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Abstract: Multiple complex networks, each with different pro-
perties and mutually fused, have the problems that the evolving
process is time varying and non-equilibrium, network structures
are layered and interlacing, and evolving characteristics are diffi-
cult to be measured. On that account, a dynamic evolving model
of complex network with fusion nodes and overlap edges (CNF-
NOEs) is proposed. Firstly, we define some related concepts of
CNFNOEs, and analyze the conversion process of fusion rela-
tionship and hierarchy relationship. According to the property dif-
ference of various nodes and edges, fusion nodes and overlap
edges are subsequently split, and then the CNFNOEs is trans-
formed to interlacing layered complex networks (ILCN). Secondly,
the node degree saturation and attraction factors are defined. On
that basis, the evolution algorithm and the local world evolution
model for ILCN are put forward. Moreover, four typical situations
of nodes evolution are discussed, and the degree distribution law
during evolution is analyzed by means of the mean field method.
Numerical simulation results show that nodes unreached degree
saturation follow the exponential distribution with an error of no
more than 6%; nodes reached degree saturation follow the distri-
bution of their connection capacities with an error of no more than
3%; network weaving coefficients have a positive correlation with
the highest probability of new node and initial number of connected
edges. The results have verified the feasibility and effectiveness of
the model, which provides a new idea and method for exploring
CNFNOE's evolving process and law. Also, the model has good
application prospects in structure and dynamics research of trans-
portation network, communication network, social contact network,
etc.
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1. Introduction

With the increasing of network degree in our society, com-
plex networks have been widely used in the fields such
as politics, economy and military [1,2]. Currently, com-
plex networks with single property and single edge have
drawn much attention [3 — 5], but complex networks with
fusion nodes and overlap edges (CNFNOEs) are rarely
concerned. Actually, there are plentiful CNFNOEs in our
daily life [6 — 8] which consist of sub-networks with differ-
ent characteristics such as traffic network, communication
network and human relationship network. These networks
are commonly composed of some sub-networks with dif-
ferent characters [7,9], in which each node has one more
characters and there are more than one edge between two
nodes. An example is the traffic network between cities.
The cities can be regarded as nodes and the traffic lines
are the edges. A city may have motorway stations, railway
stations, and airports simultaneously. Also, there are high-
roads, railways and lanes between two cities. That is, the
traffic network consists of a complex structure with fusion
nodes and overlap edges. Compared with complex net-
works with single property and single edge, the CNFNOEs
have more tangled topology and more paths between two
nodes [10,11]. Dealing with such kind of networks, edges
with multiple characters cannot be simply treated as one
edge because their characters are quite different (like rail-
way and lane) [12-14].

As for the evolution of complex networks, a new en-
tering node will choose from existing nodes in the classi-
cal BA model [3], that is, the “preferential orientation” is
prior to the overall information of the network. In general,
a new entering node can only acquire information within a
range rather than the whole network [3,15], which means
the new entering node occupies and uses partial informa-
tion of the whole network with preferential orientation. For
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example, a computer in the Internet can only connect with
another within the same domain. In a real network evolu-
tion, the edge selection is bidirectional for a node [16], that
is, a new entering node chooses an edge with some condi-
tions, meanwhile the qualified nodes can decide whether it
turns out to be a candidate according to autologous factors
(such as the cost of new added edge) [17]. Besides, in view
of factors like cost, size, environment and so on, nodes in
real network hold some capacity [7], when it is reached
or approached, the measurement value does not increase
anymore and achieves a relative saturation, and the node
will not be a candidate. Meanwhile, a large number of liv-
ing examples suggest that, the edge and increasing ratio of
nodes in real networks depend not only on time duration
from the entering moment but also on the attraction factor
of nodes [8,9]. The higher the attraction factor is, the more
edges the node would have. For example, website with bet-
ter contents will attract a large amount of visitors rapidly,
and overnight stars will in no time appeal to plenty of fans
even they will easily exceed those who join the entertain-
ment circle earlier.

