
p(yt|xi

0:t, y1:t−1) = p(yt|xi
t−S:t, yt−S:t−1). If we further

assume that p(yt|xi
t−S:t, yt−S:t−1) can be approximated

by p(yt|xi
t−S:t) for simplicity [9,18], and multi-sensor

measurements are mutually independent, then (9) can be
written as

πi
t ∝ p(yt|xi

t−S:t) =
K∏

k=1

p(yt,k|xi
t−S:t) =

K∏
k=1

p(yt,k|xi
t−Sk:t) (10)

where
p(yt,k|xi

t−Sk:t) =

Sk∑
d=0

p(yt,k, rt,k = rd
t,k|xi

t−Sk:t) =

Sk∑
d=0

p(yt,k|rt,k = rd
t,k, xi

t−Sk:t)p(rt,k = rd
t,k) =

Sk∑
d=0

pd
t,kp(yt,k|xi

t−d) =

Sk∑
d=0

pd
t,kpv,k(yt,k − ht−d,k(xi

t−d)). (11)

Obviously, to evaluate p(yt,k|xi
t−Sk:t), not only the

particle xi
t but also its ancestors xi

t−1, x
i
t−2, . . . , x

i
t−Sk

should be available. To this end, when performing resam-
pling at each filtering step, we define an intermediate array
to record the relationship of particle indexes between the
current particle set and the previous one. By querying these
intermediate arrays, xi

t−1 can be found in {xj
t−1}N

j=1 with

xi
t known, and then xi

t−2 can be found in {xj
t−2}N

j=1 with
xi

t−1 known. This process continues until all the ancestors
xi

t−1, x
i
t−2, . . . , x

i
t−Sk

of xi
t are obtained.

Substitution of (11) into (10) yields

πi
t ∝

K∏
k=1

(
Sk∑

d=0

pd
t,kpv,k(yt,k − ht−d,k(xi

t−d))

)
. (12)

With {xi
0:t, π

i
t}N

i=1 available, the joint posterior density
p(x0:t|y1:t) can be formulated as

p(x0:t|y1:t) ≈
N∑

i=1

πi
tδ(x0:t − xi

0:t). (13)
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The optimal estimate of xt in the minimum-mean-square-
error sense can be obtained by

�
xt =

∫
xtp(xt|z1:t)dxt ≈

∫
xt

∫
p(x0:t|y1:t)dx0:t−1dxt =

∫
xt

∫ N∑
i=1

πi
tδ(x0:t − xi

0:t)dx0:t−1dxt =

N∑
i=1

πi
tx

i
t. (14)

The PF for multi-sensor asynchronous delay with
known delay probability can be summarized by Algori-
thm 1.

Algorithm 1
Step 1 Draw N particles from the initial distribution

xi
0 ∼ p(x0), i = 1, 2, . . . , N ; set t = 1 and πi

0 = 1/N for
all i = 1, 2, . . . , N .

Step 2
For t = 1, 2, 3, . . .

(i) Draw particle xi
t from p(xt|xi

t−1) for all i =
1, . . . , N ;

(ii) Calculate the normalized weight πi
t according to

(12) for all i = 1, . . . , N , where xi
t−d is the point on xi

0:t

corresponding to time t − d;

(iii) Calculate the state estimate �
xt =

N∑
i=1

xi
tπ

i
t;

(iv) Perform resampling.
End For
Note that Step 2(i) is essentially the prediction step in

Bayesian filtering, and can be implemented without the
measurement. The purpose of this step is to obtain the
particle at time t. In fact, the measurement delay is only
considered in the update stage, which is reflected in the
new likelihood evaluating method and particle weighting
method.

