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Abstract: This paper proposes a fast integral terminal sliding
mode (ITSM) control method for a cascaded nonlinear dynamical
system with mismatched uncertainties. Firstly, an integral terminal
sliding mode surface is presented, which not only avoids the sin-
gularity in the traditional terminal sliding mode, but also addresses
the mismatched problems in the nonlinear control system. Sec-
ondly, a new ITSM controller with finite convergence time based
on the backstepping technique is derived for a cascaded nonlin-
ear dynamical system with mismatched uncertainties. Thirdly, the
convergence time of ITSM is analyzed, whose convergence speed
is faster than those of two nonsingular terminal sliding modes.
Finally, simulation results are presented in order to evaluate the
effectiveness of ITSM control strategies for mismatched uncertain-
ties.
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1. Introduction

Mismatched disturbances widely exist in various control
engineering systems, such as the kinematical and dynami-
cal equations of the near space vehicles [1], the integrated
guidance and control model of the near space interceptor
in the three-dimensional space [2], and the mathematics
model of the hypersonic reentry vehicle [3]. These nonlin-
ear control systems with mismatched disturbances could
be easily developed as a kind of cascaded nonlinear form
with mismatched uncertainties.

In terms of dealing with the mismatched disturbance,
sliding mode control (SMC) and some related credible
techniques have been applied cooperatively, which means
it combines different methods with SMC to address the
mismatched uncertainties.

It is well-known that SMC is a robust theory with re-
gard to matched uncertainties. However, there are some
drawbacks with the classical SMC that guarantees the
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finite converge time to the origin on sliding mode and deals
with mismatched systems. To address this finite converge
time problem, the terminal sliding mode control (TSMC) is
presented by Venkataraman and Gulati [4], which applies
a nonlinear sliding hyperplane instead of a linear sliding
surface and thus improves the convergence performance.
After that, many scholars issue their conclusions and gain
research results based on this thesis, such as Song, et al.
[5], Aghababa, & Mohammad [6], Khari, et al. [7], Zhong,
et al. [8]. However, it is still unsolved that the singular-
ity in TSMC caused by the derivative of fractional power
functions that work as sliding hyperplanes. The new non-
singular terminal sliding modes (TSMs) are proposed to
avoid the above problem according to some direct meth-
ods instead of the initial TSM [9,10]. Singularity is dealt
with indirect methods by switching from the initial TSM
to general sliding manifold which can be linear or non-
linear [11 – 14]. The available nonsingular TSMC methods
are merely for second-order systems [15].

Castaños and Fridman put forward a combination of
H∞ and integral SMC to reduce the influences of the
mismatched uncertainties [16]. Besides, to solve the mis-
matched systems, the backstepping method is used with
SMC. Dynamic adaptive backstepping and first and sec-
ond order SMC are used for the collaboration of triangu-
lar and nontriangular uncertain observable minimum phase
nonlinear systems [17]. Another approach regarding the
problem of mismatched uncertainty compensation is based
on the nonlinear block controllable form [18]. A sliding
mode controller is designed with the combination of block
control, a sigmoid approximation to the integral SMC and
nested SMC [19]. Although these methods are asymptoti-
cally tracking, this can be eliminated by TSMC.

This paper presents a fast integral terminal sliding mode
(ITSM) control method in respect to a cascaded nonlinear
uncertain mismatched dynamical system. It is a new non-
singular TSMC method with a convergence speed faster
than that of a normal fast TSM at any point by introduc-
ing an ITSM. Generally, the method not only guarantees
states convergence in the sliding mode within finite time,
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but also accelerates the convergence rate to reach the equi-
librium point.

This paper is structured as follows: Section 1 is regard-
ing to the theory introduction. Section 2 shows problem
formulations and assumptions. In Section 3 methodologies
are divided into two parts, which mainly focuses on the
development and characteristics of finite time as well as
the controller based on backstepping. Particularly, singu-
larity is solved with a 2-sliding algorithm. In Section 4,
the time taken to reach the manifold from any initial sys-
tem states and the time taken to reach the equilibrium point
in the sliding mode are guaranteed to be finite. Then, the
proposed ITSM controller is applied to two examples with
simulation in Matlab, where simulation results are used to
validate the analysis.

