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Abstract: The output feedback control for spacecraft attitude
tracking system is investigated in this study. It is assumed that an-
gular velocity measurements are not available for feedback control.
A technique named adding power integrator (API) is adopted to
estimate the pseudo-angular-velocity. Then we design a finite-time
attitude control law, which only utilizes the relative attitude infor-
mation. The stability analyses of the feedback system are proved
as well, which shows the attitude tracking errors will converge into
a region of zero even the external disturbances exist. The simula-
tion results illustrate the high precision and robust attitude control
performance of the proposed control strategy.
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1. Introduction

The ability to track a desired attitude is essential for many
space missions such as autonomous deployment, assem-
bly of international space station, manipulation and repair.
Take autonomous rendezvous for example, in order to suc-
cessfully docking with a tumbling target or a target out of
control, the docking port of the chasing spacecraft must be
in alignment with that of the target as they are carrying out
close-distance rendezvous and docking. Whether the space
mission can succeed or not depends on the highly precise
and robust relative attitude control [1]. Moreover, there are
some influential factors that affect the control performance
including coupling and nonlinearity of the system, uncer-
tainties in model parameters and external disturbances and
so on. Hence, the research on attitude tracking control of
spacecraft is a very necessary, challenging and interest-
ing mathematical problem of great practical importance.
An amount of nonlinear control methods, such as adaptive
control [2], sliding mode control [3], optimal control [4],
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disturbance observer-based control [5], and backstepping
control [6], have been developed because the linearity con-
trol methods cannot figure out these problems.

Most of current research on spacecraft attitude track-
ing control is asymptotically stable, which means that
the system states reach zero or desired states within in-
finite time. In comparison, finite-time controllers enable
the system states to converge to zero in finite time, which
further provides higher precision performance. Further-
more, the finite-time control method makes the system
converge faster and have better robustness to disturbances
because of the homogeneousness power tuning parameters
in the controller. To be specific, there are two basic meth-
ods to realize finite-time control, one is the homogeneous
approach [7], and the other is the Lyapunov based ap-
proach [8]. Compared with the Lyapunov based approach,
the homogeneous approach cannot be applied on systems
that contain uncertainties and disturbances. Also, the ho-
mogeneous approach fails to give the estimation of the set-
tling time. For the Lyapunov based approach, it contains
two branches: terminal sliding mode control (TSMC) [9]
method and adding power integrator (API) [10]. One thing
should be mentioned that TSMC needs to know the ini-
tial states of system and the corresponding value when the
states first reach sliding mode surface to estimate the set-
tling time. Hence API is the best finite-time methods when
the settling time is required. According to current research,
all the finite-time control methods have been utilized to
design an attitude controller, such as the homogeneous
approach in [11] and [12], API in [13] and [14], TSMC
in [15] and [16] and so on.

There is some existing research on finite-time control
for spacecraft attitude, and most of them have to know
both the attitude and angular velocity information of space-
craft. However, it is difficult to obtain the accurate angular
velocity information in the practical engineering in case
of sensors fault and heavy nose. Moreover, it is valuable
to do research on the angular-velocity-free controller from
the perspective of cost of the whole spacecraft attitude con-
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trol system. For instance, the Hubble space telescope is
equipped with six gyroscopes to acquire its angular ve-
locity. In 2009, all six of the gyroscopes were replaced,
among which three are used as backups, and the cost gene-
rated is hugely high. Therefore, it is conceivable to re-
duce the cost and ensure reliability of a spacecraft mis-
sion despite the failure of gyroscopes when output feed-
back attitude controllers are used without angular veloci-
ty measurements. There are three kinds of methods to re-
alize finite-time output feedback control including homo-
geneous observer (HO) [17], terminal sliding mode ob-
server (TSMO) [18] and adding power integrator filter
(APIF) [19]. The first method HO is unable to estimate
the upper bound of the settling time and cannot deal with
disturbances as well. Moreover, both HO and TSMO have
the assumption that the observation errors have constraints.
In comparison with the two observer-based method, APIF
can estimate the time and has no need for the boundness
of observation errors. Thus, APIF may be the best choice
to design an output feedback controller when the time and
conservation assumption are considered. Currently, there is
some research about angular-velocity-free controller based
on HO and TSMO, such as HO in [20] and [21], TSMO
in [22] and [23] and so on.

