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Abstract: The hypersonic interception in near space is a great
challenge because of the target’s unpredictable trajectory, which
demands the interceptors of trajectory cluster coverage of the pre-
dicted area and optimal trajectory modification capability aiming at
the consistently updating predicted impact point (PIP) in the mid-
course phase. A novel midcourse optimal trajectory cluster genera-
tion and trajectory modification algorithm is proposed based on the
neighboring optimal control theory. Firstly, the midcourse trajectory
optimization problem is introduced; the necessary conditions for
the optimal control and the transversality constraints are given.
Secondly, with the description of the neighboring optimal trajectory
existence theory (NOTET), the neighboring optimal control (NOC)
algorithm is derived by taking the second order partial derivations
with the necessary conditions and transversality conditions. The
revised terminal constraints are reversely integrated to the initial
time and the perturbations of the co-states are further expressed
with the states deviations and terminal constraints modifications.
Thirdly, the simulations of two different scenarios are carried out
and the results prove the effectiveness and optimality of the pro-
posed method.
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1. Introduction

The rapid developments of the hypersonic vehicles in near
space have formed severe threats to the existing air and
missile defense systems. A successful hypersonic intercep-
tion against these targets is a great challenge due to the
following two difficulties.

(i) The potential maneuverability and the unique skip-
ping trajectory of the hypersonic vehicles have improved
the stealth ability. The location of the real target can only
be described by a probability density function (PDF) [1],
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and the predicted impact point (PIP) may be repeatedly re-
vised with more accurate detections from the interceptors’
onboard sensors and ground radars as the interception pro-
ceeds.

(ii) The huge velocity over Mach 5 of the hypersonic
vehicles has dramatically extended the striking area and
shrunk the interception process at the same time. The tra-
ditional terminal guidance phase has been compressed to
several seconds with little error compensation abilities [2].
If the initial states of the terminal guidance divert far from
the desired ones, the hit-to-kill accuracy cannot be en-
sured. Thus the future interceptors against the hypersonic
vehicles should develop corresponding strategies to solve
the above difficulties. i) The fire unit should generate tra-
jectory cluster to cooperatively cover the predicted reach-
able areas of the hypersonic vehicles to maximize the pro-
bability of interception. ii) In order to relive the burden of
the terminal guidance, the aiming errors should be negated
to the maximum extent in the midcourse phase to form
a better handover situation such as the zero effort miss
(ZEM) sets [3], which demands the online trajectory modi-
fication capability to satisfy the revised PIP constraints.

However, the research about the midcourse trajectory
cluster generation and trajectory modification is relatively
little. Relative literature mostly adopts the traditional tra-
jectory optimization algorithms, such as the polynomial
parameterization [4], trajectory interpolation [5], particle
swarm optimization [6], and inverse dynamic in virtual do-
main optimization [7,8], and recalculates the nominal tra-
jectory to satisfy the revised constraints [9 – 14]. These ac-
complishments achieve the trajectory regeneration at the
cost of totally deserting the former nominal one and thus
put a crucial burden on the computing efficiency and on-
board computation. In fact, the former nominal trajectory
could be used to generate a new trajectory with the neigh-
boring optimal control (NOC) theory if the revised termi-
nal constraints or the perturbed states are not far from the
nominal ones. Tian et al. [15] used the indirect Legendre
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pseudospectral feedback method to generate a robust state
feedback guidance law, but his accomplishments only re-
searched on the compensation of the perturbations in the
initial states, and the general idea still fell into the category
of trajectory following, which was unable to deal with the
trajectory cluster generation and modification problem.

This paper extends the idea of [15] to cope for the ter-
minal constraints modifications in order to meet the future
advanced interceptor demands. An optimal midcourse tra-
jectory cluster generation and trajectory modification al-
gorithm is derived based on the NOC theory, which has
the merits of high precision and fast convergence. It is
shown that the time efficiency of the proposed method is
about five times faster than that of the Gauss pseudospec-
tral method (GPM) with an equivalent high precision.