4. PF for multi-sensor asynchronous delay
with unknown delay probability

It is infeasible to evaluate the particle weights by (12)
without the knowledge of delay probability, and conse-
quently Algorithm 1 is invalid. To tackle this problem, in-
spired by the idea in [19] where a PF is developed to deal
with the systems in presence of process noise with un-
known statistics, we propose to use the posterior distribu-
tion p(rt,k|y1:t) to approximate p(rt,k). Thus, the result-
ing PF is the same as Algorithm 1, except that the calcu-
lation module to determine p(rt,k|y1:t), k = 1, 2, . . . , K

should be introduced in.

According to the Bayesian rule, we have

p(rt,k|y1:t) = p(rt,k|y1:t,k) =

p(yt,k|rt,k, y1:t−1,k)p(rt,k|y1:t−1,k)
p(yt,k|y1:t−1,k)

. (15)

The first equality comes from the fact that the delay of
the kth sensor does not depend on the measurements of
other sensors. Given that rt,k does not depend on y1:t−1,k,
and p(yt,k|y1:t−1,k) is a normalizing constant denoted as
c, (15) can be rewritten as

p(rt,k|y1:t) =
1
c
p(yt,k|rt,k, y1:t−1,k)p(rt,k). (16)

Since there is no knowledge of p(rt,k), it is reasonable to
assume that rt,k is uniformly distributed in its state space,
i.e.,

p(rt,k) =
1

Sk + 1

Sk∑
d=0

δ(rt,k − rd
t,k). (17)

Substitution of (17) into (16) yields

p(rt,k|y1:t) =

1
c(Sk + 1)

Sk∑
d=0

p(yt,k|rd
t,k, y1:t−1,k)δ(rt,k − rd

t,k) =

Sk∑
d=0

αd
t,kδ(rt,k − rd

t,k) (18)

where

αd
t,k =

p(yt,k|rd
t,k, y1:t−1,k)

c(Sk + 1)
. (19)

That is to say, the posterior delay probability of the kth
sensor can be written as

p(rt,k = rd
t,k|y1:t) = αd

t,k, d = 0, 1, . . . , Sk. (20)

If αd
t,k (d = 0, 1, . . . , Sk) is available, then pd

t,k in (12) can
be approximated by αd

t,k. Next, the algorithm to determine
αd

t,k is given.
It is easy to verify that c(Sk + 1) =

Sk∑
d=0

p(yt,k|rd
t,k, y1:t−1,k). Hence, we have

αd
t,k =

p(yt,k|rd
t,k, y1:t−1,k)

Sk∑
d=0

p(yt,k|rd
t,k, y1:t−1,k)

. (21)

Equations (18) and (21) reflect the fact that p(rt,k|y1:t)
depends solely on p(yt,k|rd

t,k, y1:t−1,k), d = 0, 1, . . . , Sk,
which can be expressed as

p(yt,k|rd
t,k, y1:t−1,k) =
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∫

p(yt,k|xt−Sk:t, r
d
t,k, y1:t−1,k)·

p(xt−Sk:t|rd
t,k, y1:t−1,k)dxt−Sk:t =∫

p(yt,k|xt−Sk:t, r
d
t,k, y1:t−1,k)·

p(xt−Sk:t|y1:t−1,k)dxt−Sk:t. (22)

In order to simplify the evaluation of the likelihood,
as has been done in Section 3 and [9,18], we assume
that p(yt,k|xt−Sk:t, r

d
t,k, y1:t−1,k) can be approximated by

p(yt,k|xt−Sk:t, r
d
t,k), thus

p(yt,k|rd
t,k, y1:t−1,k) =

∫
p(yt,k|xt−Sk:t, r

d
t,k)p(xt−Sk:t|y1:t−1,k)dxt−Sk:t.

(23)
By running a separate PF for each sensor, the joint distri-

bution p(xt−Sk:t|y1:t−1,k) can be represented by weighted
local particle-trajectories as the discrete sum form, by
which p(yt,k|rd

t,k, y1:t−1,k) and then αd
t,k can be eval-

uated. However, it is computationally expensive to ob-
tain the discrete representations for all p(xt−Sk:t|y1:t−1,k)
(k = 0, 1, . . . , K). To reduce the computational complex-
ity, the following approximation strategy is adopted.