In this article, we investigate the problem of finite-
time control for spacecraft without angular velocity infor-
mation and take the external disturbances into considera-
tion. Inspired by [19], we design an APIF to estimate the
pseudo angular velocity, then a novel output feedback con-
trol method is designed. The stability of the closed-loop
system is proved by strict proof, which means the sys-
tem will reach a neighborhood of zero within finite time,
even external disturbances exist. Compared with designing
a finite-time controller for double-integrator system [19],
it is more challenging to design a finite-time controller for
spacecraft attitude tracking system because of the strong
nonlinearity and coupling in the model.

This paper is organized as follows. The relative attitude
dynamics using the unit quaternion kinematic representa-
tion and related lemmas are introduced in Section 2, which
is followed by the main contribution of this paper in Sec-
tion 3, then numerical simulations are given in Section 4.
The final part is concluding remarks in Section 5.

Notation: In this paper, || - || is utilized to represent the
induced norm of matrices and the Euclidean norm of vec-
tors. For a given vector, = [x1, x2, xg]T € R3, define,
sig(@)® = [Jz1[*sgn(21), |v2|*sgn(w2), 25| “sgn(xs)]",
where o € R.

2. Background and preliminaries
2.1 Relative attitude dynamics

In this paper, the attitude of the spacecraft is represented by

the unit quaternion, which is free of singularity. (g, go) €
R3 x Rand (g, q:0) € R?® x R respectively represent the
body frame’s orientation and the target frame relative to the
inertial frame. w € R3 and wy € R? respectively repre-
sent the angular velocity of the chasing spacecraft and the
target body frame which are expressed in their respective
body frame. The relative attitude error (ge, ge0) € R®* xR
and the relative angular velocity error w, are given [24] as
follows:

de = ¢:09 — Qoqt + g7 q¢

_ T (D
qe0 = Gt0q0 + q¢ q

We = w — Ruwy )

where R € R3*3 is the rotation matrix used to transform
the target body frame to the chaser body frame and is given
by .

R= (g% — 4. qe)Is + 2qcq. —2¢e0q;  3)
where I3 is a 3 x 3 identity matrix. For any vector ¢ =
[c1, c2, c3]T, the symbol ¢ refers to a matrix, that is

c” = [0, —c3,c5¢3,0, —c1; —c2,¢1,0]. 4)
Then the relative kinematic equation and relative dy-
namic equation are described [25] by
Qe = Qwev (jeO = 70-5qgwe
Jw, = —w*Jw+ J(wXRws — Riy) +7+d  (5)

where the attitude matrix @Q can be written as
Q = 0.57 + 0.5¢e0 L. ©6)

J = J7 and d are the positive definite inertia matrix and
external disturbance respectively. 7 € R? is the control
torque with three axles vertical to each other.

Define o = v, and the relative kinematic equation and
rela-
tive dynamic equation can be written as

qe =v
{'f)f Gerv) + QI @
where f(qge,v) can be constructed as follows:
f(de,v) = QQ v -QJ Qv+ Rwy)* J(Q v+
th) + Q[(Q_lv)Xth — Ewt} + QJ_ld. (8)
Note that ||Q|| < 1 and |[R|| < 1 [25], then f(qe,v) is
constrained by
£ (ge; v)[| < ar(ge)[v]|* + az(ge, we)[|v]|+

a3(ge, wt, we, d) &)
where a1(ge) = 0.5[Q || + 1.25|QH|%, az(qe, we) =
31Q M [lwell, and as(we, we, d) = ||T ||| + [|wel|* +
[|wel|.
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Assumption 1 The disturbance d and the target space-
craft angular velocity w; as well as its first derivative w;
are bounded all the time. We assume that

IT=HH el + llwel® + [lwell <2

where [ is a positive constant.

Assumption 2 Suppose that g.o # 0 all the time.

Based on Assumption 2, the attitude matrix @ is invert-
ible and Q! is nonsingular.

As in Assumption 1, the constraint of f(ge,v) in (9)
can be transformed into

1£(ge. 0)l| < aalge)([0l* + [lvl) +1  (10)

where a4(qe) = max{ai(ge), a2(qe)}-
2.2 Lemmas

Take the following system as an example:

w(t) = f(x(t)),

where f : Uy — R". Assume that the system in (11)
satisfies the uniqueness principle of solution for all initial
values forward in time.

Lemma 1 (Bhatet al. [8]) For the system expressed as
(11). Assume that there exist a candidate Lyapunov func-
tion V, positive constants m € (0,1) and h > 0. If
V + hVm < 0, the origin of (11) is finite-time stable,
and the corresponding settling time can be calculated by
T < |Vo|*=™/[h(1 —m)], where Vj is the initial condition
of V().

