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Abstract: This paper is concerned with the control design and the
theoretical analysis for a class of input time-delay systems with
stable, critical stable or unstable poles. In order to overcome the
time delay, a novel feed-forward compensation active disturbance
rejection control (FFC-ADRC) approach is proposed. It combines
advantages of the Smith predictor and the traditional active distur-
bance rejection control (ADRC). The tracking differentiator (TD) is
designed to predict the control signal, which adds an anticipatory
control to the control signal and allows a higher observer band-
width to obtain better disturbance rejection. The modified extended
state observer (ESO) is designed to estimate both system states
and the total disturbances (internal disturbance, uncertainties and
delayed disturbance). Then the Lyapunov theory and the theory of
the input-output stability are applied to prove the asymptotic stabil-
ity of the closed-loop control system. Finally, numerical simulations
show the effectiveness and practicality of the proposed design.
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1. Introduction

Most industrial process, e.g. network [1], aircraft [2] and
especially process control [3], are often treated as either
first order plus time delay (FOPTD) systems or second or-
der plus time delay (SOPTD) systems to simplify the con-
troller design. The time delay which is also known as the
dead-time is generally produced by the actual delays (e.g.
the delays in actuators and sensors) or an approximation of
a higher order dynamic to a lower order one [4]. The con-
trol design for a time-delay system is very challenging due
to the fact that the time delay introduces extra phase lag
leading to reduce the stability margin and even put a strin-
gent limit on the bandwidth [5]. The achievable closed-
loop bandwidth is normally limited to 1/7, where T is the
time delay [6]. Therefore, a specific control method must
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be developed to eliminate the influence brought by the time
delay.

Over the years, many methods have been developed for
the control of time-delay systems effectively, such as the
proportional-integral-derivative (PID) control, Smith pre-
dictor (SP) control, Hoo control and their modified me-
thods [7—23]. It should be noted that the mainstream ap-
proach in real engineering is the PID control [7-9,19].
However, there is not much theory dealing with PID de-
sign, so most of industrial PID designs are carried out by
only using empirical techniques. Thus, mathematically ele-
gant and sophisticated theories developed in the context of
modern optimal control cannot be applied to them. And
the performance of PID will be worse with the increase of
the time delay [16]. Based on that, the SP control was pre-
sented by Smith [12] to improve the performance for sys-
tems with time delay. It is one of the most popular time-
delay compensation methods. It can increase the closed-
loop bandwidth in theory via removing the time delay out
from the closed loop. However, this method needs an ac-
curate system model to achieve good performance. And it
is sensitive to model uncertainties and cannot deal with the
unstable time-delay system. Although some modifications
[14,22] have been done based on the original SP scheme
to improve the performance, model uncertainties remain to
be a primary cause of instability in modified SP methods.
Furthermore, a common characteristic of aforementioned
methods is the poor anti-disturbance ability. And many
existing methods failed to provide an on-line tuning rule of
controller parameters to cope with the system uncertainty.

To further enhance the control capability of the refer-
ence input tracking and the disturbance rejection for time-
delay systems, this paper presents a modified active distur-
bance rejection control (ADRC) method. ADRC proposed
by Han [24] has become quite an attractive methodology
for applied researchers. It possesses many particular ad-
vantages, i.e. the ability of dealing with a vast range of
uncertainties, improving transient response, implementing
easily, saving energy, and so on [25]. Nowadays, ADRC
has played an important role in a lot of fields because of
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its unique advantages, such as those proposed in [26—28].
Then some researches have proved its convergence perfor-
mance [29,30] and achieved its tuning rules [31] to facili-
tate the implementation of the ADRC method. In recent
years, applications of ADRC in time-delay systems have
been studied [32-36]. The original ADRC scheme deals
with the time-delay problem by two approaches [32—34],
i.e. ignoring the time delay and approximating the time de-
lay via a first-order inertia unit. The former can avoid the
order increase; however, the expense of the extended state
observer (ESO) is the heavy burden. As for the latter, the
limitation of the estimate ability of ESO makes the original
ADRC feasible only when the time-delay is small. Other
methods try to synchronize the system output and control
input by adding a predictor before ESO [35]. However, the
theory analysis of these methods lagged behind applica-
tions for quite some time and lacked of general conclu-
sions. That’s why dealing with the time delay is always a
fundamental problem in the control design. Therefore, this
paper will focus on a modified ADRC design and its theo-
retical analysis for a class of input time-delay systems with
stable, critical stable or unstable poles.

