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Abstract: We develop an efficient method for polished metallic
sphere’s scattering prediction in terahertz band when its frequency
dispersion property is considered. By deducing scattering solu-
tion of the lossy metallic sphere, the radar cross section (RCS)
of different metallic spheres is given at terahertz frequencies. The
investigation of the RCS of polished metallic spheres shows the
normalized RCS is always same to the metals’ normal incidence
reflectivity when the sphere becomes electrically large. The metals
which have high reflectivity (such as Al, Cu, Ag and Au) show that
the corresponding RCS of the spheres is almost πa2 in terahertz
band. The sphere’s RCS of the transition metal such as Fe begins
to decrease obviously since the far infrared.
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1. Introduction

There is increasing interest in studying of the target’s scat-
tering characteristics in terahertz band [1 – 3]. The study
of the interaction between the metallic targets and the tera-
hertz wave is urgent and necessary for both the terahertz
civil and military applications [4,5].

In microwave band, the constant value of conductivity
describes metals well because the displacement currents
are much smaller than the conduction currents. This is the
underlying reason that the metallic targets are often com-
puted with the assumption of perfectly electrical conduct-
ing (PEC). However, metallic conductors start changing
their properties in upper-millimeter-wave band and above,
the assumption of direct current (DC) conductance is not
accurate any longer. A new model should be proposed
for explaining metals’ characterization [6,7]. Naturally,
the terahertz scattering characteristic of metals is different
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from that at microwave frequencies.

In the past, the optical properties of metals had been uni-
versally studied. The Drude model and the Drude-Lorentz
model have made a great success in depicting metals’ pro-
perty in the optical frequencies and the infrared respec-
tively [8,9]. The optical constants of different metals can
be found in [10]. Meantime, several research teams in
the world had found discrepancies between the theoreti-
cal model prediction and loss measurements for metals at
sub-millimeter-wave frequencies [11,12]. Related papers
had investigated the normal metals’ published experimen-
tal data of surface resistance from the frequency of DC up
to the mid-infrared [13]. The investigation in [13] shows
that the Drude’s model is successful for depicting normal
metals in DC to the mid-infrared frequency. With the de-
velopment of terahertz time domain spectroscopy system,
the properties of metals in terahertz band were also stu-
died recently. The measurement data were also compared
with the Drude model and discussed with the Kramers-
Kronig analysis [14 – 16]. From metals’ frequency disper-
sion models of complex permittivity, the terahertz scatter-
ing characteristic of metallic targets can be studied exactly.

Electromagnetic scattering from spheres had been stu-
died universally because of its inherent symmetry and its
agreement in shape with many natural objects. The re-
searchers in radar community treat the metallic sphere as
a reference for radar cross section (RCS) measurement be-
cause the metallic sphere is symmetrical and its RCS value
is known [2,17]. In terahertz band, the metallic sphere’s
accurate RCS should be evaluated renewedly because of
the frequency dispersion of metals. The modern formula-
tion of the scattering from spheres was given by Gustav
Mie in 1908 using the separation of variables, along with
the boundary conditions [18]. However, the scattered field
formulation diverges for lossy medium because of Riccati-
Bessel functions and their derivative in the formulation. In
terahertz band, metals have large imaginary parts of the
complex permittivity and the scattered field formulation
cannot give exact results. Therefore, the direct solving to
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scattered field coefficients with the complex dielectric per-
mittivity of metals is improper. Meantime, there is little
literature about the analytical solution of a metallic sphere
in terahertz band while it is very important for the scatter-
ing prediction of targets in the terahertz radar community.

In this paper, the influence of the metal’s dispersion on
the metallic sphere’s RCS is mainly discussed. The ac-
curate monostatic and bistatic RCS of different metallic
spheres versus frequencies are computed. The normalized
RCS is compared with the normal incidence reflectivity of
metals. In the second part of this paper, the theory charac-
terizing the metal’s properties and the scattering solution
of the lossy metallic sphere are given. In the third part, the
RCS for different metallic spheres and the discussions of
the numerical results are presented.