Lemma 2 (Qian et al. [10]) Considerany y € R,z €
R, m € R* and n € R™, then the following inequality
can be proved.

z eR" (11)

2" [y|™ < (nf2["T™ +mly[" ™)/ (n + m)

Lemma 3 (Du et al. [26]) Forany x; € R (i =
1,2,...,n), and a real number p € (0, 1], the following
inequality holds:

(lz1] 4+ zn])? < |21 P + -+ |2p P <
n' Pz | 4+ |zal)P

3. Finite-time output feedback attitude
tracking controller design

To achieve attitude tracking control without measuring the
angular velocity, (i.e., w and g, are not required), we de-
sign an observer to estimate the velocity level states, then
a velocity-measurement-free controller is derived by using
the estimated signals, and finally a Lyapunov direct stabili-

ty theorem is utilized to demonstrate the finite-time stabili-
ty.

Let © be the estimate of v (i.e. ge), then the proposed
observer and output feedback controller for system (7) are
given as follows, respectively:

Q=

v =sig(z + asqe)9, 2= —as0 (12)

T = —agJQ 'siglsig(d)? + alqe) 1ts (13)
where as, ag, a7 and g € (1,2) are positive constants
which can be tuned to change the performance for the ob-
server as well as the controller, and will be detailedly given
in the later part of the following proof.

Then the primary contribution of this paper is presented
as follows:

Theorem 1 Consider the attitude dynamics described
by (7) under observer (12) and output controller (13). Un-
der the condition of Assumptions 1 and 2 holding, the ob-
servation errors and tracking errors can reach a neighbor-
hood of zero within finite time. The settling time and the
boundness on observer errors as well as tracking errors will
be presented in the following.

Proof We define a candidate Lyapunov function as

V=Vi+VWh+V; (14)

3
Vi=qlgqe, Va=) Vo, Va=ele (15
=1

Vi

where Vo; = J —sig[sig(v])Y — sig(s)g}%ds, auxi-

Ui

liary variable v* = —a7sig(qe)§ and the observer error
e =sig(v)? —sig(v)? = —z — azqe + sig(v)?.  (16)
Then a new auxiliary variable is introduced here
£ = sig(v)? —sig(v™)?. (17)
According to Lemma A.1 in [10], we have
* 1-1 1
lv; —of| <2779 |&]9. (18)

Taking the derivative of V; in (15) and applying (18),
we can show that
3

3

. 1 _1 1

Vi< =207 gt 42275 qulél7.  (19)
i=1

i=1

According to Lemma 3, (20) can be written as

3 3
. 1 1
Vi = —2ay E |gei|" ™ + ag E |gei| ' Tv +
i—1 i=1

3
1
ag &' (20)
=1

where ag = 22_59/(1 + g) and ag = 22_5/(1 +9).
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Calculate the derivative of V5; in (15) and refer to the
same lines in [10], it can be shown that

v;

Vai = (2— é)J siglsig(s)? — sig(v})9] T ds-
dlsig(v)9] . o2t
—p tsisl&) v v (1)

Making use of this result in (18) and calculating the deriva-
tive of sig(v})9, we obtain that

1 —1
oi] < Joi —vf| 4 [v] <2969+ arlgel? T (22)

d :
7[81%:2) } = —adv;. (23)

Substituting (22) and (23) into (21) yields

1\ v a=1 - d[sig(v})?
(2—) J sig[sig(s)gfsig(vf)g]Tlds% <
g vy

(2 1) g |2tz

v —v*| <

dt

g1 1
2% (2 - ;) ag|&ivi <

1 1 _1 1 1
27" <2_ ;) ag|&il (2 st &) +a7\qez‘|g) <

1 1
T+ an &' (24)
where Lemma 3 is used. ajp and aj; are as fol-

a?“/(l +g), and a;; =

1
a10 ‘Qei|

lows: aig = 215 (2— -

1
915 (2 - 5) al <a7 +2s ) /(1+g).
Substituting (7) into (21) yields

sig(&:) ; v; = Slg(fl) f(QEv'U)iJF
sig(&) " T2(QJT 1. (25)

It can be further obtained from (9) that

(qul +Z|U;) +1. (26)

For spacecraft in realistic scenarios, the value of v will not
surpass 1, then (26) can be reduced to

|.f(QEa

£ (ge,v) 2“42 g 279 + 1. 27)