Specifically, after the filter cycle at time t − 1, the
trajectory-weight set {xi

0:t−1, π
i
t−1}N

i=1 will be obtained
to represent p(x0:t−1|y1:t−1). Since the resampling step
is introduced in each filter cycle, the weight πi

t−1 equals
1/N for all i = 1, 2, . . . , N . By simply extracting the
required components from these particle-trajectories and
keeping the weights unchanged, local trajectory-weight-
set {xi

t−Sk:t−1, π
i
t−1 = 1/N}N

i=1 can be obtained to rep-
resent the joint distribution p(xt−Sk:t−1|y1:t−1), where
xi

t−Sk:t−1 is the segment of xi
0:t−1 from time t − Sk

to t − 1. Then, we use (1) to propagate each particle of
{xi

t−1}N
i=1 to time t and get particle set {xi

t}N
i=1, where

xi
t−1 is the point on xi

t−Sk:t−1 corresponding to time
t − 1. Letting xi

t−Sk:t = {xi
t−Sk:t−1, x

i
t} for each i ∈

{1, 2, . . . , N}, we obtain the new local trajectory-weight
set {xi

t−Sk:t, π
i
t−1 = 1/N}N

i=1, which is used to approxi-
mate p(xt−Sk:t|y1:t−1,k) for simplicity, i.e.,

p(xt−Sk:t|y1:t−1,k) ≈
N∑

i=1

1
N

δ(xt−Sk:t−xi
t−Sk:t). (24)

Substitution of (24) into (23) yields

p(yt,k|rd
t,k, y1:t−1,k) =

1
N

N∑
i=1

p(yt,k|xi
t−Sk:t, r

d
t,k) =

1
N

N∑
i=1

pv,k(yt,k − ht−d,k(xi
t−d)). (25)

Combining (25) with (21), we have

αd
t,k =

N∑
i=1

pv,k(yt,k − ht−d,k(xi
t−d))

Sk∑
b=0

N∑
i=1

pv,k(yt,k − ht−b,k(xi
t−b))

. (26)

The PF for multi-sensor asynchronous delay with unknown
delay probability can be summarized by Algorithm 2.

Algorithm 2
Step 1 Draw N particles from the initial distribution

xi
0 ∼ p(x0), i = 1, 2, . . . , N ; set t = 1 and πi

0 = 1/N for
all i = 1, 2, . . . , N .

Step 2
For t = 1, 2, 3, . . .

(i) For all i = 1, 2, . . . , N , draw particle xi
t from

p(xt|xi
t−1), and then define the ith particle-trajectory up

to time t as xi
0:t = {xi

0:t−1, x
i
t};

(ii) For k = 1, 2, . . . , K

For d = 0, 1, . . . , Sk

Calculate αd
t,k by (26) and set pd

t,k = αd
t,k;

End For
End For
(iii) Calculate the normalized weight πi

t according to
(12) for all i = 1, . . . , N ;

(iv) Calculate the state estimate
�
xt =

N∑
i=1

xi
tπ

i
t;

(v) Perform resampling.
End For

5. Numerical examples

Example 1 Univariate non-stationary growth model
This example is used to test Algorithm 1. Consider the

following model with state and measurement equations
given by

xt = 0.5xt−1 + 25
xt−1

1 + x2
t−1

+ 8 cos(1.2t) + wt−1 (27)

Sensor 1 : zt,1 =
(xt + 1)2

20
+ vt,1 (28)