At present, the achievements about complex network
evolution are mainly concentrated in the model construc-
tion [1,5,7], algorithm design [3,8], characteristic analysis
[2,4,9] and so on. In a recent work [18], under the con-
dition of random attack, the authors investigated the rela-
tionship between hierarchical network and the dependence
of the intensity on the system based on the scale-free net-
work and Erd&s-Rényi network. Reference [19] proposed
a novel evolving bipartite network model based on prefer-
ential attachment in the local world, which was generated
by node saturation restrictions, not new node selection. In
[20], dynamic equations for interdependent “networks of
networks” were presented to reproduce the failure cascade
for an arbitrary pattern of interdependency. When a frac-
tion of nodes in one network randomly fails, the damage
propagates to nodes in networks that are interdependent
and a dynamic failure cascade occurs that affects the entire
system. Three different kinds of edge patterns, i.e. assor-
tative edge, disassortative edge and random edge, between
two interdependent networks could be found in [21]. Tak-
ing into account the load, the load redistribution, and the
node capacity, the authors study the robustness of two in-
terdependent networks. The authors in [22] discussed evo-
lutionary dynamics of distinct networks (layers) of inter-
dependent networks, and explored an update rule in which
revision of strategies was a biased imitation process. In
these networks, imitation and interaction between indivi-
duals of opposite layers are established through interlinks.
The existing results deepen the complex network research

on the evolutionary dynamics. However, previous studies
mainly have failed to distinguish a variety of properties of
the nodes and edges of the evolutionary modeling, and only
a little attention has been focused on evolving characteris-
tics and the law of CNFNOE:s.

In this paper, for the dynamic evolving issue of CNF-
NOE:s, some concepts concerning are firstly defined, and
then CNFNOE is transformed into interlacing layered
complex networks (ILCN) according to character differ-
ences, splitting fusion nodes and coincidence edges. Sec-
ondly, the definition of saturation values and attraction fac-
tors of nodes are proposed respectively. Subsequently, the
construction algorithm of the dynamic evolving model and
the ILCN partially dynamic evolving model are given. Fur-
thermore, the value distribution regularities are calculated
theoretically. Finally, the validity and effectiveness of the
proposed model are verified through simulations.

2. CNFNOE model transformations
2.1 Concepts

Definition 1  Fusion nodes are comprehensive ones
with more than two characteristics (like transportations,
transmission rate, time delay and medium). They are more
likely the rendezvous points of multi-characters edges

m
which are denoted as V* = U V.*, where m is the num-
i=1
ber of fusion nodes and each fusion node possesses P(V;*)
kinds of characters.
Definition 2 Overlap edges refer to edges with two
more characters (the partition method of characters keeps
consistent with that of fusion nodes), which are denoted as

E* = U E}, where n is the number of overlap edges.
i=1

Each overlap edge E} possesses P(E;) kinds of charac-
ters and it gives P(E;) = P(V;*) in general in a same
CNFNOE.

Definition 3 CNFNOEs refer to compound networks
consisting of sub-networks with absolutely or partially
same nodes and close but not equal edges. It can be de-
noted as Ca (Vyy, Vi, Exp, En, T ), where Vi is a set
of fusion nodes, Vy is a set of non-fusion nodes, E};
and Ejs keep the same, respectively. Ths = (tij) Ny x Nas
is an adjoining matrix, where Ny = |V}; U V)|, and
ti; € {0,1,...,n} denotes edges with different charac-
ters.

Definition 4 ILCN consists of two or more interlac-
ing layered sub-networks with partial nodes connecting
and edges possessing close but not equal characters [23].
It can be denoted as Cc(Ve, Ec, Tc, ¢c), where Vi is
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a set of nodes, E¢ is a set of edges, Tc = (tij)NoxNe
is an adjoining matrix where N = |V¢|, ¢ is a matrix
of network interlacing factor which is used to describe the
intimacy level of interlacing relationship between two net-
works and the calculation method was described in [24].

2.2 Transformation of fusion relationship and
hierarchy relationship

United relationship and hierarchy relationship are all to de-
scribe the structure of networks and are laid particular em-
phasis on different aspects [25]. Fusion relationship pays
more attention to the overall properties and makes contri-
bution to analysis on comprehensive properties of nodes
(edges), feasible paths of networks and connection rela-
tionship of networks. Fusion relationship can effectively
support rank setting of nodes, information itinerary plan-
ning and so on. Hierarchy relationship can describe the
separated topology structure of different sub-networks and
makes contribution to layered property analysis of net-
works. Hierarchy relationship can effectively support task
allocation, functional partitioning, and decentralized ma-
nagement and so on. Fusion relationship and hierarchy re-
lationship can also make mutual transformation with the
change of united extent of sub-networks.