Inserting (27) into (25) yields

sig(&) 72 F(ge, v)s <

2a4&|” Zm a2 gt (28)

=1

The term \§i|27§\v1|2_9 in (28), in terms of (22) and
Lemma 2 and Lemma 4, can be written as

_1 _
&7 7 o792 <

_1 — 2-g 3g—g?—2 2-g
&35 (a2 g T 427 6T <

a1 a1 a1
aralgal T +awsl& T + araléil ™ (29)
2

wherears = a2 92— g)(1+g) Las =24 (2—
_ 3g—g2—2
9)(1+g) " andary = (29— 1)[a3 9+275 |/(1+g).
Substitution of (29) into (28) leads to

sig(fi)féﬁf(qa v); <

39—

3 3
1 1
2a4a12 Z \qez|1+g + 2a4a13 Z |§l\1+9 +

=1 1=1
6a4a14‘§i|%+1 +l|fi\7é+2 (30)
Putting together (21), (24) and (30) yields

3
. 1 1
Vai < arolgei|" "o + 2a4a12 E lger] s 1+
=1

3
1 1
+ 2a4a13 E |&l5 ! + 6asaial& 7T+
=1

+sig(6) o

ané|v !
el 7 QI '), 31)
3

E V5; can be written as
i=1

Now by substituting (31), Vo =

3
Va < (a0 + 6azais) Z el 7+

i=1

[a11 + 6as(a13 + a14)]

H'Mw

ZZ\& z +2+Zs1g€z

Taking the derivative of V3 in (15) and applying (7), (12)
and (16) yield

QJ e (32)

T

Vs = 2eTe = 2geTdiag(|v|? " ) v +2aseT 0 —2a5eTv =

2ge" diag(|v[?"")[f(qe,v) + QT 7]+

2a5e’ sig[sig(v)? — eﬁ — 2a5e"v =
3 3
29D eilvil" Fge,v)i +29 ) ealvil”” QI )i
i=1 i=1
3 1
2as Z{eivi + e;sigle; — sig(v;)9]9 }. (33)

i=1
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Inserting (27) into the right side of (33) yields

292&@1\9

q€7 )Z X

3 3
dasgy [| (Z )
=1 =1

3
291 (leilloil?™). (34)
Using Lemma 2 we rewrite |e;||v;|97 v;|>79 in (34) as
leilloil?™ o 79 < (g = Dleil o] + (2= g)leilluil. (35)

By imposing (22), according to Lemma 2, the above in-
equation has the following new form:

Jeil[vi] 97 o |72 <

g—1 —1

2% (g — 1)les||&]
-1

= g)leil|&l?

1
9+ a16|qel\1Jr

—1
+a7(g—1)leil|ges|?  +
g—1 -1
2% (2 +ar(2 - g)leillgal’ <
1 1
a15\q6i|1+ g +al7|fz‘\1+9+

s+ a19‘€i|1+% (36)

9)(1+9)~ 1,
)(1+9)71,

ars|g|"t

where a1s = a7(g—1)(1+g) "1, a1 = a7(2—

“H(g—1)(1+g) " ans = 22—
_ (91-1 -1
andajg = (279 +a7)g(l+g9)~ "
Substitution of (36) into (34) yields

ayr = 21

3

3
dasg Y lleillvi* ™" Z\vzl2 ’)
i=1

1
12a4g(ais + ai6) Z e T + 12a49(a17 + a1s)-

i=1

3 3
S lale T + 12000109 Y el T (3T)

i=1 i=1

According to (22) and Lemma 3, we obtain
—1 g—1 _ g-1

il <29 TG 4 ad T gl . (38)

Using (38) and Lemma 2, (34) becomes

3 3
290y leillul? ™t <277 igd Y el T +

=1 i=1

3
_ — -1
20’? 1gd§ ei|Qei‘gg GZOE ‘q“ g +
i=1

(39)

3 1
g—1
a1 Z \fz| g
i=1

where azo = 2a2 'g(g — DI(29 — 1)7Y, ag =
29~ 1+gg(g - 1)1(2g — 17! and app = (2979 +
2)g%l(29 — 1)~

Now by substituting (37) and (39), (34) can be written
as

3 3
29> eilvil?! £(ge, v)i < 12a4g(a15+a16) Z|qez\ Ty
i=1 i=1
3 N 3 N
gt gt
12asg(ary + a1s) Y |67 + 12a4a109 Y les| & +
i=1 i=1