The paper is organized as follows. In Section 2, the in-
terceptor dynamic model is given, and the method used to
generate the nominal optimal midcourse trajectory that sa-
tisfies the necessary optimality conditions and the trasver-
sality conditions is described. Section 3 gives the mid-
course trajectory cluster generation and optimal modifica-
tion algorithm in detail. Numerical simulations of two dif-
ferent scenarios are given in Section 4 and Section 5 gives
the conclusion.

2. Midcourse trajectory optimization
problems

2.1 Interceptor dynamic model

The interceptor considered in this paper is assumed to be
a rigid body. Because the optimal trajectories are designed
to directly aim at the targets and avoid horizontal maneu-
vers to save the energy, the planner point-mass kinematic
equations are considered, which can be described [16,17]
as follows:

V̇ =
P cosα− CxqS

m
− g sin θ (1)

θ̇ =
P sinα+ CyqS

mV
− g cos θ

V
+
V cos θ
R0 + y

(2)

ẋ =
R0V cos θ
R0 + y

(3)

ẏ = V sin θ (4)

where V is the velocity of the interceptor, P is the thrust
value, g is the gravitational acceleration, R0 is the radius
of the earth, m is the total mass of the interceptor, θ is the
flight path angle, q is the dynamic pressure, S is the refe-
rence area, x and y are the locations in the inertial coordi-
nate frame, and Cx and Cy are the drag coefficient para-
meter and the lift coefficient parameter respectively, which
have the mathematical forms as

Cy = Cy0 + Cα
y α (5)

Cx = Cx0 + Cα
x α+ Cα2

x α2 (6)

where α is the angle of attack, Cx0, Cα
x and Cα2

x are the
drag coefficients, and Cy0 and Cα

y are the lift coefficients.

2.2 Nominal optimal midcourse trajectory generation

As the most time-consuming phase in the interception pro-
cess, the midcourse guidance is critical to a successful en-
gagement because its final states serve as the starting con-
ditions of the terminal guidance. If the final states of the
midcourse guidance converge to the ZEM sets, the termi-
nal interception will be ensured. However, if the final states
diverge far from the desired sets, the terminal guidancewill
be unable to guarantee the successful interception. The ob-
jective of the midcourse guidance is to deliver the intercep-
tor to a certain point (usually the PIP) with specified con-
ditions to ensure a successful handover between the mid-
course guidance and the terminal guidance. Since in the
terminal guidance, a kinematic kill is preferred which de-
mands the interceptor of high velocity and accurate hand-
over precisions, the midcourse guidance objective is se-
lected as the maximum velocity at the midcourse terminal
time tf as

J = φ(V (tf ), tf ) = −Vf (7)

which is subjected to the interceptors kinematic dynamics

ẋ = f(x(t),u(t), t) (8)

the terminal attitude and position constraint

ψ = [θ − θf x− xf y − yf ]T = 0 (9)

the control limitation

‖α‖ � αmax (10)

and the path constraints [16,18]

q � qmax (11)⎧⎨
⎩
qa = h0 + h1α+ h2α

2 + h3α
3

qr = Cρ0.5V 3.07

Q̇ = qaqr � Q̇max

(12)

nL =

√
(CxqS)2 + (CyqS)2

mg
� nL max (13)

where the subscript f denotes the final value of the pa-
rameters, 0 denotes the zeros matrix with appropriate di-
mensions, J is the index criterion, x = [V θ x y]T

is the system state, f = [V̇ θ̇ ẋ ẏ]T is the sys-
tem dynamic equation, u = α is the control input, Q̇
indicates the heating transfer rate at a specified point on
the surface, generally the stagnation point on the nose,
ρ = ρ0e−βh is the atmospheric density with ρ0 being the
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atmospheric density at the sea level, β the density coef-
ficient constant, h the altitude from the sea level, C =
1.783 45×10−4 J·s2.07/(m3.57 ·kg0.5), h0 = 1.067, h1 =
−1.101, h2 = 0.698 8, h3 = −0.190 3, αmax = 40◦,
qmax = 50 kPa, Q̇max = 7.945×105 W/m2, nL max = 5.