Take two sub-networks for example, as is shown in
Fig. 1. When the number of fusion nodes is |V};| = 1,
there is no hierarchy relationship in the network topology
but connecting heterogeneous networks. When |V | = 3,
as is shown in Fig. 1(b) and Fig. 1(d), there are general
characters of double layered networks while it still meets
the definition of CNFNOE described in the paper. Thus,
layered networks can be seen as an advantaged stage in the
process of fusion networks evolution.

®
®

(a) Fusion relationship when
War =1

(b) Fusion relationship when
Wy | =3

(c) Hierarchy relationship when
Wi 1 =1

(d) Hierarchy relationship when
Va1 =3

Fig. 1 Sketch map of fusion relationship and hierarchy relationship
evolution

2.3 Split operation

On account of the multiple properties of fusion nodes,

some inconvenience is brought into the property attribu-
tion during the evolution processing of CNFNOE. Hence,
the properties of new nodes are hardly to be distinguished
in the optimization process of new nodes. Meanwhile, the
external forms of different edges are presented as one edge
because of the existence of overlap edges. Some difficulties
and inaccuracies are brought into the statistic of the degree
of existed nodes. Whereas, in ILCN, each node and each
edge are relatively independent, so fusion and coincident
conditions do not exist, which is beneficial to research-
ing the evolution regulation of sub-networks with differ-
ent properties [26]. Hence, in this paper, CNFNOE is con-
verted as ILCN by the split operation of fusion nodes and
overlap edges based on property difference. The split op-
erations are classified as fusion node split, overlap edges
split and whole network split based on different research
objects.

2.3.1 Fusion node split

Each fusion node is split into several different nodes with
single property based on the property difference of nodes.
The total connected community structure is formed by con-
nections of the new edges, whose properties are gener-
ally different from those of the overlap edges between the
nodes after split. In this way, sub-networks of different
properties are cross level connected, and an interweaving
network of the hierarchical structure is formed. Supposing
the fusion node V;* with property P(V,*), the split opera-
tion is defined as

PV [PV 1]
2

; P(V;)
VeSS Ci= | viaU U e o
k=1

t=1

where fy« is the split function of fusion nodes, C; is

the total connected network after the split of V*, v; ;, are

the nodes of single property after split which amount to

P(V;*), and e; is the new internal edge during the split
P - P(Vi) — 1]

process, which amounts to L .

2

CNFNOE consisting of the nodes and the edges of three
properties is taken for instance, and the process of fusion
nodes split is shown in Fig. 2. V5, and V, are fusion
nodes. V%, can be split as Vi, V¥ and V£, and V%, can be
split as V2, V2 and V¢. These two groups of node sets are
totally internal connected, which bridge the gap between
the correlation of the hierarchical networks V°, V and
V£. For a convenient description, the nodes with the same
property but different quantity are all regarded as the same
node.
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(a) CNFNOE (b) ILCN

Fig. 2 Schematic diagram of the convert process of CNFNOE and
ILCN

2.3.2  Overlap edge split

Based on the differences of edges, the overlap edges are
split into edges with single property, and as the internal
edges of the sub-network, they connect the fusion nodes
after split [27]. Supposing the overlap edge E has the
property P(E?), the split process is defined as

P(ET)
B e o)
k=1

where [~ is the split function of overlap edges, e, denotes
the edge with single property after split, which amounts to
P(EY). Particularly, when P(E}) = 1, the network is a
complex network of single property, which can be split.
However, when split, the sub-network may not connect
even there are isolate nodes.

In Fig. 2, the overlap edge E} exists between the nodes
V1 and V;,, which possess three kinds of properties pre-
sented as different line forms. F can be split as three
edges e1, ez and ez, which consists of the internal edges
of Lo, Ly, Le.

2.3.3 Whole network split

Based on the split of fusion nodes and overlap edges, the
whole network can be split as several mono-property net-
works, some of which may not be connected network. The
operation of whole network split is defined as

[Varl P(V™)
CMMCC*ZVMU U’U@k U
i=1 k=1
P(EY) PV [P(V)—1)
i 3
Ey U U e | U U €t (3
k=1 t=1

where fc« is the split function of the whole network,
which can be presented as the combining function of fy
and fg-, denoted by fo« = F(fy«, fg~). The node

[V | P(VE)

set of network C¢ is Vo = Vi U U U Vik |,
i=1 k=1
P(E})

and the edge set is Ec = er | U
=1

e (U
k
PV TPV 1]
2

U o«
t=1
In Fig. 2(b), V|* — V@ constitutes the sub-network L,
V -V} constitutes the sub-network L, and V¢ — Vi con-
stitutes the sub-network L.. L,, L; and L. correlate with

each other by nodes Vi3, Vi3, Vi3, Vaa, Via and Vg, and
thus ILCN is formed.