GZOZ‘qCZ g; +a21Z|fz s +a222|€z 9

(40)

According to Lemma 2, (33) can be written into

3
29 eiluid"H QI 1r); =

i=1

3

(e

=1

3 3
29(9—1) > lellvil +29(2 = 9) > lesl (QT 17|75

i=1 i=1

)5 (QU '), <

(41)

Using (22), Lemma 2 is applied again, then the term in (41)
has the following form:

3 3
glg =1 leillvil <2°75g(g = 1) Y lesll&il 7+
i=1 i=1

L
a3 Z ‘QSZ 9

2a7g9(9 — 1) Z‘QHQEZ‘Q

i=1
3 +1 +1
9Tl gri
az Y |Gl +a252\€i| g (42)
i=1 i=1

where a3 = 2a7g(g — 1)(1 + )™ ", agy = 22 5g(g —

_1
D(14g9)~" and ags = (279 +2a7)g*(g—1)(14g)~ L.
By defining the estimation of & as

€ = sig(v)? — sig(v*)?, (43)

the observer error in (16) can be rewritten as e = £ — é .
Then, the proposed control law in (13) has the form

T = —a6JQ_lsig(é)%71 =

—agJQ 'sig(¢ —e) 17, (44)
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Substituting the controller in (44), Lemma 2 and Lemma 3,
we obtain the following inequality:

3 3

- 2229
S lell@I )T =3 Jeillacd, 7 177 <

i=1 i=1

3
1
ag Y _leillé — el <
i=1
3 1 3 1
as Y _ledll&l7 +as Y el <
=1 =1

3

3
a6(29+1) 141 ag 14
DY el S el

=1 i=1

(45)

Moreover, we can transform the term in (41) into the form

3
—9))_lell(QI ')y T7 <
i=1

g+1

ase »_ |G +ax el (46)
2 2 —

where a9 = aGi](Jr ) and aor =
g

2a69(29 + 1)( ~2)
11—
Making usmg of both (42) and (46), (41) is rewritten as

gt+1
a232‘Qez| 9 +

3 3

1 1
(a2a + a26) > 1&["T7 + (ags + azr) Y Jes]' 7

=1 i=1

2gZez|vZ\9 1 QJ T)

=1
. (47

According to Lemma 2.7 in [19], there is a positive con-
stant asg, then we can simplify (33) such that

3

—2as Z {eiv; + e;sigle; — sig(vi)g]%} <
i=1
1— l
2(152 |62| + 9 — 1)@28 —+

. 1
ajs[sig(v:)? fes] ' T9] <

1 1—1 3 1 3

—(2'e — 2)asaqg ? Z les| " To + 2a5a34 Z g 19,

i=1 i=1

(48)
It can be further obtained from (22) and Lemma 3 that

0|79 < 292975 &'+ ages'TE). (49)

1179

According to (49), (48) can be further reduced to

3
—2as Z {e;v; + e;sigle; — sig(vi)g]i} <
i=1

3 3 3

1 1 1

—ang E lei|'T9 + asg E \gei|' 7 + am E &) o
i=1 i=1 i=1

(50)
1 1-2
where azg = (2'79 — 2)asagg ¢, azo = 2'9asas Y a3g,
and ag, = 21129 9a5a§8

Now by substituting (40), (47) and (50), (33) can be
rewritten as

3
1
Vi < —agg E \€i|1+9+
i=1

3
1
[12a49(a15 + ai6) + a3 + aso] Z |gesl T 9+
i=1
3 1
[12(14!]((117 + alg) + a24 + a26 + aSl} Z ‘€i|1+5+
=1
3 1
(12@4@199 + ass + CL27) Z |6i‘1+5+
=1

— 3 2g-1
a202\qez R +a212|£z e +a222|€i\ e
i=1

(51

Then the last term on the right side of (32) can be simpli-
fied further, which follows from (44) that

z%@ —%Zm

QJT

)29-D9 [5ig(g,) 299

Qe Z{Slg

1

sig(& — ei)(2_9)97 1} (52)
According to Lemma A.1 in [10], we obtain
Sig(fi)%Tg —sig(& — €i)277g < 150 (53)

Inserting (53) into (52) yields

Z sig(&

(29 gt

+1
_aﬁ Z |£z o

(QJ T)

2(2g 1)g

g Zm el 99 <
+a322|£z g;