Sensor 2 : zt,2 =
(xt − 1)2

20
+ vt,1 (29)

where wt−1 ∼ N (0, 0.3) is the white process noise,
vt,1 ∼ N (0, 2) and vt,2 ∼ N (0, 2) are the white mea-
surement noises of Sensor 1 and Sensor 2 respectively,
x0 ∼ N (1, 0.3) is the initial state. The actual measurement
yt is related to the ideal measurement zt = [zt,1, zt,2]T by
(3) with l1 = l2 = 2.
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The delay probabilities are set as follows: p0
t,1 = p0

t,2 =
1 when t = 1; p0

t,1 = p0
t,2 = 0.7, p1

t,1 = p1
t,2 = 0.3 when

t = 2; p0
t,1 = 0.5, p1

t,1 = 0.3, p2
t,1 = 0.2, p0

t,2 = 0.6,
p1

t,2 = 0.3, p2
t,2 = 0.1 when t > 2. Four algorithms are

used to estimate the state sequence for t = 1, 2, . . . , 100
with N = 100, which are abbreviated to SIR12, PF-Kn1,
PF-Kn2 and PF-Kn12 respectively. In this paper, we have
a convention that the number suffix appended to the al-
gorithm name indicates which sensors are used. SIR12 is
the sampling importance resampling (SIR) filter [12] with
Sensor 1 and Sensor 2 used, but the measurement delay is
ignored. Other three algorithms are implemented with the
assumption that the delay probability is known. Among
them, PF-Kn1 and PF-Kn2 are essentially the PF pro-
posed in [9] with Sensor 1 and Sensor 2 used respectively.
PF-Kn12 is the proposed fusion filter with the two sensors
used.

Each of the four algorithms is run 1 000 times. For
clarity, only the root mean squared errors (RMSEs) of
the first 80 independent runs are shown in Fig. 1. Ta-
ble 1 summarizes the overall performances of these algo-
rithms, where the second and third columns list the average
RMSE (ARMSE) and the variance of RMSE respectively,
and the fourth column lists the average run time per run.
It is obvious that, although there is a mechanism to fuse
multi-sensor information, SIR12 produces the poorest re-
sult, which indicates that multi-step delay of measurement
makes the traditional PF face great difficulty. Arbitrary ne-
glect of the delay will significantly deteriorate the perfor-
mance. Although both PF-Kn1 and PF-Kn2 only use a sin-
gle sensor, they produce more accurate results than SIR12
(Note PF-Kn2 performs better slightly than PF-Kn1, which
is attributed to the more mild measurement delay of
sensor 2). The proposed PF-Kn12 gives the best results,
which is benefit from the proper treatment of multi-sensor
asynchronous delay problem and, consequently, more effi-
cient fusion of multi-sensor information. However, its run
time is twice as much as that of SIR12. Hence, the im-
proved performance of PF-Kn12 is achieved at the price of
the increased computational cost.

Fig. 1 RMSEs of SIR12, PF-Kn1, PF- Kn2 and PF-Kn12

Table 1 Performance comparison of SIR12, PF-Kn1, PF-Kn2 and
PF-Kn12

Filter ARMSE RMSE variance Run time per run/s
SIR12 6.537 2.087 0.169
PF-Kn1 4.061 3.490 0.200
PF-Kn2 3.951 2.765 0.199
PF-Kn12 3.187 2.535 0.328

Example 2 Bearing only tracking
This example is used to test Algorithm 2. Consider the

problemof tracking an object moving in a two-dimensional
plane, the measurements, gathered at fixed intervals, are
the bearings with respect to two sensors. Assume that the
object moves according to the following process model

xt = Fxt−1 + Gvt−1 (30)

with xt = [xt, x
′
t, yt, y

′
t]

T, vt = [vxt, vyt]T,

F = I2 ⊗
[

1 1
0 1

]
, G = I2 ⊗

[
0.5
1

]

where xt and yt denote the Cartesian coordinates of the
target at time t, x′

t and y′
t denote the velocities in two di-

rections respectively, I2 denotes the 2 × 2 identity matrix,
⊗ denotes the Kronecker product, vt−1 ∼ N (0, Q) is the
white process noise, where Q = σ2

vI2 is the covariance
matrix. The initial distribution of the state vector is Gaus-
sian, i.e., x0 ∼ N (µ0, P0).