3. ILCN dynamic evolution model

Different from the BA scale-free network, most nodes in
realistic network have the ability of variant edge growth in-
fluenced by management system, cost and volume. These
nodes have a certain connection capacity (upper the limit
of the connection amount), the nodes which can be con-
nected with are limited and edges cannot increase with-
out limits. For better balance and survivability, new nodes
will be preferred to connect with the nodes from the node
set of low degree saturation [21,28]. Meanwhile, the ex-
isted nodes in the network have their own attraction fac-
tors, which will influence the preferred process and results
of new nodes. Hence, in this paper, the degree saturation is
considered as the judgment criteria of whether the existed
nodes join into the local world and become the candidate
nodes. The attraction factor is determined as the main basis
of connection priority of the new nodes. Based on these cri-
teria, the dynamic evolution model of ILCN is constructed.

3.1 Node degree saturation and attraction factor

3.1.1 Node degree saturation

Definition 6 Node degree saturation is a piecewise
function between the node connection capacity and the de-
gree. The difference of the node degree in the evolution
network can be decreased by the limited degree satura-
tion, which makes a relative uniform distribution of the
generated edges, and improves the balance of the whole
network. The degree saturation function of node V; at the
evolution time ¢ is presented as

Qi ki(t) =0
Bl(t) = @(Ql,kl(t)), kl(t) S (O,k*) 4)
0% ka(t) = k*

where (2; is the connection capacity of node V;, which
can make step change by upgrade, dilatation and remould-
ing. k;(t) is the degree of node V;, k* is the degree thre-
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shold of the node, and (2* is the relative steady-state value.
O(02F k) is the degree saturation function of the node,
which takes direct proportion to the change tendency of (2;,
and to k;(t) inversely. If (2; is relatively invariant, B;(t)
decreases as k;(t) increases at the beginning. When k; (¢)
reaches the threshold k*, B;(t) will almost not change and
equals 2%, though k;(t) increases consistently.

The node degree saturation is determined as the judg-
ment criteria of whether enlarge the edges of the existed
nodes in the network. The dynamic local-world of the new
nodes is generated passively. The new nodes in different
node sets can only be preferred selected in the unsaturated
node sets of the corresponding kinds. The node set is the
local-world of new nodes. It is not determined by the new
nodes but generates automatically based on the bearing ca-
pacity of the existed nodes after judgment. To state conve-
niently, in this paper, B;(t) = {2;—k;(t) denotes the degree
saturation function, where k;(t) € [0, £%]. If B;(t) = 0 or
k;(t) = {2, it denotes that the node is saturated and does
not accept new edges, which will not connect with the new
nodes. If B;(t) > 0 or k;(t) < 2, it denotes that the node
can build edges with other nodes and become the connec-
tion object of the local-world.

3.1.2 Node attraction factor

Definition 7 The node attraction factor refers to the
number of nodes connected in a unit time. In the real case,
the node attraction factor is used to represent as the com-
plex attracting variable of the existing node to a new node,
and it generally is proportional to the adding number of
edges in the unit time sides. As for node V;, attraction fac-
tor 7; can be expressed as

AE
Ti="xr

where At is the time interval, and AFE is the number of
edges obtained in the At.

Different from the BA model, the presence of the at-
traction factor owns a great impact on the preferred selec-
tive probability of new nodes; even nodes have only a few
connections with the high attraction factor [29]. Although
these nodes appear in the network for a little time, they
have a high connection rate and build a lot of connections
in a short time, which makes them reach the saturation.

&)

3.2 Evolution model construction algorithm

Set the connection capacity matrix of the node is 2 =
[£2i]mox1 at the initial time, where mg is the number of
nodes. Each node has new probabilities, and it connects
with the same property nodes preferentially. When the
number of the unsaturated node which has the same pro-
perty with new nodes is smaller than the initial edge num-

ber of the new node, the new node will select other prop-
erty nodes which are unsaturated according to the node de-
gree and the attraction factor. When the properties of new
nodes and selected nodes are determined, the property of
edges is determined [30]. Therefore, the property and prob-
ability of edges are not considered in the processing of evo-
lution. The evolutionary model construction algorithm is as
follows:

Step 1 Growth: Starting on fewer nodes mg and edges
eo, add a single property node in each step in the process-
ing of evolution, the new probability of node with property
Sis ps (0 < pg < 1), and it connects to m (m < my)
existing nodes with the same type.