This paper proposes a novel feed-forward compensation
active disturbance rejection control (FFC-ADRC) method
to reduce the influence of the time delay. An anticipatory
control is added to the control signal before it is input into
the system and ESO, which can synchronize input sig-
nals of ESO such that providing meaningful estimations
of time-delay system states and the delayed disturbance.
The modified control design is simple, and it enhances the
control performance by increasing the achievable observer
bandwidth which is the key for an accurate estimation of
the total disturbance. Then the superiority analysis about
the FFC-ADRC and the stability of the closed-loop sys-
tem are carried out. With an appropriate tuning, the pro-
posed method provides a unified solution to a class of input
time-delay systems (with stable, critical stable, or unstable
poles).

This paper is organized as follows. In Section 2, the
traditional ADRC design is first introduced followed by
the proposed modification. In Section 3, the characteristics
of FFC-ADRC and the stability of the closed-loop control
system are discussed in detail. Then the procedure of pa-
rameter tuning is analyzed. In Section 4, numerical simu-
lations show the improvement of FFC-ADRC compared
with the existing method. The conclusions are given in
Section 5.

2. Derivation of the method
2.1 Analysis of time-delay systems

Generally, a processing system with time delay can be pre-

sented as an FOPTD system or an SOPTD system:

b X
GropTD($) = s ae_Té (1)
b X
Gsoprtn(s) = e " 2

s$2 4+ ai1s+ ag
where 7 is the delay time of the system. In most cases,

a > 0,a; > 0and ap > 0, i.e. all poles are at the left part
plane. In the proposed design, we will also consider the
other two cases: (i) with a = 0,a¢ = 0, systems become
integral processes with the time delay; (ii) with a < 0 and
a1 < 0orag < 0, systems become unstable, which make
the problem even more challenging.

For the closed-loop control system in Fig. 1, we can note
that if the controller is designed when ignoring the time de-
lay, the control input «(t) can only have effect on the out-
put signal after 7 moment; furthermore, the response of the
disturbance d(t) injected at time ¢ will be fed back to the
controller at time ¢ + 7, and what worse is that the control
signal will affect the output after another 7 time. There-
fore, the real-time control performance is poor in systems
with time delay. This problem is the focus of this paper.

d(t)

r-r—--———=—=—=—=—=—=/=— A
+
(1) u(?) ' Time Dynamics without Ly
—= Controller I .
+ + | |delay 7| time delay |
- | |
{ | Real plant |
b e o o - - 4

Fig.1 Closed-loop control system with time delay

In system (1) and (2), there is an infinite dimensional

factor e77° =

1 .
, L= ,—'TZ. When 7 is small
i

o0

Z liSi .

i=0
enough and ¢ is large enough, the expansion of the infinite
dimensional factor is a rapid convergent series. In another
word, high-order term round towards zero and it can be
equal to a finite dimensional equation. Thus, one can ob-
tain that the time delay system can be controlled by a finite
dimensional controller.

The difficulty of control for the input time-delay system
can be described as § = 7/T', where T is the time constant
of the system [16]. With the increasing of 6, the control
difficulty is more serious. If § > 0.5, the system is called
as “large time-delay system”, or else “universal time-delay
system”.

2.2 Traditional ADRC method

Generally, a nonlinear uncertain system can be described
as

y(0)" = d(t) + fy(t), ., y(®)" ", 1) + bu(t),
t>to (3)
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where w(t) and y(t) are the control input and the
output, respectively; d(t) is the external disturbance;
fly(t),...,y(t)"1 ) is internal unknown dynamics.