2. Theory methods

2.1 Properties of metals in terahertz band

Metals can be characterized with a relatively complex per-
mittivity and a relative complex permeability. The elec-
tromagnetic response of a metallic target is decided by
the electrons movement within the metals. In the classi-
cal Drude model [19], metals are considered as free elec-
tron gas. The Drude model gives metals’ equivalent rela-
tive permittivity as

εr = 1 − ω2
p

ω2 − jωγ
(1)

where ωp represents the plasma frequency and the damp-
ing term γ represents the electron collision rate, which
is just the inverse of the mean electron collision time τ ,
i.e. γ = 1/τ . The equivalent complex conductivity can be
written as

σ =
σ0

1 + jωτ
(2)

where σ0 is the bulk conductivity at direct current which
is independent of the frequency. It can be seen that when
ωτ << 1, thus (2) becomes

σ = σ0. (3)

In practice, the collision time τ in (2) is about tens of
femtoseconds. Thus in microwave band, the term ωτ is less
than one enough. The Drude model will keep consistent
with the skin-effect model. It explains the applicability of
the relaxation-effect model in microwave band.

For the Drude model, the estimation of the damping fre-
quency and the plasma frequency can be realized through
the experimental measurements. The researcher in [20]
found that the measured optical constants of metals can
be reasonably fit using the Drude model in the infrared
and far infrared [20]. Further, the metals’ optical properties
at sub-millimeter wavelengths had also been measured in
[21,22]. The complex permittivity and complex refractive

index were obtained from the measured averaged absorp-
tance spectra combined with previous measurements by
others. Besides, several groups also measured the metals’
reflectivity data in terahertz band [23,24]. It is shown that
the measured reflectivity of metals is in agreement with
theoretical values computed by the Drude model. Thus,
the Drude model is an efficient approximation for charac-
terizing metals in terahertz band and is used in this paper
for the analysis of metallic sphere’s scattering. In terahertz
and the infrared band, some measurements data which ver-
ified the accuracy of the Drude model can also be found
in [14,16,20]. For different metals, the relative complex
permittivity below mid-infrared frequency is given by the
Drude model and the related parameters are all shown in
Table 1 [20 – 22]. Above the range of mid-infrared fre-
quency, the relative complex permittivity of metals can be
found in [10].

Table 1 Fitted plasma frequency and damping frequency for differ-
ent metals

Metal typeParameter
Cu Al Ag Au Fe

ωp/cm−1 278 660 145 300 156
γ/cm−1 63 800 119 000 72 500 72 500 29 500

2.2 Analytical solution of the lossy metallic sphere

From the above discussion, the boundary conditions of
metallic spheres in terahertz band cannot be processed with
the assumption of the ideal short circuit boundary because
of the finite conductivity. Then we think of the metallic
sphere as a lossy dielectric sphere, and the scattered solu-
tion can be given in the form of Mie’s series. The coef-
ficients of the scattered electrical field are decided by the
continuous boundary conditions [25], and can be written
as

an =
√

εrμrĴn(kda)Ĵ ′
n(ka) − Ĵn(ka)Ĵ ′

n(kda)
√

εrμrĴn(kda)Ĥ(1)
n

′(ka) − Ĥ
(1)
n (ka)Ĵ ′

n(kda)
(4)

bn =
Ĵn(kda)Ĵ ′

n(ka) −√
εrμrĴn(ka)Ĵ ′

n(kda)

Ĵn(kda)Ĥ(1)
n

′(ka) −√
εrμrĤ

(1)
n (ka)Ĵ ′

n(kda)
(5)

where a, εr and μr represent the radius, complex per-
mittivity and complex permeability of the sphere respec-
tively. k = ω

√
μ0ε0 is the wavenumber in free space and

kd = k
√

μrεr is the wavenumber in metal medium. Ĵn(·)
is the Riccati-Bessel function of the first kind and the prime
means derivative with respect to the argument. Ĥ

(1)
n (·) is

the first kind Riccati-Hankel function. The relationship be-
tween the Riccati-Bessel functions and the spherical Bessel
functions is showed as follows:

1
ka

Ĵn(ka) = jn(ka),
1
ka

Ĥ(1)
n (ka) = h(1)

n (ka). (6)
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With (4) and (5), the scattering field of different dielec-
tric spheres can be given accurately. However, for lossy
medium such as metals, the Riccati-Bessel functions in (4)
and (5) diverge exponentially for linearly increasing kda,
and the rate of divergence would increase with the increas-
ing value of the imaginary part of εr. In order to obtain the
analytical solution when taking the frequency dispersion
of spheres into account, we seek to establish a calculated
representation of the scattering coefficients.