Step 2 Determine the local-world: According to the
degree of the same type nodes in the network at the evo-
lution time ¢, calculate the degree saturation of each node,
and the local-world of the same type nodes will generate
naturally.

Step 3  Connection: The connection probability be-
tween new nodes with property S and the node V;° in the
same type local-world depends on the node degree &k and
the attraction factor 7, i.e.

M kS + 17
H (st) =DPs- S S S
local tpS + my Z (kz + Tz )

local

(6)

where mj is the number of nodes with property S in the
initial network, M is the number of nodes in the local-
world of the same type nodes, and Z (k2 + T7) is the

local
sum of the same type nodes degree and the attraction factor

in the local-world.

In order to describe the evolution law in detail and pre-
dict the degree distribution, assume k is successive, then
the increased rate of node V;° degree is

ok? _ Mmpg A
ot tpg+mg STk + rs)

local

@)

After ¢ evolution steps, the algorithm can produce a net-
work with ¢ + m nodes (where the number of property S
nodes is tpg + m3 ) and mt + e edges.

3.3 Discussion of the nodes evolution in
different situations

Affected by the nodes’ degree saturation and the attraction
factor, the nodes in ILCN evolution will be divided into
four different situations, as shown in Fig. 3. The number
of the white hole in the node represents the inherent con-
nection capacity.
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Local world-a

4 Local world-b m=2

) S V"

Local world-a VG"

Fig. 3 Flow chart of ILCN evolution

(i) When B; and 7; are large, such nodes have great ad-
vantages in connecting with the same kind of new nodes,
and they will get more multilateral in few evolutionary
steps, which will gradually evolve into the distributed
nodes, such as the node V3*. In addition, they may become
distributed nodes before the old nodes. For example, al-
though the node V;* joins the network for not a long time,
it will get connections with other new nodes quickly ow-
ing to its large attraction factor and become the distributed
node before the node V3'.

(ii)) When B; is large and 7; is small, such nodes do
not have the advantage in connecting with the same kind
of new node, which is equivalent to an old weak node. Al-
though it owns a larger saturation, its attraction factor is
too small and in the evolution processing there will be no
change. As shown in Fig. 3, although nodes V|* and V'
are the initial nodes in the network, the attractive factor of
node V}* is smaller and the increase of its degree is not
obvious.

(iii) When B; is small, 7; is large, such nodes will
connect with new nodes quickly in evolution processing,
however, there is no connection priority compared to the
case (i) owing to saturation capacity. In addition, when the
node degree reaches the relatively saturated, the nodes re-
main stable, and there is no connection with the time how

long the nodes are in the network, like the node V°.

(iv) When B; and 77 are small, the connection proba-
bility of such nodes is the lowest in these four cases. The
number of edges increases very slowly, and they will gra-
dually evolve into the marginal nodes, like the node V.

3.4 Node degree distribution analysis

The node degree distributions are divided into two kinds of
extreme situations, which are restricted by the node con-
nection capacity:

(i) The connection capacity {2; of the node is large, and
each node degree cannot reach saturated at the end of evo-
lution.

With the mean field method, node degree distribution
can be analyzed in this situation [31]. There is only a pri-
ority connection pattern in ILCN evolution. Assume

DK+ TF) = (6 + TF) M ®
local
(k7 + T7) = (k7) +(T7). ©)
After the evolution time ¢, the average degree (k') is
2mtpg + ef
(k) = 50 (10)
tpg + mg

where e is the number of edges with property S in the
initial network.
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Average attraction factor (1) is
_AE  2mitpg
At ot

Substitute (9) to (11) into (8), and we can obtain

2mt N
Z (k% 4+ 1) = 2mips + €y +2mpq | - M. (12)
4 % tpS+mOS S

(17)

3

= 2mpg. (11)

local
Combine (7) and (12), and we can get
ok? B mpg (kY + TF)

ot 2mpg(t+tpg+mf) +ef

(13)

mpg

Considering the initial conditions, that means when the
node V;° joins the network at time t*, k7(t*) = mpg,
TS (t*) = 0. After solving (13), we could have

s MPs

¢ 2(1+pg) —In2mpg(t +tpg + mg) + eg]

62(1+Ps)

In .
2mpg(t* +t*pg + mg) + eg

(14)

When kf > 0 and the function of ¢ is monotonically
increasing, the probability of k7 (¢) can be written as

62(1+P5)

P(kf<k)=p{

e
pltr > ————
{ 2mpg(1 + pg)

e
1lopltr<—°
{ 2mpg(1 + pg)

Assume that the new nodes join the network in the same
time interval, and the time ¢ will be subject to the uniform
distribution, i.e.