The problem formulated above falls to the category of
the optimization problems. And the optimal control theory
is the most appropriate framework for its solutions. By in-
troducing the co-states λ = [λv λθ λx λy]T which
have the same dimensions with the states x, the Hamilto-
nian equationsH can be formulated as

H = λV V̇ + λθ θ̇ + λxẋ+ λy ẏ = λTf . (14)

By introducing the constant Lagrange multiplier vector
ν = [νθ νx νy]T, the augmented index criterion can be
reformulated as

J̄ = Φf +
∫ tf

t0

(H − λTẋ)dt (15)

where the subscript 0 denotes the initial value of the pa-
rameters, and the auxiliary function Φf is denoted as

Φf = [φ+ νTψ]f . (16)

If the final time tf is not specified, the necessary con-
ditions for the optimal control are given by the states and
co-states dynamic equations

ẋ =
∂H

∂λ
(17)

λ̇ = −∂H
∂x

(18)

and the control optimality condition

∂H

∂u
= 0 (19)

which are subjected to the transversality conditions

λ(tf ) = −
(
∂Φ

∂x

)
f

(20)

(
H +

∂Φ

∂t

)
t=tf

= 0 (21)

ψ(x(tf ), tf ) = 0. (22)

From the equations above, it is clear that the neces-
sary optimality conditions for the midcourse trajectory op-
timization problem result in a two point boundary value
problem (TPBVP), the search for solution of which is a
tedious task and out of the scope of this article. In order
to be simple and representative, the nominal optimal mid-
course trajectory generated by the GPM is assumed to be
preliminarily acquired in the following description.

3. Design of the algorithm

Once the nominal optimal trajectory is designed, the same
method could be repeatedly used to calculate the trajec-
tory cluster for cooperative coverage of the hypersonic ve-
hicle predicted area with respective PDF, and it can also
be used to re-compute new optimal trajectories that satisfy
the revised PIP constraints for the trajectory modification.
However, this approach is computationally expensive and
intensive because it totally abandons the nominal optimal
trajectory information and searches for the optimal con-
trol solutions within relatively large appropriate sets to re-
solve the TPBVP. Actually, the revised constraints both in
the trajectory cluster and modification situations may be
not very far from the nominal ones, and a series of control
modifications may be sufficient to reshape the nominal tra-
jectory to a new optimal trajectory that meets the revised
constraints.

3.1 Neighboring optimal trajectory existence theory

In order to derive the theory of neighboring optimal trajec-
tory existence theory (NOTET), the following two reason-
able assumptions are made.

Assumption 1 The dynamic system equations f in (8)
is continuous in the (t,x,λ) space. f is locally Lipschitz
in x and uniformly Lipschitz in t and λ. x ∈ C ⊂ Rn,
u ∈ Ω ⊂ Rm, λ ∈ P ⊂ Rp are convex and connected
sets.

Assumption 2 The nominal optimal trajectory x∗ exi-
sts and the optimal nominal control command u∗ is pre-
liminarily acquired.

Theorem 1 For an actual perturbed initial states δx0 =
(x−x∗)0 or terminal constraints δψf = (ψ−ψ∗)f , there
exists a neighboring optimal states trajectory x(t), satis-
fying sup

t
‖x(t) − x∗(t)‖ � K , where K is the up-

per bound. And the neighboring optimal control u(t)
is determined by u(t) = u∗(t) + δu, where δu =
Z(t)[δx(t) δλ(t)]T.

Proof According to the Assumption 1 and Assump-
tion 2, the neighboring optimal trajectory x(t) exists and
the proof can be found in [19]. Based on the Hamilton
optimal condition (19), we assume that the control is of
the form u = g(t,x,λ). In the neighborhood of the no-
minal states x∗(t), the perturbed states can be defined
as x = (δx + x∗), and the co-states can be defined as
λ = (δλ+λ∗). By the Taylor series expansion, the actual
control command can be expressed by

u = u∗ +
[
∂g

∂x

∂g

∂λ

] [
δx(t)
δλ(t)

]
+ H.O.T (23)

where H.O.T denotes the higher order terms that can be ne-
glected in this problem. Thus the control command modi-
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fication has the form of

δu =
[
∂g

∂x

∂g

∂λ

] [
δx(t)
δλ(t)

]
= Z(t)

[
δx(t)
δλ(t)

]
(24)

whereZ(t) =
[
∂g

∂x

∂g

∂λ

]
.