Firstly, dividing nominator and denominator of the ex-
pression for an in (4) by the Riccati-Bessel functions of
the first kind Ĵn(kda), we get

an =
√

εrμrĴ
′
n(ka) − Ĵn(ka)Ĵ ′

n(kda)/Ĵn(kda)
√

εrμrĤ
(1)
n

′(ka) − Ĥ
(1)
n (ka)Ĵ ′

n(kda)/Ĵn(kda)
=

√
εrμrĴ

′
n(ka) − Ĵn(ka)Dn(kda)

√
εrμrĤ

(1)
n

′(ka) − Ĥ
(1)
n (ka)Dn(kda)

(7)

where Dn(kda) represents the logarithmic derivative of
Ĵn(kda). The derivatives of the Riccati-Bessel functions
can be represented by the spherical Bessel functions as fol-
lows:

Ĵ ′
n(ka) = kajn−1(ka) − njn(ka) (8)

Ĥ ′
n(ka) = kah

(1)
n−1(ka) − nh(1)

n (ka) (9)

where jn(ka) and h
(1)
n (ka) are the spherical Bessel func-

tions of order n. According to (6), (8) and (9), the recur-
rence relations for Dn(kda) can be derived as

Dn−1(kda) =
n

kda
− 1

Dn(kda) + n/(kda)
. (10)

Then, the scattering coefficient can be rewritten as fol-
lows:

an =
√

εrμr[kajn−1(ka)−njn(ka)]−kajn(ka)Dn(kda)
√

εrμr[kah
(1)
n−1(ka)−nh

(1)
n (ka)]−kah

(1)
n (ka)Dn(kda)

=

jn−1(ka) − jn(ka)[n/(ka) + Dn(kda)/
√

εrμr]

h
(1)
n−1(ka) − h

(1)
n (ka)[n/(ka) + Dn(kda)/

√
εrμr]

.

(11)
The function Dn(kda) keeps finite except for a → 0.

Thus a new form of the scattering coefficient which is suit-
able for computation is obtained. By the downward recur-
rence, we can calculate the scattering fields of metallic
spheres in terahertz band.

Similarly, we can get the same result for bn.

bn =
jn−1(ka) − jn(ka)[n/(ka) +

√
εrμrDn(kda)]

h
(1)
n−1(ka) − h

(1)
n (ka)[n/(ka) +

√
εrμrDn(kda)]

(12)

In the following, the scattering of typical metallic
spheres will be computed in terahertz band and some dis-
cussions are also given.

3. Results and discussion

We first take a copper sphere as an example and compute
the monostatic and bistatic RCS with the complex permit-
tivity which is given by the Drude model in Table 1 and the
experimental data in [20]. We also assume μr = 1 for the
copper sphere because of its non-magnetism.

Fig. 1 shows the monostatic normalized RCS of a poli-
shed copper sphere of 5 mm in radius versus the frequen-
cies. In contrast, the normal incidence reflectivity of the
copper is also given. It can be seen that when the frequency
is between 10 GHz to 300 GHz, the copper sphere is in the
resonance region. The reflectivity is almost unity. At the
frequencies above 300 GHz, the sphere enters the optical
region and the normalized RCS initially keeps nearly unity
and then has an obvious falling in the visible light. Mean-
time, there is a great agreement between the normalized
RCS and the normal reflectivity in the optical region. In
fact, the RCS of metallic spheres in the optical region can
be expressed as the product of a PEC sphere’s RCS and
the normal incidence reflectivity of this metal. When the
metallic sphere’s RCS is normalized with πa2, the result
of RCS will be equal to the normal reflectivity of corre-
sponding metals. Thus it can be seen that the experimental
data of normal reflectivity can be used to verify the numeri-
cal results [10,20]. The decrease in the normalized RCS
is caused by the enhanced absorption and transmission of
electromagneticwaves for metals at higher frequencies, i.e.
the transparency of metals at ultraviolet.

Fig. 1 Comparison result of the normalized RCS [RCS/πa2] and
the normal reflectivity for the copper sphere

Similarly, the other metallic spheres such as Ag, Au,
Al and Fe can be investigated. However, the permeabi-
lity for the transition metal such as Fe should be consi-
dered. According to the generalized Maxwell relation [19],
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the complex refractive index is an equivalent optical con-
stant of metals and it is connected with the complex per-
mittivity and the complex permeability by the relationship
n′ = n + i · k =

√
εrμr. k represents the extinction coeffi-

cient and n represents the index of refraction. The normal
incidence reflectivity is also a function of the complex re-
fractive index by

R =
(n − 1)2 + k2

(n + 1)2 + k2
. (13)