In order to estimate the total disturbance, we define
an extended state variable, x,+1 = d(t) + f(y(¢),...,
YO L) + (b — Bult) 2 py(t),...,yt)" L 0),
where b is the estimation of b (when b is uncertain), and
p(y(t),...,y(t)" "1 t) is the total disturbance. Then let
r1 = y(t),z2 = y(t),...,z, = y(t)""!. Assuming
the total disturbance p(X , t) is differentiable, the extended
state space expression of the system (3) is given by

{ X = A, X +bByu(t) + E,h @
y=1I
0 1.0 0 0
where A, = |- - E,Bg: , X =
0 0 01 1
0 00 O 0
X1 0
,Ey = ,h=p(X,t).
Ty 0
Tn41 1

ESO is the core of ADRC and used to estimate not only
system states but also the total disturbance (including the
external and internal disturbance); the control input signal
u(t), and the system output y(¢), are inputs of ESO. The
linear form of ESO is given by

2 =2+ Py — 1)
Zi = 2zit1+ Bi(ly — z1) )

Zn = Zny1 + Baly — 21) + bu(t)
Zpgl = ﬁn-i—l(y - 21>
where (; are design parameters of ESO. Parameters
Gi (i=1,2,...,n+ 1) are required to be well tuned such
that state variables of ESO, z; (i = 1,2,...,n+ 1) can be
seen as estimations of z; (i = 1,2,...,n+ 1).

The state error feedback and the disturbance compensa-
tion are designed as

ug = kl(T‘(t) — Zl) — ]CQZQ — = knzn (6)

u(t) = % (7

where r(t) is the reference signal; k; is the controller pa-
rameter,7 = 1,2,...,n.

As for a typical FOPTD (1), its extended state space ex-
pression is given by

{X(t) = AX(t) + bBu(t — 7) + Eh

y(t) = CX(t) ®)

T
0 1 1 1 0
WhereA{O 0},3{0],0{0] ,EL},

X = {ij = Ly)] , p(X, t) is the total disturbance, and
h is the differential of p(X,t).

Then based on the design of ADRC above, the first-
order ADRC is designed. Let L = [3; 32]T, and the out-
put estimate of ESO is 4(t) = CZ(t), Z(t) = [z1 22]T.
The control signal is given by

_1 kv
w=SFZ(t) + = r(!) )

where F' = [—k; — 1]. Substituting (9) into the extended
system (8) and the traditional ESO simultaneously, yields
that

X(t)= AX(t)+BFZ(t—7)+kBr(t—7)+Eh (10)
Z(t)= AZ(t)+ BFZ(t) + Bkir(t)+
LC(X(t) — Z(t)). (11)

Defining e(t) = X (¢) — Z(t), the observer error of the
traditional ESO can be expressed as

é(t)=(A—-LC)e(t) — BFe(t — 1)+
BFe(t)+ Eh+ BFX(t —7)—
BFX (t) + Bkir(t — 7) — Bkyr(t). (12)

According to (12), e(t) relates to the variable X (t) and
r(t) due to the time delay 7. Therefore, it is difficult to ob-
tain e(t) — 0 via adjusting parameters of ESO, that is, it
may lead to ESO instability. Similarly, the SOPTD system
has the same problem.

Thus, as for time delay systems, because the output es-
timation of the traditional ESO and the system output are
not synchronized, it may lead to the instability of ESO.

To solve this problem, we should modify the traditional
ADRC to eliminate the time misalign between the control
signal u(¢) and output signal y(t). In this paper, a novel
predictor based on an SP is proposed to address this prob-
lem.