+a33Z|€z v (54

+1
—ag Z ‘fz gg



1180

where azy = 227%%(29 - 1)/(1 + g) and a3z =

2 5ag(2-g)/(1+9).
From (54) we can rewrite V5 in (32) as

3 3
1 1
Vo < —ag Z &' 9 + (a10 + 6asars) Z |ges 9 +
i=1 i=1
3 1
[(111 + 6@4((113 + (114) + (132] Z ‘€i|1+5+
i=1

3 3
g+l 29—
azz Y leil’s +1Y |Gl (55)
i=1 i=1

Take the the derivative of the candidate Lyapunov func-

tion V= Vj 4+ V5 + V3 for the whole system defined in

(14), and substitute V7 in (20), V5 in (55) and V3 in (51).
Then we can obtain

3 3
at1 at1
V<*034Z\qei|gg *035Z|Ei\gg -
i=1 i=1

3 3
CLSGZ ‘ei‘% Z qE’L g
=1 =1
(a21 +Z)Z\€z i wLCmZ:IeZ g

i=1

(56)

where a3y, ass and asg are the positive constants satisfying
the constrains as follows:

aza=2a7—[ag+a10+6asai2+12a1g(a15+a16)+azs+aso

ass = ag — [ag + a11 + 6ag(a1s + a14) + aza+
12a4g(a17 + a1s) + ag4 + aze + asi,

and aze = az9 — [a33 + 12a4a199 + ass + az7).
Note that, using Lemma 3, we can transform the terms
of (56) into the following forms:

)
—azs Yy |geil"" s < —a34(q2 ge) (57)
3 +
1 149
—azs Y& < —azs(€T€) (58)
i—1
3 1
—Aase Z |62| 9 < 7@36(6 E)T (59)
i—1
azo Z lgei>™7 < 3% az0(ql ge)' "% (60)
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3% (a1 +1)(€7€)" %
as Z les|? ~v <3%a (eTe)lfﬁ.
Defining three positive constants 6. € (0,1), 0 € (0,1)

and 6, € (0,1), substituting (57)-(62) into (56) and rear-
ranging the new inequality, we have

(61)

(62)

. Lo 14g
V < —a3404e(ql ge) 20 — azs0c(€7€) 20 —

asefe(eTe) " — 3% az(qlqe) "% -

2-g
(gege) ™ —1]—

If ge, &€ and e are not in the set
02 ={02,U 02U} (64)

1
329 ag

(1 - 90’6>a’34 } o }’

0 = {|s|| [w} }

where (2, = {||qe| <

)CL35

1
329 g
and 2. = < |le|| < [ﬁ]ﬂ } which means ge,
& and e satisfying
4. qe > {329 azo/[(1 - qe)a34]}2 z (65)
€7€ > (3% (az +1)/[(1 - O)ass ]} =5 (66)
Te > {375 ag/[(1 — 0c)ase]} 7o (67)
then (63) can be written into
. + 1+g
V < —a34040(qr qe) 20 — azs0¢(€7€) 2 —
asslo(eTe) . (68)
By Lemma A.1 in [10], V&; in (15) can be written as
2
Vai < |vi — o7 [|&i <
g9=1, g9=1 2
2T [sig(v;)? — sig(v])9]5 |6 7T = 2T |62 (69)

Eventually, we can get the expression of 1% by substituting
Vi, V3 in (15) and V5; in (69) into (68)

. 1+g
2
\% < *a349qe Vl 9
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1re 1+g

azlcVy® < —azrV 72, (70)
1 g2
Note constant az7; = min{az4bye, Qﬁaggﬁg, asele } and
Lemma 3, where ¢ € (1,2). Then (70) is the same as
Lemma 1, so we can calculate T" by the following equa-
tion:
<%
az7(g —1)
Furthermore, the inequalities (65)—(67) imply that ge, &
and e will converge to the ball {2 defined in (64). Con-
sequently, Theorem 1 holds on the basis of the analyses
above and the proof is completed. g
Remark 1 It is worth mentioning that we only prove
ge can converge to [000]T within finite time, but ignore
the state ¢.q, which attributes to the fact that g, = +1
when g. = [000]T. Furthermore, the two equilibriums
(@7, geo]™ = [0001]T and [qF, geo]™ = [000 — 1]T in the
physical space correspond to the same rotation, so we only
need to guarantee that g — [000]T in finite time [11].
Remark 2 If the fractional power g = 1 in (12) and
(13), the controller (13) has the form

g—1
V.3 (71)