Then, both the complex refractive index and the nor-
mal incidence reflectivity depict the interaction between
the electromagnetic wave and the target. Instead of the
complex permittivity and the permeability, we can inves-
tigate the RCS of an iron sphere by the complex refractive
index [10,20,21,26]. Fig. 2 shows the normalized RCS of
different spheres of 5 mm in radius versus the frequencies,
which is correspondingly versus complex refractive index
for their frequency dependence relationship. In contrast,
we also plot the normalized RCS of a PEC sphere. The
results show that the PEC assumption for metals becomes
inaccurate with the increase of the frequencies. However,
the perceptible falling of the normalized RCS for Ag, Au,
Al and Cu spheres occurs above the infrared frequency al-
though the detail comparison and the experimental data of
the normal incidence reflectivity of these metals validate
that the slight falling begins in terahertz band [23,24]. For
the iron sphere, it can be seen that the obvious decrease in
the RCS begins due to the far infrared which is lower than
the situation of the copper sphere. This can be understood
by the property of the transition metals. The decrease in the
normal incidence reflectivity of transition metals begins
earlier with the increase of the incident wave frequency.

Fig. 2 Normalized RCS [RCS/πa2] versus frequencies for different
metallic spheres

For a polished metallic sphere, the decrease of the nor-
malized RCS can be ascribed to the frequency dispersion

of metal medium. According to the Drude model and open
access data in [10], the real part and the imaginary part
of the complex refractive index for metals are between 0
and 1 000 from microwave to the optical frequencies. In
order to understand the decrease of the normalized RCS
for metallic spheres, we investigate the effect of the vari-
able complex refractive index on the RCS. Fig. 3 shows
the distribution of a sphere’s normalized RCS in dB when
ka = 21. The y-axis denotes the range of the extinction
coefficient and the x-axis denotes the range of the index of
refraction. Meantime, two tracks of complex refractive in-
dex for Al and Fe at different frequencies are plotted. It can
be seen that such metals become the dielectric gradually
with the increase of frequencies. If a metallic sphere with
the RCS of πa2 has a decrease of 3 dB in amplitude, the
normalized RCS becomes 0.501 2 correspondingly. Thus,
the normalized RCS which is nearly one means that the
polished metallic sphere’s RCS is almost πa2 in terahertz
band. On the other hand, we can investigate the sphere’s
RCS for different media by this distribution image.

Fig. 3 Distribution of the normalized RCS versus the complex re-
fractive index

The normalized RCS of the electrically large sphere is
0 dB for most media with a large complex refractive in-
dex. For lower lossy medium sphere, there is sharp oscilla-
tion versus the increasing index of refraction. For medium
with an index of refraction of 1 and a small extinction co-
efficient, the sphere’s RCS is lower enough for the full
transmission of electromagnetic waves. Thus Fig. 3 sup-
plies a panorama of the sphere’s RCS for different ma-
terials. From Fig. 3, the normalized RCS for a dielectric
(εr = 3.5 + 0.5i) sphere is about −10 dB, which accords
with the result of Fig. 2.2.6 in [27]. It also verifies the ex-
actness of the analytical solution above.

The bistatic RCS of a copper sphere of 5 mm in radius
is also investigated in Fig. 4. The sphere is an electrically
large target when the frequency is above 0.3 THz. The fi-
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gures for HH and VV polarization are given in the form
of semilog plot and the backscattering corresponds to the
observation angle of 180◦ while the forward scattering cor-
responds to the observation angle of 0◦. It can be seen that
with the increase of the frequency, the bistatic RCS around
the forward observation angle changes obviously. The os-
cillation range of the bistatic RCS becomes small and the
oscillation only exists in a narrower angle around 0◦. In
addition, the sphere’s forward RCS gets larger with the in-
creasing frequency while the backward RCS is almost πa2

in terahertz band.

Fig. 4 Bistatic RCS of a copper sphere of 5 mm in radius

4. Conclusions

In summary, the RCS of different metallic spheres in ter-
ahertz band is discussed by analyzing the factors of fre-
quency dispersion and analytical solution. The numerical
results show that, for an electrically large polished metal-
lic sphere, the monostatic normalized RCS is equal to the
normal incidence reflectivity of metals. For metals such as

Cu, Al, Au and Ag, their normal incidence reflectivity is
closed to one below the frequency of visible light and then
the monostatic RCS is almost πa2. For the transition metal
such as iron, the sphere’s normalized RCS decreases since
the far infrared. Further, the normalized RCS distribution
versus the complex refractive index supplies a panorama of
the sphere’s RCS for different materials, which is helpful
for scattering analyzing and understanding of spheres.
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