2.3 FFC-ADRC method

Starting from the essence of SP, as shown in Fig. 2,
G(s)(1 — e~ 77) is paralleled with the system dynamics as
a feed-forward loop.

r(s) + —u(s)

o -
V() A
—=QO

Yo(s)

G(s) (1-e ™)

Fig.2 SP
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However, the SP method needs an accurate model.
Based on that reason, we make some modifications. The
relationship between u(s) and yo(s) in Fig. 2 is given by

yo(s) = y(s) +yi1(s) =

G(s)e ™ u(s) + G(s)(1 — e ™ )u(s) =

(13)
According to the taylor series expansion e = 1+ x +

5562 + -4 —‘x” + -+, 1 4 7sis taken as the approxi-

mation of €75 [36], then

yo(s) = G(s)e " *u(s)(1 + 7s) (14)
where u(s)(1 4 7s) is viewed as a whole, that is to say,
the predicted signal yo(s) can be derived via u(s)(1 + 7s)
(i.e. u(s) and su(s)). As mentioned before, the tracking
differentiator (TD) can provide the differential of a signal
by dealing with the signal itself. Therefore, TD is proposed
to obtain the prediction of signal to realize the function of
the phase advance, as shown in Fig. 3.

uy (1) i(0)

u () Tous(?)

u(t) -
uy(1)

Fig. 3 Modification of the control signal via TD

1213

In Fig. 3, the discrete-time form of a TD is shown below
erp = u1(k) — u(k)

u1 (k4 1) = u1(k) + hyua(k)
uz(k + 1) = u2(k) + b1 fhan(eTp, ug, 7, h1)

15)

where 7; is the convergence factor, h; is the sample step,
u(k) is the control input signal; u; (k) is the tracking sig-
nal of u(k); uz(k) is the differential signal of u (k); eTp
is the tracking error of TD and fhan [24] is defined as

[ —risign(a), |a| >d
fhan(eTD7u27r17hl> — { 77'1(1/(1, |CL‘ g d
d=r1hi,dy = hid,y = erp + hiua,
ap = \/d? + 8r1y|,

. {U2 + sign(y)(ao — d)/2,
uz +y/h1, |yl < do

With this modification, FFC-ADRC is shown in Fig. 4.
Then every part in the closed-loop system is given by

ly| > do

{X(t) = AX(t) +bBu(t —7) + Eh 16)
y(t) =CX(t)
{ Z(t) = AZ(t)+bBi(t—m0)+L(y(t)—y(t)) (a7
y(t) = CZ(t)
a(t) = u(t) + 7ou(t) (18)
ult) = %FZ(t) + %klr(t) (19)

where 73 is the estimate value of 7.

©

Modified [~
ESO

r-r—Hm— —/———=—=—="—=—=—="—=—=—/—=—+— l
[ - ~ Tl - . I
o | lO_> o 14O ‘ Phase | ; u(2) Time Dynamics without | | Y(®)
Controller ['| advance | | delay 7 time delay |
Modification | ' '
e I;. Real plant Jl

FFC-ADRC

Fig. 4 Schematic of FFC-ADRC

With this modification, the output signal of the close-
loop system is synchronous with the control signal, which
guarantees ESO and the closed-loop system stable. We will
prove it in Section 3.

3. Characteristics analysis of
closed-loop system

The convergence analysis of ESO and the stability of the
closed-loop system are the prerequisite to apply the modi-

fied ADRC. And the parameter tuning is the key part for
the performance of FFC-ADRC. In this section, both the
convergence analysis of the modified ESO and the stabi-
lity of the closed-loop system are verified; and then the pa-
rameter tuning is analyzed in order to provide an excellent
performance for time-delay systems.

3.1 FFC-ADRC analysis
For FOPTD system, substituting (18) and (19) into (16)
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and (17) yields
1 k
it) = sFZ(t) + %T(t)—i—
TQ%FZ(t) + 70 %r‘(t) (20)

X(t)=AX(t)+ BFZ(t— 1)+
Bkyr(t —7) + BF1oZ(t — 1)+
Bky1o7(t — 7) + Eh (21)
Z(t)=AZ(t)+ BFZ(t — 1)+
Bkyr(t — 1) + BFroZ(t — 7o)+
Blioi(t — 1) + LO(X (t) — Z(t)).  (22)