The measurement equations are given by

zt,1 = arctan(yt/xt) + wt,1 (31)

zt,2 = arctan(yt/(xt − 80)) + wt,2 (32)

where the measurement noises wt,1 ∼ N (0, σ2
w1) and

wt,2 ∼ N (0, σ2
w2) are assumed to be mutually indepen-

dent. The actual measurement yt is related to the ideal mea-
surement zt = [zt,1, zt,2]T by (3) with l1 = l2 = 2.

Numerical simulations are implemented 500 times over
50 time steps. The required parameters are specified as
σv = 0.1 m/s2, σw1 = 5 mrad, σw2 = 5 mrad,
µ0 = [−0.05 m, 0.001 m/s, 0.7 m,−0.055 m/s]T, P0 =
diag[(0.1 m)2, (0.005 m/s)2, (0.1 m)2, (0.01 m/s)2],
N = 1 000. When t � 2, the delay probabilities are set
to be identical to Example 1; when t > 2, they are set as
p0

t,1 = 0.2, p1
t,1 = 0.6, p2

t,1 = 0.2, p0
t,2 = 0.2, p1

t,2 = 0.6,
p2

t,2 = 0.2.
Three filters, including SIR12, PF-Kn12 and PF-Un12,

are used to estimate the state sequence. (Note PF-Un12
stands for the PF given by Algorithm 2). The RMSEs of the
first 80 simulation runs are shown in Fig. 2 with four sub-
plots illustrating the RMSEs of position and velocity in X

and Y directions, respectively. Table 2 lists the ARMSEs
and average run-times per run. Due to the consideration of
measurement delay, the estimation accuracies of PF-Kn12
and PF-Un12 are much higher than that of SIR12. By using
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the precise delay probability, PF-Kn12 produces the best
results among the three filters. In comparison, PF-Un12,
although no knowledge of delay probability is used, can
yield decent results comparable to PF-Kn12 with slightly
increased computational cost.

Fig. 2 RMSEs of position and velocity for bearing only tracking
problem

Table 2 Performance comparison of SIR12, PF-Kn12 and PF-Un12
for bearing only tracking

Algorithm
ARMSE-

x/m
ARMSE-

y/m
ARMSE-
ẋ/(m/s)

ARMSE-
ẏ/(m/s)

Run time
per run/s

SIR12 0.815 9 0.803 7 0.028 3 0.027 7 1.541
PF-Kn12 0.166 8 0.207 9 0.017 0 0.018 5 3.336
PF-Un12 0.227 7 0.258 3 0.018 3 0.019 1 4.080

It is of course true that the filters of identifying the de-
lay probability first and then estimating the state cannot
outperform PF-Kn12, where the true delay probability is
used. Therefore, even if there are some EM based methods
with the ability to deal with multi-sensor multi-step delay
(in fact, they do not exist so far), they would not substan-
tially outperform the proposed filter in terms of estimation
accuracy. On the contrary, large amounts of computational
cost would be introduced in them. In this sense, this paper
provides a simple and practical method, which has accept-
able estimation accuracy for the problem of interest.

6. Conclusions

In this paper, the multi-sensor information fusion frame-
work of PF is extended to the situation of multi-step asyn-
chronous measurement delay. Two PFs, i.e., PF-Kn and
PF-Un, are proposed to deal with the two cases with the de-
lay probability known and unknown, respectively. Their ef-
fectiveness has been demonstrated by two typical numeri-
cal examples. Since multi-sensor asynchronous delay is
very common in practice, the proposed PF-Kn has impor-
tant application value. In addition, in networked remote-
sensing systems, it is often required to rapidly process
multi-sensor multi-step delay with delay probability un-
available. This paper provides a practical method for this
problem, which not only can produce decent results but
also have low additional computational cost due to no com-
plex iterative optimization involved.
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