In order to get the deviation dynamics, the necessary op-
timal conditions (17) – (19) are further differentiated to the
second order

δẋ =
∂2H

∂λ∂x
δx+

∂2H

∂λ∂u
δu (25)

δλ̇ = −∂
2H

∂x2
δx− ∂2H

∂x∂λ
δλ− ∂2H

∂x∂u
δu (26)

0 =
∂2H

∂u∂x
δx+

∂2H

∂u∂λ
δλ+

∂2H

∂u2
δu. (27)

If ∂2H/∂u2 is non-singular over the entire midcourse
process, the control modifications δu could be solved from
(27) as

δu = −
(
∂2H

∂u2

)−1(
∂2H

∂u∂x
δx+

∂2H

∂u∂λ
δλ

)
. (28)

Then Z(t) has the form of the following equation:

Z(t) = −
(
∂2H

∂u2

)−1 [
∂2H

∂u∂x

∂2H

∂u∂λ

]
. (29)

3.2 NOC algorithm

From (28), it is apparent that, the calculation of the con-
trol modifications δu demands the information of the states
perturbations δx and the co-states perturbations δλ. δx
could be acquired with the onboard sensors by compar-
ing the actual states with the nominal ones. However, the
co-states perturbations δλ can hardly be measured or pre-
cisely estimated. The revisions of the terminal constraints
δψf does not appear in (28), so the expression of the co-
states perturbations must include the accessible states devi-
ations δx and the terminal constraints modifications δψf .
Firstly, the transversality conditions (20) – (22) are further
differentiated to get the expressions of δψf .

dλ(tf ) =
(
∂2φ

∂x2
+ νT ∂

2ψ

∂x2

)
dx+

(
∂ψ

∂x

)T

δν +
(
∂2φ

∂x∂t
+ νT ∂2ψ

∂x∂t

)
dtf (30)

(
∂H

∂x
+

∂2φ

∂t∂x
+ νT ∂2ψ

∂t∂x

)
dx+

(
∂ψ

∂t

)T

δν+(
∂H

∂t
+
∂2φ

∂t2
+ νT ∂

2ψ

∂t2

)
dtf+

∂H

∂λ
dλ+

∂H

∂u
du = 0 (31)

δψ =
∂ψ

∂x
dx+

∂ψ

∂t
dtf . (32)

Taking (28) into (25) and (26), the second order dyna-
mics can be expressed as

δẋ = A(t)δx−B(t)δλ (33)

δλ̇ = −C(t)δx−AT(t)δλ (34)

where

A(t) =
∂2H

∂λ∂x
− ∂2H

∂λ∂u

(
∂2H

∂u2

)−1
∂2H

∂u∂x
(35)

B(t) =
∂H

∂λ∂u

(
∂2H

∂u2

)−1
∂2H

∂u∂λ
(36)

C(t) =
∂2H

∂x2
− ∂2H

∂x∂u

(
∂2H

∂u2

)−1
∂2H

∂u∂x
. (37)

Noticing the difference between dλ(tf ) and δλ(tf ),
dx(tf ) and δx(tf ) when the final time tf is free, which
can be described with the following equations:

dλ(tf ) = δλ(tf ) + λ̇(tf )dtf (38)

dx(tf ) = δx(tf ) + ẋ(tf )dtf . (39)

With (38) and (39), (30) – (32) could be simplified as

δλ(tf ) =
(
∂2φ

∂x2
+ νT ∂

2ψ

∂x2

)
δx+

(
∂ψ

∂x

)T

δν+

(
∂2φ

∂x∂t
+ νT ∂2ψ

∂x∂t
+
(
∂2φ

∂x2
+ νT ∂

2ψ

∂x2

)
ẋ− λ̇

)
dtf

(40)(
−λ̇+

∂2φ

∂t∂x
+ νT ∂2ψ

∂t∂x

)
(δx+ ẋdtf )+

(
∂ψ

∂t

)T

δν +
(
∂2φ

∂t2
+ νT ∂

2ψ

∂t2

)
dtf+

ẋ
(
δλ+ λ̇dtf

)
= 0 (41)