1
P(t*) = ——. 16
() e+ S (16)

Thus

P(kY < k) =
k
1 2 1 g]™s
- 1= t+tpg +mf) + —ef :

mS + tpg {mes( ps+mq) eeo}
R -
2m(l1+pg) 1+ps  2m(l+pg)

The probability density of &5 () is

oP[k? <k
P(ks) — [6k ] _

e — In[2mpg(t +tpg +mg) + e5]°
2m2pg(1 + pg)(tps +mg)

_k
mpg

2 1
gmps(t—i—tps—i-mg)—i— geg . (18)

When ¢t — oo, the node degree distribution is

32105(1-‘4-:05) _2(1+ps)'k
_ Tm

P(kS) ~ (19)

4m?p?
Obviously, the node degree distribution of the ILCN

model follows the exponential distribution, and the index

will be in —4 to 0 by adjusting the parameters m and pgs.

2 s
. gmps(t +tpg +mpy) + ¢

-In <kjy=
2(1+ pg) — In[2mpg(t + tpg +ms) + €] 2mpg(t* + t*pg + my) + €5 }

k
2 g 1 g]mrs ms es
- |=mpg(t +tpg +mgy) + —e — — =
[e ps( Ps o) e 0] 1+ pg 2mps(1+ps)
_k
1 S] mrs ms 3 e ' (15)
1+pg  2mpg(l+pg)

(ii) The connection capacity {2; of the node is small, and
each node degree reaches saturated at the end of evolution.

In this situation, the node degree is equal to the connec-
tion capacity at the end of evolution, so the node degree
distribution is consistent with the connection capacity dis-
tribution, and it may be subject to a fixed distribution or
a random distribution. Actually, each node connection ca-
pacity is determined in consideration of cost, benefit, de-
mands and the external environment conditions [32].

Generally, ILCN model evolution interposes between
the two kinds of extreme conditions, and the distribution of
node degree usually takes the form of mixed distribution,
which means that unsaturated node degree distribution fol-
lows an exponential distribution and saturated node degree
distribution is consistent with the connection capacity dis-
tribution.

4. Simulations

We use Matlab to simulate the evolution processing of
the ILCN model, and the evolution step is 100 steps. We
assume that the connection capacity distribution of the
node obeys the normal distribution from 1 to 10. 2 ~
N (4.8,2.7) and the factors such as upgrade and expansion
of the nodes in the evolution are not taken into consider-
ation. At the initial time, the number of nodes mg = 6
in CNFNOE, and the properties of nodes are divided into
a (green), b (red), c (blue) and p,, pp, p. are the probabil-
ities of new nodes of these three categories a, b, ¢ respec-
tively. The fusion node V;'-V;* is white, the number of
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edges ep = 5 (coincident edges are regarded as an edge).
In addition, the edges are divided into a (dotted lines), b
(solid line) and c (dash dot line), and the edges between
V5 and V3, and V;* and V;* are coincident edges. The ini-
tial CNFNOE model is shown in Fig. 4(a).

(a) CNFNOE
Fig. 4 Initial CNFNOE model and the transformed ILCN model

(b) ILCN

4.1 CNFNOE model transformation

According to property difference, split the fusion nodes
as V' — {vg,, U5,2|65}’ Vs — {us,, U§,2|66}’ Vi —
{0 1,05 oler}, Vit — {0l 1, v€ y|es}, where es—es denote
the additional edges after splitting the fusion nodes. And
split the overlap edges as E5 — {e1,ea}, Ef — {es,e4}.
The nodes V%, Vg and the edges Iy, E3, E5 are not af-
fected by the split operations and have remained the same.
After splitting, the nodes Vy*, v3 ;, v§ ; and the edges E1,
e1 form the subnet L,, the nodes ’US)Q, v§72, vil, vgl and
the edges E3, es, es form the subnet L;, the nodes Ui,z’
vg)g, Vg and the edges Ejs, e4 form the subnet L.. L,, Ly
and L. obey the hierarchical structure distribution, L, and
Ly, Ly and L. are intertwined with each other. The ILCN
model is as shown in Fig. 4(b).