2. Problem formulations and assumptions

A cascaded uncertain mismatched nonlinear system is de-
fined as follows [1]:⎧⎨
⎩

ẋi = fi(xi) + gi(xi)xi+1 + Δi(t), 1 � i � l − 1
ẋl = fl(xl) + gl(x)u + Δl(t)
y = x1

(1)
where x = [x1, x2, . . . , xl] is the system state vector
and xi ∈ Rni , x ∈ Rn, n1 + n2 + · · · + nl = n,
u ∈ Rm is the system input, y is the system output,
fj(xj) ∈ Rnj (1 � j � l) are smooth functions,
gi(xi) ∈ Rni×ni+1 (1 � i � l − 1) and gl(x) ∈ Rnl×m,
Δj(t) (1 � j � l) is the mismatched uncertainties con-
sisting of external load disturbance and parameter uncer-
tainties.

The following assumptions and lemmas are given for the
plant (1).

Assumption 1 gi(xi)(1 � i � l − 1) and gl(x) are
nonsingular.

Assumption 2 ‖Δj(t)‖ � dj , 1 � j � l, ∀t � 0,
dj > 0 is a known constant.

Lemma 1[10] The equilibrium point q = 0 is globally
finite-time stable for any given initial condition q(0) =
q0, if a Lyapunov description can be obtained as V̇ (q) +
αV (q) + βV η(q) � 0, α > 0, β > 0, 0 <

η < 1, and the settling time can be given by T �
1

α(1 − η)
ln
(

αV η−1(q0) + β

β

)
, where V (q0) is the ini-

tial value of V (q).

3. Methodologies

3.1 ITSM

An ITSM surface for x1 in (1) is defined as follows:

s = x1 +
∫ t

0

[K1x
l
1 + K2x1 + εsgn(x1)]dt (2)

where xl
1 = [xl

1, x
l
2, . . . , x

l
n1

]T, l =
p

q
> 1 and p, q are

positive odd integers, K1, K2 and ε are positive diagonal
matrices.

Theorem 1 The equilibrium point x1 = 0 is finite-time
stable for the ITSM (2) if s = 0, i.e., the system output y

will converge to zero in finite time.
Proof With regard to the proposed sliding mode sur-

face in (2), When system state x1 moves on the sliding
mode surface s = 0 in (2), x1 can be written as follows:

ẋ1 = −K1x
l
1 − K2x1 − εsgn(x1). (3)

A Lyapunov function candidate is selected as

V (x1) = xT
1 x1/2. (4)

As a consequence, the time derivative of V (x1) can be
obtained as follows:

V̇ (x1) = xT
1 ẋ1 � −k1

n1∑
i=1

xl+1
i −k2‖x1‖2−ε‖x1‖ (5)

where k1, k2 and ε are the smallest eigenvalues of K1, K2

and ε, respectively.
Considering that p, q are positive odd integers, the sum

p + q is even integer, and xl+1
i � 0 due to l + 1 =

p + q

q
.

Thus (5) can be rewritten as follows:

V̇ (x1) � −2k2V (x1) −
√

2εV
1/2

(x1). (6)

Obviously, (6) satisfies

V̇ (x1) + αV (x1) + βV
η
(x1) � 0 (7)

where α = 2k2 > 0, β =
√

2ε > 0 and 0 < η = 1/2 < 1.
According to Lemma 1, V (x1) converges to zero within

the time t, where t =
1

α(1 − η)
ln

(
αV

η−1
(x10) + β

β

)
.

As a result, the system state x1 will converge to zero
in finite time when system state x1 moves on the sliding
mode surface s = 0, that is to say, the system output y

will converge to zero in finite time. �
Remark 1 When the system state x1 is replaced by

the siliding surface s, a new reaching law can be obtained
according to the sliding surface (2).

ṡ = −K1s
l − K2s − εsgn(s) (8)

3.2 Backstepping ITSM control

Based on the proposed ITSM (2), the ITSM control for
mismatched nonlinear system (1) is shown in the follow-
ing.
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The aim is to design the new ITSM controller which
could eliminate the effect of mismatched uncertainties, and
the system output y could track the desired output ym in
finite time under the ITSM controller.