T = 7(16JQ71 ['{J + a7Qe] (72)

where estimation of pseudo velocity © can be calculated by
the low-pass filter: © = —as | vdt + asqe. The controller

(72) is seemed as a type of asymptotically filter-based out-
put feedback controller in [27] or [28]. However, compared
with the asymptotical controller in [27] or [28], the pro-
posed finite-time controller (13) can improve the perfor-
mance owning to the fractional power g > 1 in (12) and
(13). When g, and © are near zero vectors, the controller
(13) is able to to provide higher accuracy and faster con-
vergence than the asymptotical controllers, since the frac-
tional power g can increase the control torque.

4. Simulation results

In this section, numerical examples are presented to prove
the performance of the designed controller (13). The chas-
ing spacecraft’s inertia matrix is assumed [25] to be

20 1.2 0.9
J=|12 17 14/]. (73)
09 14 15

The chasing spacecraft’s initial conditions are selected
as [29] w(0) = [0,0,0]T, q(0) = [0.182 6,0.182 6,
0.182 6]T with ¢ = \/1 — 3 % (0.182 6)2. The tumbling
target spacecraft is out of control and its angular veloci-
ty is unknown by the chaser spacecraft. In the following
numerical simulation, we assume that the target space-
craft is static initially and its angular velocity is w¢(t) =

p(t)[1,1, 1] rad/s with p(t) [29] given by
p(t) = 0.15co0s(0.3t)(1 — 60'01t2)+

[0.047 + 0.03 sin(0.3¢)]te 001" (74)

In order to highlight the performance of the developed
finite-time output feedback filter-based controller, we com-
pare it with the asymptotically output feedback filter-based
controller in [28], which is designed as follows:

T = —kige — k2QT 2 + (R“J)XJRW +JRw, (75)

where the estimation of pseudo velocity 2 is calculated
by the low-pass filter: 2 = —ksz + qe and k; > 0
(¢ = 1,2,3). Then the two cases (with and without dis-
turbances) are investigated respectively.

4.1 Comparison without external disturbances

In this subsection, we compare the designed controller (13)
with the controller (75) in [28]. The tuning parameters of
the designed controller (13) are set as a5 = 3, g = 1.2,
ag = 15 and a7 = 1. The control gains of the asymptoti-
cal controller (75) are selected to be k1 = 50, ko = 60
and k3 = 15. Fig. 1 and Fig. 2 respectively illustrate
the time response of attitude tracking errors and angular
velocity tracking errors. At the steady state, the bounds
on |qei| and |we;| under the proposed controller (13) are
|gei] < 1x1072 and |we;| < 5% 10~%. The bounds on |q.;|
and |we;| under the controller in [28] are |ge;| < 6 x 1073
and |wei| < 1 x 1072 at the steady state. In addition, it
takes 12 s for the controller (13) to drive the attitude track-
ing errors into the steady-state regions |ge;| < 5 x 1074,
while the corresponding time for the controller in [28] is
16 s. Thus, we can see that the designed finite-time con-
troller (13) is able to to provide higher accuracy and faster
convergence speed than the asymptotic controller in [28],
due to an additional power ¢ = 1.2 contained in (13).
To compare instructively, Fig. 3 shows the change of at-
titude tracking errors against time, and the function is de-
scribed as ¢(t) = ||qel| + kol|we|| with kg = 1 s/rad [30].
From Fig. 3, under the designed controller (13), the bound
#(t) < 2 x 1073 is reached at the steady state, and the
settling time is 12 s. In contrast, the ultimate bound be-
comes ¢(t) < 1 x 102 under the controller in [28], and
the time for ¢(¢) to reach steady-state regions is 16 s.
Fig. 4 illustrates the control torques of the two controllers.
As is shown in the figure, the controller (13) outputs
smaller control torques than that of the controller in [28].
Then we present the energy consumption of the designed
controllers in Fig. 5. The energy index is defined as fol-
lowed, which is decided by the energy that the actuators
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consume when the chasing spacecraft conduct attitude sta-

bilization.
3

t
Eenergy = Z JO |Ti (t)‘th

i=1

(76)

We can see that the amount of energy consumed by the
controller (13) is about two-thirds of that consumed by the
controller in [28]. Consequently, the proposed controller
(13) achieves faster convergence with higher accuracy, and
consumes less energy than the controller in [28], due to the
adjustable power gain g.