4.2 Node degree distribution in probability
combination of p,, pp and p.
when m is fixed

When m = 1, the degree distribution of various nodes in
the network versus the probability combination of p,, pp
and p, are shown in Fig. 5. From this figure, for any curve
of single distribution, probability values are generally de-
creasing with the node degree k increasing, and the pro-
bability values present the typical exponential distribution
when k reaches a certain value. The reason for this is that
m is a small value. After adding the new nodes into the
network, the influence on the existing node degree is slow.
At the end of the evolution, the majority of the nodes in
the network are still in the unsaturated state, and only a

small number of nodes with smaller capacity reach the de-
gree of saturation. When p, = 0.2, p, = 0.3, p. = 0.5
and m = 1, for the b set of nodes, only three nodes in 24
nodes reach the degree of saturation, which accounts for
12.5% of the total. According to the simulation method,
the node degree value is determined to obey the exponen-
tial distribution, and the index A is 2.773. Taking p, and m
into (18), theoretical calculation of the exponential value
is 2(1 4 pp)/m = 2.6. The simulation results are in agree-
ment with the mean field method and the error is only about
6%, which can verify the correctness of the theoretical cal-
culation of the model. The reason for the error is that the
evolutionary step in the numerical simulation is limited to
only 100 steps and the theoretical prediction is the result
of the calculation when ¢ is infinite. As a result, the simu-
lation results and the theoretical calculation will be closer
when the step size and the network size are larger.

w-
0.9} |
0.8} |
0.7} |
0.6 |
~0.5] |
0.4} |
0.3} |
0.2} |
0.1} |
ol ]

0.1} ; : : ; : ; : ; S
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k
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—4 - :p,~04,p,=0.4,p=0.2, c.

Fig. 5 Degree distribution of the nodes in the network versus pq,
pp and pc whenm =1

According to the comprehensive comparison of the nine
curves, taking m = 1 and the b set of nodes as example, the
exponential X is 2.773 by fitting when p, = 0.2, pp, = 0.3,
pe = 0.5, and is 2.876 when p, = 0.3, p, = 0.4, p. = 0.5.
The exponential A results of two probability combinations
are basically consistent and the error is only about 3.6%.
When m is the same, although the probability combina-
tion of p,, ppand p. is different, the probability of only a
few degrees of nodes in the network produces fluctuation,
and the degree distribution curves of the nodes have little
change, which are still subject to exponential distribution
overall. The simulation results show that the probability of
the new node is not the key factor to affect the distribution
of nodes degree in the proposed model.
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4.3 Node degree distribution versus m when the
probability combination of
Pas Db and p. is fixed

When p, = 0.2, p, = 0.3 and p. = 0.5, the degree dis-
tributions of various nodes in the network versus the m
from 1 to 3 are as shown in Fig. 6. From this figure, the
distribution curves of the a set of nodes, b set of nodes
and c set of nodes obey the exponential distribution when
m = 1. However, with the gradual increasing of m, the
probabilities of the degree from 1 to 3 in the curves are
greatly reduced, the probabilities of the degree from 4 to 7
in the curves have obvious promotion, the probabilities of
the degree from 8 to 10 in the curves are almost constant,
and only partial intervals of the curve obey the exponential
distribution. The reason for this is as follows: the initial
number of edges of the new nodes joining the network is
more than 2 when m > 2, the number of the low-degree
nodes in the network decreases ceaselessly caused by the
rapid increase of node degree in the network in the sub-
sequent evolution, and the greater the m is, the faster the
node degree increases and the smaller the probability of oc-
currence is. Because the total length of the evolution is sig-
nificantly larger than the connection capacity of each node,
at the end of the evolution, most of the nodes are gradu-
ally close to the connection capacity, reach the saturation
state and stay in the vicinity of the connection capacity. By
fitting the distribution of these nodes reached degree sa-
turation, p = 4.9 and o2 = 3.0 can be obtained, where
P(k) ~ N(4.9,3.0) is in agreement with the simulation
setting {2 ~ N(4.8,2.7). The mathematical expectation
error is about 2% and the variance error is about 3%. By
fitting the distribution of these b nodes unreached degree
saturation with m = 2, A\ = 1.43 can be obtained.
1.0
0.9t 8
0.8
0.7t

—0— :m=l,a; —@&-:m=1,b; —O®- :m=l,c
—— m=2,a;, —W-:p=2,b; ~—W- :m=2c
—— :m=3,a; —-.m=3,p;, —-¥- :m=73,c

Fig. 6 Degree distribution of the nodes in the network versus the
increasing m when p, = 0.2, p, = 0.3 and p. = 0.5

Taking pp and m into (18), theoretical calculation of the
exponential value is 2(1 + p;)/m = 1.3. The simulation
results are in agreement with the theoretical calculation
value and the error is only about 5%.