δψ =
∂ψ

∂x
δx+

(
∂ψ

∂t
+
∂ψ

∂x
ẋ

)
dtf . (42)

Taking the expression of δλ(tf ) in (40) into (41), one
can get

0 =
(
−λ̇+

∂2φ

∂t∂x
+ νT ∂2ψ

∂t∂x

)
(δx+ ẋdtf ) +

(
∂ψ

∂t

)T

δν +
(
∂2φ

∂t2
+ νT ∂

2ψ

∂t2

)
dtf + ẋλ̇dtf+

ẋ

((
∂2φ

∂x2
+ νT ∂

2ψ

∂x2

)
δx+

(
∂ψ

∂x

)T

δν+

(
∂2φ

∂x∂t
+ νT ∂2ψ

∂x∂t
+
(
∂2φ

∂x2
+ νT ∂

2ψ

∂x2

)
ẋ− λ̇

)
dtf

)
.

(43)
Rewrite (40), (42) and (43) into a matrix form, one can get
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⎡
⎣ δλ(tf )

δψ
0

⎤
⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

∂2φ

∂x2
+ νT ∂

2ψ

∂x2

(
∂ψ

∂x

)T

∂ψ

∂x
0

−λ̇+
∂2φ

∂t∂x
+ νT ∂2ψ

∂t∂x
+ ẋ

(
∂2φ

∂x2
+ νT ∂

2ψ

∂x2

) (
∂ψ

∂t

)T

+ ẋT

(
∂ψ

∂x

)

∂2φ

∂x∂t
+ νT ∂2ψ

∂x∂t
+
(
∂2φ

∂x2
+ νT ∂

2ψ

∂x2

)
ẋ− λ̇

∂ψ

∂t
+
(
∂ψ

∂x

)T

ẋ

ẋT

(
∂2φ

∂x2
+ νT ∂

2ψ

∂x2

)
ẋ+ 2ẋT

(
∂2φ

∂x∂t
+ νT ∂2ψ

∂x∂t

)
− ẋTλ̇+

∂2φ

∂t2
+ νT ∂

2ψ

∂t2

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎣ δx(tf )

δν
dtf

⎤
⎦ . (44)

Noticing the symmetry of (44), [δλ δψ 0]T could be
assumed to have the following expression:⎡

⎣ δλδψ
0

⎤
⎦ =

⎡
⎣ S R m
RT Q n
mT nT α

⎤
⎦
⎡
⎣ δxδν

dtf

⎤
⎦ (45)

where S,R,Q,m,n, and α are time varying parameters,
whose terminal values are given with (44):

Sf =
∂2φ

∂x2
+ νT ∂

2ψ

∂x2
(46)

Rf =
(
∂ψ

∂x

)T

(47)

Qf = 0 (48)

mf =
∂2φ

∂x∂t
+ νT ∂2ψ

∂x∂t
+(

∂2φ

∂x2
+ νT ∂

2ψ

∂x2

)
ẋ− λ̇ (49)

nf =
∂ψ

∂t
+
(
∂ψ

∂x

)T

ẋ (50)

αf = ẋT

(
∂2φ

∂x2
+ νT ∂

2ψ

∂x2

)
ẋ+

2ẋT

(
∂2φ

∂x∂t
+ νT ∂2ψ

∂x∂t

)
− ẋTλ̇+

∂2φ

∂t2
+ νT ∂

2ψ

∂t2
. (51)

Differentiating (45) with time, one can get

δλ̇ = Ṡδx+ Ṙδν + ṁdtf + Sδẋ (52)

0 = ṘTδx+ Q̇δν + ṅdtf +RTδẋ (53)

0 = ṁTδx+ ṅTδν + α̇dtf +mTδẋ. (54)

Taking (33) and (45) into (52), one can get

δλ̇ = Ṡδx+ Ṙδν + ṁdtf+

S(Aδx−B(Sδx+ Rδν +mdtf )). (55)

Taking (45) into (34), δλ̇ can also be denoted as

δλ̇ = −Cδx−AT(Sδx+ Rδν +mdtf ). (56)

Comparing (55) and (56), the following dynamic equa-
tions can be acquired.