0.2 T T T T
Z
2 0
L5
<
2-0.2
£
2
2-0.4
o
-0.6
Time/s
(a) The proposed controller (13)
0.2 T T T T
e
5] b 6 1073
£-02 h SN A
£ of ¥~ ]
S —0.41 6 . . A b
006 . 100 20 30 40 50
] 10 20 30 40 50
Time/s
(b) The controller in [28]
15 et tqeds 1 qe3-
Fig. 1 Time response of attitude tracking errors without distur-
bance
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3@ of \\,'1% -
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25 (}7 /\W"V N |
< \ 20 30 40 50
0 10 20 30 40 50
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(b) The controller in [28]
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Fig. 2 Time response of angular velocity tracking errors without
disturbance
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Fig. 3 Attitude tracking errors function ¢(t) without disturbance
under controller (13) and controller in [28]
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without disturbance
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4.2 Comparison with disturbances

The control properties of the proposed controller (13),
compared with the controller in [28] are illustrated here in
the presence of external disturbance. The control gains are
the same as the above subsection. Disturbances d(t) [25]
is chosen as

d(t) = (||wl||* + 0.5)[cos(0.7t) sin(0.4t) sin(0.2¢)] T +

0.01rand(t) (77)
where rand(t) € [—1, 1] are zero-mean random numbers
with simple time being 0.01 s. Moreover, an input delay
10 ms is also considered. The analysis procedure is similar
to that in the above case. Fig. 6 and Fig. 7 show the angular
velocity tracking errors and attitude tracking errors respec-
tively. At the steady state, the bounds on |g.;| and |we;]
under the proposed controller (13) are |ge;| < 2 x 1073
and |we;| < 2 x 1073, The bounds on |ge;| and |we;]
under the controller in [28] are |ge;] < 1 x 1072 and
|wei| < 2 x 1072 at steady state. In addition, it takes 12 s
for the controller (13) to drive the attitude tracking errors
into the regions |g.;| < 2 x 1073, while the corresponding
time for controller in [28] is 13 s. From Fig. 8, under the
proposed controller (13) and controller in [28], the bounds
(t) < 3 x 1073 and ¢(t) < 2 x 1072 are reached at
steady state, respectively, moreover, the former one takes
less time than the latter one obviously.

Quaternion errors

Quaternion errors

Time/s
(b) The controller in [28]

"""""" “qe2s 23

— 4e1>

Fig. 6 Time response of attitude tracking errors with disturbance
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Fig. 7 Time response of angular velocity tracking errors with dis-
turbance
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Fig. 8 Time response of the attitude tracking errors function ¢(t)
with disturbance under controller (13) and controller in [28]

Fig. 9 shows the control torques generated by (13) and
that in [28] respectively. As is shown in the figure, the con-
troller (13) outputs smaller control torques than that of the
controller in [28]. Fig. 10 shows the energy consumption
of the two controllers, and the amount of energy consumed
by (13) is about two-thirds of that consumed by the con-
troller in [28]. Consequently, the designed controller (13)
enables the states to converge to regions containing equi-
librium with faster speed, higher accuracy and less energy
than that of the controller in [28] under the external distur-
bances.

It has been verified through the above two cases that
the designed controller (13) has characteristics including
high accuracy, rapid convergence speed and good robust-
ness against disturbances. One thing should be mentioned
is that the control parameters as,ag > 0 and g € (1,2)
can be used to set the length of the settling time, and the
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relationship between the time and the parameters is ne-
gatively correlated. Moreover, the parameters a7 > 0 and
g € (1, 2) determine the control accuracy, and the relation-
ship between the parameters and accuracy is positively cor-
related. However, increasing the control parameters leads
to larger control effort and fluctuation of state trajectories.
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Fig. 9 Time response of control input with disturbance
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Fig. 10 Energy index under controller (13) and controller in [28]
with disturbance

5. Conclusions

This study investigates the attitude tracking control for
spacecraft, and proposes a finite-time output feedback atti-
tude tracking controller without angular velocity measure-
ments. Stability analysis shows the states can converge to
a region in the presence of external disturbance. This re-
sult appears to be superior to the existing finite-time out-
put feedback control strategy based on the homogeneous

filter or observer, which cannot consider external distur-
bances and cannot estimate the time. Since the form of the
proposed control law is simple and easy to be coded, it
is expected that it can be used in the real spacecraft en-
gineering. The results of simulations show the proposed
controller can provide a good control performance.
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