In addition, the probabilities of a, b and ¢ nodes whose
degrees are above 5 are respectively 37.1%, 37.2% and
46.2% when m = 1, 18.5%, 11.1% and 13.5% when
m = 2, and 77.8%, 59.3% and 61.5% when m = 3. It can
be seen as follows: when the new node with more edges
(i.e. the larger m) establishes a connection with the exist-
ing nodes, degrees of the nodes in the network generally
are relatively large and the ratio of high-degree nodes is
high, which is in agreement with the real network.

4.4 Trends of network weaving coefficients ¢ versus

m and the probability combination of
Pas Pb and Dc

When two sets of values are taken for m and the proba-
bility combination of p,, py and p., the variation of the
network weaving coefficients of ILCN with the step size is
shown in Fig. 7. From this figure, the network weaving co-
efficient between any two layer networks presents the step
type oscillation with the evolution of the propulsion, and
eventually tends to be relatively stable. When the proba-
bility combination is fixed, the greater the value of m is,
the greater the network weaving coefficient is. For exam-
ple, when p, = 0.3, p, = 0.4 and p. = 0.3, the network
weaving coefficient of L, — L; with m = 2 is significantly
higher than the coefficient with m = 1. This is because the
larger m requires more connections between new nodes
and the existed nodes in the network. When the number
of the similar unsaturated nodes is smaller than m, the new
nodes will select to connect with the other categories of un-
saturated nodes (in other network layer), which increases
the number of the weaving nodes between different net-
works to promote node weaving degree of the network.

When m is fixed, the network weaving coefficient of
the new nodes with higher probability is larger. For exam-
ple, when m = 2, p, = 0.2, p, = 0.3 and p. = 0.5,
the network weaving coefficient of L, — L. is significantly
higher than the coefficient with p, = 0.3, p, = 0.4 and
pe. = 0.3. In this case, the probability of ¢ nodes is higher
and the new c set of nodes is more than a set of nodes and
b set of nodes. Due to the preferential attachment mecha-
nism, the node degrees in L. are generally larger and in-
crease faster, even some nodes reach degree saturation in
advance. To meet the requests of the number of connec-
tions, new nodes will bring the other types of nodes which
are unsaturated into the local-world, and preferentially es-
tablish the connections to increase the number of weaving
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edges between the other types of nodes, which makes the
weaving relationships of the edges in the network denser
and more complex.
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Fig.7 Trends of network weaving coefficients o versus m and the

probability combination of p,, p, and pc

5. Conclusions

In this paper, to explore the evolving characteristics of
CNFNOE, we transform the CNFNOE model to the ILCN
model by split operation, and build a dynamic evolving
model based on the corporate effect of nodes’ degree sa-
turation and attraction factor. The node degree distribution
and the variation of the network weaving coefficients are
analyzed by simulations. The proposed model provides a
new way to study the evolutionary dynamics of CNFNOE,
and main conclusions are as follows:

(1) Under the corporate effect of nodes’ degree satura-
tion and attraction factor, all nodes in the network obey
the mixed distribution law. The nodes which are unsatu-
rated obey the exponential distribution law, and the nodes
reaching degree saturation obey their connection capaci-
ties’ distribution law. The parameter value of the mixed
distribution is closely related to the value of m, but is not
strongly related to the type probability of the new nodes.

(i) The network weaving coefficients have a positive
correlation with the highest probability of new nodes and
the initial number of connected edges. Along with gradual
advance of the evolutionary step, the coefficients surge by
step and finally tend to be relatively stable.

In order to learn more about the evolution characteristics
and the law of the CNFNOE model, we will focus on the
topics such as the problems of the node extinction, addition
of the multiple nodes to the network at the same time, and
changes of the edge value in the heterogeneous network in
the future work.
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