The ITSM for system (1) in the case l � 1 is designed
as follows:

sj = ej +
∫ t

0

[Kj1e
l
j +Kj2ej +εjsgn(ej)]dt, 1 � j � l

(9)
where ej = xj − xjm is the state error, x1m = ym,
x(i+1)m = x(i+1)c (1 � i � l − 1), x(i+1)c is the de-
signed virtual control, el

j = [el
1, e

l
2, . . . , e

l
nj

]T, Kj1, Kj2

and εj are positive diagonal matrices.
Theorem 2 The equilibrium point e1 = 0 is globally

finite-time stable for the uncertain mismatched nonlinear
system (1) with the proposed ITSM surface (8), if the cas-
caded virtual control x(i+1)c (1 � i � l − 1) is defined
as

x(i+1)c =

−g−1
i (xi)[fi(xj) + Ki1e

l
j + Ki2ej + εisgn(ei)−

ẋic + Hi1s
l
j + Hi2s + δisgn(si)] (10)

and the control law is chosen as

u = −g−1

l
(x)[fl(x) + Kl1e

l
l
+ Kl2el + εlsgn(el)−

ẋlc + Hl1s
l
n + Hl2sn + δlsgn(sl)] (11)

where x1c = ym, xnc is design virtual control, Hj1, Hj2

and δj (1 � j � l) are positive diagonal matrices. δj is
defined as the smallest eigenvalue of δj and δj > dj . Ac-
cordingly, the expected result ym in finite time is tracked
by the system output y.

Proof The proof consists of the ITSM control and the
backstepping technique.

Step 1 Let i = 1, (1) and (9) can be written as

ẋ1 = f1(x1) + g1(x1)x2 + Δ1(t) (12)

s1 = e1 +
∫ t

0

[K11e
l
1 + K12e1 + ε1sgn(e1)]dt (13)

where e1 = y − ym = x1 − ym, el
1 = [el

1, e
l
2, . . . , e

l
n1

]T,
K11, K12 and ε1 are positive diagonal matrices.

Taking the derivation of s1 results in

ṡ1 = ẋ1 − ẏm + K11e
l
1 + K12e1 + ε1sgn(e1). (14)

The virtual control x2c can be defined as follows:

x2c = −g−1
1 (x1)[f1(x1)+K11e

l
1+K12e1+ε1sgn(e1)−

ẏm + H11s
l
1 + H12s + δ1sgn(s1)] (15)

where H11, H12 and δ1 are positive diagonal matrices.

Considering that the corresponding Lyapunov function
candidate is V1 = sT

1 s1/2, time derivate of V1 along (15)
is

V̇1 = sT
1 [−H11s

l
1 − H12s − δ1sgn(s1) + Δ1(t)]. (16)

According to Assumption 2, (14) can be rewritten as fol-
lows:

V̇1 � −h11

ni∑
i=1

sl+1
1 − h12‖s1‖2 − (δ1 − d1)‖s1‖ �

−2h12V1 −
√

2(δ1 − d1)V
1/2
1 (17)

where h11, h12 and δ1 are the smallest eigenvalues of H11,
H12 and δ1, respectively, and δ1 > d1.

The parameters are satisfied as α = 2h12 > 0, β =√
2(δ1 − d1) > 0 and η = 1/2 respectively due to (17)

and Lemma 1, V1 converges to zero in finite time, i.e, s1

converges to zero in finite time.
When s1 = 0, tracking error e1 moves on the sliding

mode surface s1 = 0 according to Theorem 1, it is clear
that the tracking error e1 goes to zero in finite time, i.e., the
system output y can track the desired output ym within fi-
nite time.

Step k A similar procedure is employed recursively for
each step k (2 � k � l − 1).

The state equation is defined as

ẋk = fk(xk) + gk(xk)xk+1 + Δk(t). (18)

The ITSM for (18) is selected as

sk = ek +
∫ t

0

[Kk1e
l
k + Kk2ek + εksgn(ek)]dt (19)

where ek = xk − xkc is the state error, xkc is the virtual
control in step k − 1, el

k = [el
1, e

l
2, . . . , e

l
nk

]T, Kk1, Kk2

and εk are positive diagonal matrices.
There exists a Lyapunov function candidate Vk =

sT
k sk/2 based on the similar process in step 1, and the vir-

tual control x(k+1)c is defined as follows:

x(k+1)c = −g−1
k (xk)[fk(xk) + Kk1e

l
k + Kk2ek+

εksgn(ek)− ẋkc + Hk1s
l
k + Hk2sk + δksgn(sk)] (20)

where Hk1, Hk2 and δk are positive diagonal matrices,
hk2 and δk are the smallest eigenvalue of Hk2 and δk, re-
spectively, such that V̇k � −2hk2Vk − √

2(δk − dk)V 1/2
k

and δk > dk, and system state xk can track the virtual
control xkc in finite time due to Lemma 1.