Assuming 79 = T, the observer error dynamic of the mo-
dified ESO can be obtained via (21) and (22):

(A — LC)e(t) + Eh. (23)
. C 1 0].
Since N = cal=1lo 1] of full rank, (C, A)

is observable, and poles of (23) can be placed at any-
where by adjusting parameter matrix L. More straightfor-
ward to say instead, the characteristic equation of (23) is
|sI—A+LC|| = s>+ 15+ (32, and the root of character-
istic equation can be set at left half plane via tuning param-
eter matrix L. Therefore, the estimate error e(t) of ESO
can converge to zero with proper parameters, and ESO will
be stable after some time. In this way, Z(¢) can estimate
X (t) accurately and rapidly.

In the simulation section, ||sI — A+ LC|| = s®+ 315+
B2 = (5 + w,)? is guaranteed by making 3, = 2wy, B2 =
w3, where wy is the observer bandwidth.

For 79 = 7, (21) can be rewritten as

X(t)=AX(t)+ BFZ(t —9)+

Bk‘ﬂ"(t — To) + BFToZ(t — To)+
Ble()’l;‘(tho) + Eh. (24)
According to the taylor series expansion, i.e. f(z) = f(z—
xo)4x0f (2—x0)+0(2?), the terms Z (t—70)+70 Z (t—7)

and r(t — 79) + 707 (t — 7o) are approximated as Z (¢) and
r(t), therefore one can obtain that

X(t) = AX(t)+ BFZ(t) + Bkr(t) + Eh. (25)

It is exactly the system when (9) has no time delay. There-
fore, FFC-ADRC can accurately reject the influence of the
time delay and improve the control performance.

We have proved that the modified ESO can estimate sys-
tem states and the total disturbance accurately, i.e. e(t) =
0,t > t1, so in (25), Z(t) can be replaced by X (¢), then
the frequency domain expression of the expected closed-
loop system is given by

g uls) _ CX(s) _
G =5 = )
C(sI — A— BF) 'Bk. (26)

The time-delay term is eliminated absolutely in (26).
Therefore, FFC-ADRC also has an advantage in reducing
the phase lag. That is, FFC-ADRC can increase the phase
margin so that the larger controller bandwidth is allowed
to make a better performance.

Remark 1 For SOPTD systems, it can be analyzed via
the same method. Yet because of limitations, we will not
analyze it here.

3.2 Stability analysis of closed-loop system

The stability analysis of the proposed design for time-delay
systems will be proved by using Lyapunov theory and the
theory input-output stability in this section.

As for an FOPTD system, applying FFC-ADRC design
and combining (1) with (20), the differential equation of
the output signal is given by

§(t) = —ay(t) + bir(t — 7) =
—ay(t) + l—gklzl(t —7)—
%zg(t —-7)+ %k‘ﬂ”(t —7)—
%le()él(t — T)*

b b
zT()ZQ(t — 7') + zkl’ro’l;‘(t — T) =

—~

b
—ay(t) — Ekl z1(t — 1)+

[=plle

Toé’1(t — T)) — (Zz(t - T)+
T(),ég(t — T))+

l—gkl(r(t —T)+1r(t—1)) =

—ay(t) - %k‘lzl (t)—

b b

From (22), estimate states of ESO is given by
21(t) = ZQ(t) — klzl(t — To)—

Zg(t — 7'0) + kl’f‘(t — T())*
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ki17oz1(t — 7o) — To22(t — 7o)+
ki7or(t — 70) + P11 (t) — frza(t) =
29(t) — k1(21(t — 70)+
To21(t — 710)) — (22(t — 70)+
ToZ2(t — 710)) + k1 (r(t — 70)+

Tor(t — 70)) + Bz (t) — frza () =
Brx1(t) — (k1 + B1)2z1(t) + k1r(¢) (28)
Zo(t) = Ba(a1(t) — 21(2)) =
Paz1(t) — B2z (). (29)

Then the closed-loop system controlled by FFC-ARDC
can be rewritten as

= Apf(t) + BI‘T(t)