Ṡ = −SA−ATS + SBS −C (57)

Ṙ = −(AT − SB)R (58)

ṁ = −(AT − SB)m. (59)

Taking (45) and (33) into (53), one can get

0 = ṘTδx+ Q̇δν + ṅdtf+

RT(Aδx−B(Sδx+ Rδν +mdtf )). (60)

In order to make (60) be held at any condition, the fol-
lowing equations must be satisfied:

ṘT = −RT(A−BS) (61)

Q̇ = RTBR (62)

ṅ = RTBm. (63)

Taking (45) and (33) into (54), one can get

0 = ṁTδx+ ṅTδν + α̇dtf+

mT(Aδx−B(Sδx+ Rδν +mdtf )) (64)

and the following dynamic equations

ṁT = −mTA+mTBS (65)

ṅT = mTBR (66)
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α̇ =mTBm. (67)

With the terminal values denoted as (46) – (51), the pa-
rametersS,R,Q,m,n, andα can be inversely integrated
to the initial time t0. From (53) and (54), one can get the
expression of δν and dtf with the initial parameters

δν =

((
Q−nn

T

α

)−1(
δψf−

(
RT−nm

T

α

)
δx

))
t0

(68)

dtf =
(
− nT

α

(
Q− nnT

α

)−1

δψf−
(
mT

α
−n

T

α

(
Q−nn

T

α

)−1(
RT−nm

T

α

))
δx

)
t0

.

(69)

Taking (68) and (69) into (52), the initial value of δλ could
be denoted as

δλ0 =
(
R − mnT

α

)(
Q− nnT

α

)−1

δψf−

(
R − mnT

α

)(
Q− nnT

α

)−1(
RT − nmT

α

)
δx0+

(
S − mmT

α

)
δx0. (70)

With the initial value δx0, δλ0 and the dynamic equa-
tions (33) and (34), one can integrate forward to get the
value of δx and δλ as a function of time, then tak-
ing δx and δλ into (28), the control modifications δu can
be acquired. Noticing that the final time has been modified
with dtf from (69), the ratio p of the revised final time and
the nominal final time could be expressed as

p =
t∗f + dtf

t∗f
. (71)

If the control command is given at a time step of Δt∗, the
revised time step should be given as

Δt = pΔt∗. (72)

The prosed algorithm could be used with the following
steps.

Step 1 Compare the revised terminal constraints with
the nominal trajectory, and calculate the modifications
δψf . Compare the initial states perturbations δx0 = (x−
x∗)0.

Step 2 Calculate the terminal values of the pa-
rameters Sf ,Rf ,Qf ,mf ,nf , and αf with (46) – (51),

and reversely integrate them to the initial time to get
S0,R0,Q0,m0,n0, and α0.

Step 3 Take the parameters δx0, δψf ,S0,R0,Q0,

m0,n0, and α0 into (68) – (70) to get the value of δλ0,
δν, and dtf .

Step 4 Take the initial states perturbations δx0 and
co-states perturbations δλ0 into (33) – (34), and integrate
forward to get the perturbations δx and δλ expressed with
a function of time.

Step 5 Take the perturbations into (28) to get the con-
trol modifications δu.

Step 6 Calculate the modified time and the ratio p with
(71), the revised step could be acquired with (72). The new
control commands are composed of the control modifica-
tions and the nominal control commands, which are taken
as inputs with a revised time step Δt.

4. Simulations and analysis

In order to prove the effectiveness of the proposed NOC
algorithm, the following two simulations are carried out.
The midcourse guidance initiates after the primary guid-
ance. The interceptor should firstly climb to a high altitude
to save the energy, and then dive to the engagement area,
which is typically the parabolic trajectory. In order to be
simple and representative, the simulation begins at the di-
ving phase with the initial altitude being 80 km and the
flight path angle being –1◦.

4.1 Trajectory cluster generation

The predicted impact area with respective PDF is assumed
to be a circle with its center located at (500 km, 35 km) in
the inertial frame, and the radius is estimated to be 3 km.
The trajectory cluster is designed to effectively cover the
area as depicted in Fig. 1.