Step l For ẋl = fl(X)+gl(X)u+Δl(t), the sliding
mode sn is chosen as (9), where el = xl − xlc.

The control law is satisfied as (11). Taking the derivation
of sn yields

ṡl = Δl(t) − Hl1s
l
n − Hl2sn − δlsgn(sl). (21)
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When a Lyapunov function candidate is defined as Vl =
sT

l
sl/2 based on the similar process in step 1, it could ob-

tain the similar result as

V̇l � −2hl2Vl −
√

2(δl − dl)V
1/2

l
. (22)

where hl2 and δl are the smallest eigenvalue of Hl2 and δl,
respectively, and δl > dl. It can be seen that sn converges
to zero in finite time by Lemma 1. Moreover, the above
procedure can guarantee the system stability in finite time.

�
A Lyapunov function candidate is set as

V =
l∑

i=1

sT
i si/2. (23)

Taking the time derivative of V along the system dy-
namics (1) leads to

V̇ � −h12‖s1‖2 − h22‖s2‖2 − · · · − hi2‖si‖2 − · · · −
hl2‖sl‖2−δ1‖s1‖−δ2‖s2‖−· · ·−δi‖si‖−· · ·−δl‖sl‖ �

−2hV −
√

2δV 1/2 (24)

where h = min(h12, h22, . . . , hl2), δ =
min(δ1, δ2, . . . , δl), δj = δj − dj (1 � j � l). Ac-
cording to Lemma 1, the system states can converge to
zero in finite time, and the system output y can track the
desired output ym in finite time.

Note that in the above results, it is clear that there a ex-
ists singular problem when taking the time derivative of
the virtual control xkc (2 � k � l) due to discontinu-
ous signum function. In order to keep ξk − xkc = 0 and
ξ̇k = ẋkc in finite time [20], the auxiliary equation can be
obtained based on a modified 2-sliding algorithm:{

ξ̇k = xkr − λ1‖zk‖1/2sgn(zk)
ẋkr = −λ2sgn(zk)

(25)

where zk = ξk − xkc, λi > 0 (i = 1, 2).
Using ξ̇n and ẋnc in the control law (11), the singular

problem can be solved.
Remark 2 As the function of sgn(·) in (11) is uncon-

tinous, the continous function of sat(·) is used in the con-
trol law (11) to avoid the chattering. As a consequence, the
control law (11) can be rewritten as follows:

u = −g−1

l
(x)[fl(x) + Kl1e

l
l
+ Kl2el + εlsat(el)−

ẋlc + Hl1s
l
n + Hl2sn + δlsat(sl)]. (26)

4. Finite-time convergence analysis

The ITSM control method for multi-input multi-output
(MIMO) system has been presented in the above section,

and convergence in finite time of ITSM control is analyzed
in this section. In order to explain explicitly the issue, the
analyse of convergence for the ITSM (2) focuses on that
the dimension of s(t) equals to one, i.e.,

s = x +
∫ t

0

[k1x
l + k2x + ε1sgn(x)]dt (27)

where x ∈ R, s ∈ R, k1, k2 and ε1 are positive constants,
and the reaching law is defined as

ṡ = −k3s
l − k4s − ε2sgn(s) (28)

where k3, k4 and ε2 are positive constants.
The convergence time consists of the time in the reach-

ing phase and the time in the sliding phase. It is difficult to
obtain the time in the reaching phase due to (28). However,
it is easy to get the convergence time between the interval
s(0) �= 0 and s = 0, where l = 3.

Without loss of generity, assuming s(t) > 0, and s(0) >

1, and if ε2sgn(s) is unaccounted, it is obtained as

ṡ + k3s
l + k4s = 0. (29)

When l = 3, (29) is a Bernoulli differential equation
and the corresponding solution is

s(t) = [e−2k4t(1/s2(0) + k3/k4) − k3/k4]−1/2. (30)

The time from s(0) > 1 to s(t) = 1 is obtained as
t1 = ln[(k4/s2(0) + k3)/(k4 + k3)]/2k4 from (30).