(t)
30
{ypu>=c&ru> 0
where
kb b
v S S
r=|az|, Ar= i k=08 0 |
2 B2 — 32 0
o
Br=|p |.cr=[1 0 0]
0

In the same way, for SOPTD system, we can derived that

0 0
i; hib kb
r_ / _ T(t) r b b
F = Z1 77‘(75)— |:T(t>:|7 BF— 0 0 s
2 k1 ks
3 0 0
0 1 0 0 0
kb kob b
, I S S
Ar=15 o B roo |
B2 0 —k1— (a2 ko 0
B3 0 -3 0 0

Cp=[1 0 0 0 0].

Then, we will prove the stability of the closed-loop sys-
tem with FFC-ADRC design based on Lyapunov stability
and the theory of input-output stability.

Definition 1 Lyapunov stability [37]  For the au-
tonomous system X (t) = f(X,t) with X (y) = X, and
t € [to, 00), the balanced state X, = 0 is Lyapunov stabil-
ity, if there is a real number (e, ¢9) > 0, Ve > 0 such that
| X (t; 20, t0) — Xe|| < e when || Xo— X|| < 0(t =to)is

1215

established, where X (¢; X, to) is the corresponding state
response of the given X.

Definition 2 Bound input bound output (BIBO) stabil-
ity [37] For a system, giving any bounded input, i.e.
r(t)] < € < 00, >
put is bounded, i.e. |yr(t)] < e < oo >
then the system is BIBO stability.

Lemma 1 [37] For a continuous linear system, if the
system is observable and controllable, combing with Defi-
nition 1, the system is asymptotic stable.

Theorem 1 For the time-delay system (1) and (2), the
closed-loop system controlled via FFC-ADRC is asymp-
totic stability. The control law is given by (18) and (19),
and the modified ESO is given by (17). Furthermore, the
stability is related with k;, 3;, b.

Proof Solving (30), we can obtain that

0, if the corresponding systern out-
0, ¥t € [0, 4+00),

t
Irit)=®@t)I'(ty) +J &(t —7)Brr(r)dr 3D
0
where P (t) is the state-transition matrix, and I'(¢o) is the
original state.

According to Definition 1, considering the first part on
the right side of (31), let I'g(t) = @(t)I'(tp). The ba-
lanced state of the closed-loop system (30) is zero, i.e.
ze = 0.

From (30), it can be guaranteed that A is Hurwitz with
proper parameters k;, 3;, b, and

0 1 ki + B
Ky k132
1 B1
A= 0 -
r ok ) k12 ’
_l_) ab + bk‘1 _ abk:1 + (lbﬁl + bklﬁl
b b bk1 Ba

so it can be derived that

[(@(2))is] <

where ¢ is relative with k1, 31, 32, b. Hence, with an arbi-
trary original state I'(¢() satisfying that || I'(to) — X.|| <
0(t = to), one can obtain that

Xl = @@)T
Defining € £ 4, thus z., is Lyapunov stable.
Then considering the second part on the right side of
t
@), let ¥(t) = | ®(t —7)Brr(r)dr. Assuming r(¢) is

0
bounded, i.e. |r(t)| < & (xi > 0)

0,3t >Ti,i,7=1,2,3 (32)

ITo(t) — (o)l <@d.  (33)

Jt &(t— 7)Brr(r)dr| <
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t
‘fj &(t — 7)d7Br
0

E(A;' @(t)Br — A7 Br)|. (34)

According to |a — b| < |a| + |b|, (34) can be rewritten as
|,(t)| < EI(AR () Br)i| + (A Br)ill. - (35)
Combing with (32), one can obtain that

[®(t)Brli| < x, [[A;' @(t)Brli| < x¢ (36)

k1b
where t > Ty, x = (% + k1), and

¢ = max{’ﬁl + ki1 — B2
k182 ’
bk1Bs + abBs — bk1[Ba — abky — abBy — bk By )
bk1 52 .