Fig. 1 Trajectory cluster that covers the targets predicted impact
area

The nominal trajectory is designed to aim at the cen-
ter of the area, and the nominal final flight path angle θf

is designed as – 5◦ to acquire a better detection attitude,
with the velocity to be maximized. The other eight trajec-
tories are designed to cooperatively form a circle to cover
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the area. The terminal locations of the trajectory cluster are
listed in Table 1, noticing that the flight path angle and the
terminal velocity are preferred to be held with the nominal
trajectory.

As stated above, the difference of the design objectives
of trajectory cluster lies in the terminal location constraint
ψ. The terminal constraints modifications are calculated
with δψf = (ψ−ψ∗)f , and the initial states perturbations
are set as δx0 = 0.

The simulation results are given in Fig. 2 – Fig. 8. The
position errors compared with the predesigned locations,

the velocity and the flight path angle deviations compared
with the nominal trajectory are given in Table 2.

Table 1 Terminal locations of the trajectory cluster

Trajectory number x/m y/m

Tra 1 500 000.000 38 000.000
Tra 2 497 878.680 37 121.320
Tra 3 497 000.000 35 000.000
Tra 4 497 878.680 32 878.680
Tra 5 500 000.000 32 000.000
Tra 6 502 121.320 32 878.680
Tra 7 503 000.000 35 000.000
Tra 8 502 121.320 37 121.320

Fig. 2 Trajectory cluster Fig. 3 Curves of the velocity

Fig. 4 Curves of the flight path angle Fig. 5 Curves of the control command
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Fig. 6 Curves of the dynamic pressure Fig. 7 Curves of the heating transfer rate

Fig. 8 Curves of the overload

Table 2 Positions errors, velocity and flight path deviations

Trajectory number Δx/m Δy/m ΔV /(m/s) Δθ/(◦)

Tra 1 – 363.177 118.299 7.930 0.140
Tra 2 – 356.804 117.934 10.926 0.123
Tra 3 – 348.757 117.955 5.375 0.061
Tra 4 – 339.921 118.226 – 13.641 – 0.029
Tra 5 – 338.532 118.687 – 28.165 – 0.080
Tra 6 – 349.112 119.165 – 22.020 – 0.040
Tra 7 – 362.402 119.319 – 5.328 0.047
Tra 8 – 367.036 118.934 4.558 0.114

Fig. 2 gives the trajectory cluster generated with the pro-
posed algorithm and the figure in the upper right side de-
picts the terminal positions of the different trajectories. It
is apparent that the cooperative coverage situation has been

established. In Table 2, the position errors are relatively
small, with the maximum absolute value being 367.036 m
and the minimum absolute value being 117.934 m, which
proves that the revised terminal position constraints are
well satisfied. Fig. 3 gives the curves of the velocity of
different trajectories. It can be seen that the deviations of
the velocities from the nominal one are very small, with
its minimum value being 2 245 m/s, with a decrease of
28.165 m/s as in Tra 5. In Table 2, the small deviations of
the velocities prove that the index criterion is maximized
and the optimality is retained. Fig. 4 gives the curves of the
flight path angle θ. It can be seen that the flight path angles

of different trajectories converge to the nominal one at the
terminal time, and the maximum deviation is less than 1◦

as given in Table 2, which proves that the proposed algo-
rithm is able to maintain the unrevised states of the nomi-
nal trajectory. In Fig. 5, the curves of the control command
are given. It can be seen that the control commands are
relatively smooth. The deviation of the control command
from the nominal one is relatively far at the initial time to
compensate for the revised terminal perturbations.

Fig. 6 – Fig. 8 depict the path constraints for the hyper-
sonic vehicle trajectory cluster. It can be seen that the in-
equality constraints are satisfied.