Then according to A;l and By defined above, it yields
that

-1
AD'Br = _51 . 37
“b
Therefore, we can derive that
1 b
(A7 Br)i| <v, v=max{l, ay }. (38)

Combining (33), (34), (35) and (38), we can conclude
that
[T3(t)] = |To(t)s] + | i(t)] <

0o+ E&(xC+v),t>Th. (39)

Thus according to (39) and yr(¢) = [1 0 O0]I'(¢), we
have
lyr() <@ +E(xC+v) S0 (40)

for t > T%. We can obtain the same conclusion for the
SOPTD system in similar way. Therefore, according to
Definition 2, the closed-loop system controlled via FFC-
ADRC is BIBO stability.

In addition, the closed-loop system (30) is observ-
able and controllable with appropriate parameters, i.e.
rank[Bp, A[‘B[', A%B[‘} = 3, rank[C’p, A['C[',
Aicr)T =3.

According to Lemma 1, the closed-loop system is
asymptotic stable. Furthermore, since ¢, (, v and x are
related with k1, 31, B2, b, [yr(t)| < o and o is related with
ki, B, b. g

Remark 2 In a continuous linear system, if it is Lya-
punov stable and the zero-state response is bounded with

any bounded input, the system is BIBO stability. Further-
more, if it is also controllable and observable, the system
is asymptotic stable (or global asymptotic stable).

3.3 Parameter tuning rules

In the FFC-ADRC design, k;, 3; and b need to be tuned.
Similar to traditional ADRC, we translate k;, 3; into ex-
pressions relating with w, and w,. [31]; b should be tuned
around b, and it will be larger with the increase of time de-
lay 7 [36]. The gain k1 cannot be too large, because a large
k1 will lead to system oscillation. Then the detail proce-
dures of parameter tuning are as follows:

(i) If the model is known, the value of 74 and b can be
selected according to 7 and b; or else they can be tuned
based on the above analysis.

(ii) Select 1/7 as the initial value of w, [6], and the ini-
tial w, can be 2 — 10 times higher than the controller band-
width.

(iii) Increase the value of w, gradually with keeping w.
constant until the noise impact is difficult to meet system
requirements. In the same way, keeping the w,, constant, in-
crease w,. until the system output fluctuates; then decrease
w, and increase w, continually. According to that way, tune
w. and w, until meet control requirements.

(iv) If it has much fluctuation in the tracking process, we
should tune the value of b.

Normally the higher the bandwidth is, the better the per-
formance is. While the cost is that the system is susceptible
to the noise. Thus, when the information about time delay
systems is not exactly known, the bandwidth cannot be too
large.

4. Simulation analysis

In order to demonstrate the numerical behavior of the FFC-
ADRC design, we present a controller design solution for
the FOPTD system. Simulation comparisons between the
widely used SP with proportional-integral (PI) controller
and FFC-ADRC are shown in Section 4.1. Furthermore,
Section 4.2 presents a test for the SOPTD system to illus-
trate the universality of the method proposed in this paper.

4.1 Simulation analysis of FOPTD system

As for the FOPTD system, a = 10,b = 1, 7 = 5 s, based
on the parameter tuning discussed above, parameters of
FFC-ADRC are selected as follows: w, = 50, w, = 9,
b=1.5.Asa comparison, an SP with PI controller (SPPI)
is tuned as k, = 12, k; = 30.

Firstly, the step response is shown in Fig. 5. An exter-
nal disturbance is injected at 50 s with the final value 0.5
simultaneously.
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Fig. 5 Step response of closed-loop system

From Fig. 5, the performance of SPPI and FFC-ADRC
is very close because of the accurate model information.

Secondly, to test the robustness of the proposed method,
a system parameter perturbation is added while maintain-
ing parameters of the controller constant, as shown in

Fig. 6.
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Fig. 6 Step response with =20% perturbation

In Fig. 6, with parameter perturbation of +20%, the set-
tling time of SPPI controller is about 25 s, and the settling
time of FFC-ADRC is about 18 s; with parameter perturba-
tion of —20%, there is a big overshoot controlled by SPPI,
and the anti-disturbance ability is worse than FFC-ADRC
obviously after adding a disturbance. Thus, this demon-
strates the advantage of the proposed method over SPPI in

terms of the robustness.
Furthermore, a perturbation of +20% is added to the

time delay while keeping controller parameters constant,

as shown in Fig. 7.
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Fig.7 Step response with +=20% delay

In Fig. 7, the SPPI controller has a big oscillation and
a bad anti-disturbance capability. And it may be unsta-
ble when giving a bigger time perturbation. Obviously,
the FFC-ADRC controller can reject this disturbance well.
Therefore, we can conclude that the SPPI controller is sen-
sitive to the accuracy of the system model, while FFC-
ADRC has a stronger robustness due to own advantages
of ADRC.

Then to test that FFC-ADRC can control the time-delay
system with positive, zero and negative poles, numerical
simulations are carried out. The unit step response with

different poles is shown in Fig. 8.
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Fig.8 FFC-ADRC for stable, critical stable and unstable system

From Fig. 8, FFC-ADRC can control the stable, critical
stable and unstable systems with time delay well.

Finally, in order to further test the generality of the
proposed design, we take simulations about systems with
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a=1,b=17=0.3sand 7 = 2 s, respectively. Ac-
cording to Section 2.1, the control difficulty is § = 0.3 and
0 = 2, respectively. Fig. 9 and Fig. 10 show responses with
a different perturbation of the time delay.
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Fig.9 Step response with & = 0.3
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Fig. 10 Step response with 6 = 2

In Fig. 9 and Fig. 10, we add time-delay perturbations of
+20%, +40%, £60% and £80%, respectively. As we can
see from the result, with the increase of the time-delay per-
turbation, the settling time becomes longer; and the oscil-
lation appears obviously when adding time-delay perturba-
tions of £60% and £80%. Therefore, we can conclude that
FFC-ADRC has a much larger stability margin and keeps
the system under control for up to +40% of the time-delay
mismatch.
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According to results above all, we can conclude that
FFC-ADRC is a good solution for systems with time de-
lay.

4.2 Simulation analysis of SOPTD system
In this part, we will carry out the test on the SOPTD system

by using FFC-ADRC design in order to verify the univer-
sality of FFC-ADRC. The SOPTD is given by

2 670.35
(Bs—1)(s+1)

A second-order FFC-ADRC is designed with parame-
ters of w, = 16, w. = 10, b = 1.2. The step response
with a perturbation of 7 is shown in Fig. 11. An external

G(s) = @1)

disturbance with a magnitude of 0.5 is injected at 10 s si-
multaneously.
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Fig. 11 Step response of second-order closed-loop system with = =
0.33,0.3,0.27

When added a parameter perturbation of 4-20%, the step
response is shown in Fig. 12.
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Fig. 12 Step response of second-order closed-loop system with pa-

rameter perturbation

In Fig. 11 and Fig. 12, FFC-ADRC can control the
SOPTD system well and has a strong anti-disturbance abil-
ity and robustness.
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Based on all the above analysis, we can conclude that
the proposed method in this paper is effective and accu-
rate for the time-delay system with stable, critical stable or
unstable poles.

5. Conclusions

This paper mainly proposes a novel method (FFC-ADRC)
for a class of input time-delay systems with stable, criti-
cal stable or unstable poles. FFC-ADRC is designed based
on the idea of the SP method and the traditional ADRC
to synchronize the control signal and the output signal. It
improves the disturbance rejection performance over the
traditional ADRC design by increasing the achievable ob-
server bandwidth. Owing to the ability of ADRC to deal
with internal uncertainties, the proposed design also turns
out to be a unified solution for time-delay systems with sta-
ble, critical stable and unstable poles. And then the asymp-
totic stability of closed-loop system is verified. Meanwhile,
the procedure of the parameter tuning is discussed. Finally,
numerical examples show that FFC-ADRC can reduce the
influence led by time delay. Significant improvements over
existing methods are observed.
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