4.2 Optimal trajectory modification

When the terminal constraints of the midcourse trajectory
are modified with the updated PIP, the midcourse guidance
law should guide the interceptor to the revised PIP for a
better handover situation and a maximum probability of
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successful interception as depicted in Fig. 9. The unique
hypersonic interception forms a critical limit for the time
consumption of the modification algorithm, which should
be able to converge to a stable solution that meets the re-
vised constraints within an update interval. In order to fur-
ther test the optimality and the online application capa-
city of the proposed algorithm, the simulation scenario is
designed as follows. During the first 50 s, the intercep-
tor follows the nominal trajectory with the terminal loca-
tion as (500 km, 35km), and the flight path angle as – 5◦.
The PIP is revised at 50 s with (500 km, 37 km), and the
interceptor should immediately modify the terminal con-
straints. At 100 s, the PIP is revised again with (500 km,
38 km) and holds until the end of the simulation. It should
be noted that, at the time of the second modification, the
trajectory has already diverted from the nominal trajectory,
and the initial states perturbations should be considered as
δx0 = (x − x∗)0, where 0 should be the time of 100 s.
The simulation results given by the proposed method (de-
noted as NOC) are further compared with those generated
by the GPM, in which 50 nodes are selected. The related
figures are given in Fig. 10 – Fig. 16. The comparison of
time consumption of the different algorithms is given in
Table 3, and the terminal states deviations compared with
the predesigned locations and nominal ones are given in
Table 4.

Fig. 9 Trajectory modification satisfying the revised PIP constraints

Table 3 Time consumption of NOC and GPM s

Algorithm Modification 1 Modification 2

NOC 0.778 184 0.396 658
GPM 4.356 478 4.346 843

Table 4 Terminal states deviations comparison

Algorithm Δx/km Δy/km ΔV /(m/s) Δθ/(◦)

NOC –236.543 106.201 1.074 0.238
GPM –302.386 110.814 4.889 0.331

Fig. 10 Trajectory modification

Fig. 11 Curves of the modified velocities

Fig. 12 Curves of the modified flight path angle
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Fig. 13 Curves of the modified control command

Fig. 14 Curves of the modified dynamic pressure

Fig. 15 Curves of the modified heating transfer rate

Fig. 16 Curves of the modified overload

It can be seen from Fig. 10 that the modified trajectories
generated by NOC and GPM are smooth enough. In fact,
the trajectories generated by the two different algorithms
are relatively the same, for most parts of the trajectories are
overlapped, which proves the optimality of the proposed
method. The terminal position deviations listed in Table 4
show that both constraints are met and the results gene-
rated by NOC have the advantage of a better precision.
The time consumed by GPM is longer than that of the
NOC. In Modification 1 of the PIP, the time consumption
of the GPM is 4.356 478 s, almost 5.59 times longer than
that of the NOC. And in the Modification 2, the time con-
sumption of GPM is 4.346 843 s, with little change com-
pared with Modification 1 due to the unchanged nodes of
50. The time consumption of NOC in Modification 2 is
0.396 658 s, which has decreased by 0.381 526 s because
of the shortened remaining time. It can be concluded that
the proposed method is about five times faster than GPM,
which proves its online application capacity.

Fig. 11 gives the curves of the modified velocities. The
NOC has well remained the optimality of the index cri-
terion, with the terminal velocity decreased by 1.074 m/s
compared with the nominal one, and that of the GPM is
4.889 m/s. In Fig. 12, the constraints of the flight path
angle are both satisfied by the NOC and GPM, with the
terminal deviation being 0.238◦ and 0.331◦ respectively.
Fig. 14 – Fig. 16 depict the path constraints for the hyper-
sonic vehicle trajectory modification. It can be seen that
the dynamic pressure constraints, the heating transfer rate
constraints and the overload constraints are all satisfied.

5. Conclusions

An optimal midcourse trajectory cluster generation and
trajectory modification algorithm is derived based on the



1172 Journal of Systems Engineering and Electronics Vol. 28, No. 6, December 2017

neighboring optimal control theory, which has the merits
of high precision and fast convergence. By reversely inte-
grating the revised terminal constraints to the initial time,
the perturbations of the co-states are expressed with the
states deviations and terminal constraints modifications. A
series of control modifications are calculated to reshape the
trajectory to satisfy the modified terminal constraints. Si-
mulation results show that the time efficiency of the pro-
posed method is about five times faster than that of the
GPM with an equivalent high precision. The potential ap-
plication of the algorithm could be the generation of trajec-
tory cluster for the cooperative coverage of the hypersonic
vehicle predicted area with respective PDF and the online
optimal trajectory modification aiming to the continuously
updating PIP in the hypersonic interception.
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