When s(0) � 1, without considering k4s, the reaching
law (28) can be written as

ṡ + k3s
l + ε2 = 0. (31)

When l = 3 with ε2 = k3λ
3, where λ is a positive

number, (31) is an Abel differential equation and it can be
obtained as

ln
(

s(0) + λ

s(t) + λ

)
+

1
2

ln(s2(t) − λs(t) + λ2)+

5√
3

[
arctan

(
λ − 2s(0)√

3λ

)
− arctan

(
λ − 2s(t)√

3λ

)]
=

3k3λ
2t. (32)

The time from s(0) � 1 to s(t) = 0 is obtained as t2 =
1

3k3λ2

{
ln(λ+s(0))+

5√
3

[
arctan

(
λ − 2s(0)√

3λ

)
− π

6

]}
from (32).

The sliding mode s under the reaching law (28) with
l = 2 at any point s(0) will reach zero in finite time tr
which needs to satisfy

tr <

{
t1 + t2, |s(0)| > 1
t2, |s(0)| � 1

(33)
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where t1 and t2 satisfy

t1 = ln[(k4/s2(0) + k3)/(k4 + k3)]/2k4 (34)

t2 =
1

3k3λ2

{
ln(λ + s(0))+

5√
3

[
arctan

(
λ − 2s(0)√

3λ

)
− π

6

]}
. (35)

Similarly, the time in the sliding phase can be obtained
due to (27). When s = 0, it is obtained as

ẋ = −k1x
l − k2x − ε1sgn(x). (36)

The state x on the sliding mode with l = 3 and ε1 =
k1λ

3 at any point x(0) will reach zero in finite time ts
which satisfies

ts <

{
t3 + t4, |x(0)| > 1
t4, |x(0)| � 1

(37)

where t3 and t4 satisfy

t3 = ln[(k2/x2(0) + k1)/(k2 + k1)]/2k2 (38)

t4 =
1

3k1λ2

{
ln(λ + x(0))+

5√
3

[
arctan

(
λ − 2x(0)√

3λ

)
− π

6

]}
. (39)

It is easily obtained that the system state x can converges
to zero within finite time tr+ts when the sliding mode sur-
face is chosen as (27) and the reaching law is used as (28).

Remark 3 The convergence time of the system state
on the sliding mode (27) from x(t0) �= 0 to zero is shorter
than that of other TSMs.

For example, the fast TSM can be described by using
the following nonlinear equation [21]:

s = ẋ + αx + βxq/p (40)

where α > 0, β > 0, and the positive odd integers p and q

are selected such that 1 < p/q < 2.
When the system state on the sliding mode and

|x(t0)| > 1, the convergence rate of ITSM (27) and TSM
(41) satisfies

k1|x(t)|l + k2|x(t)| > β|x(t)|q/p + α|x(t)| (41)

when k1 = β and k2 = α. When |x(t0)| � 1, the conver-
gence rate of ITSM (27) and TSM (41) satisfies

k2|x(t)| + ε1 > β|x(t)|q/p + α|x(t)| (42)

when k2 = α and ε1 = β.

Obviously, the convergence time of the system state on
the ITSM (27) from x(t0) �= 0 to zero is shorter than that
of TSM (34) due to the fact that the convergence rate of
ITSM (27) is more than that of TSM (41).

The same result can be obtained for TSM [22], which is
defined by

s = x +
∫ t

0

(βxl + γxl)dt (43)

where γ > 0 and 0 < l < 1.
When the state on the sliding mode, when |x(t0)| > 1,

the convergence rate of ITSM (27) and TSM (44) satisfies

k1|x(t)|l + k2|x(t)| > β|x(t)|l + γ|x(t)|l (44)

when k1 = β and k2 = γ. When |x(t0)| � 1, the conver-
gence rate of ITSM (27) and TSM (44) satisfies

k2|x(t)|l + ε1 > β|x(t)|l + γ|x(t)|l (45)

when k2 = β and ε1 = γ.

5. Simulation

Two examples are presented in order to test the validity of
above ITSM control.

Firstly, in order to analyze the effectiveness of proposed
ITSM control and compare ITSM with other TSMs, the
simple three-order dynamical system is considered as fol-
lows.

Example 1 Three-order system⎧⎨
⎩

ẋ1 = x2 + 0.1 cosx1 + 0.05 sin(2t)
ẋ2 = x3 + 0.05 sin(10t)
ẋ3 = u + 0.1 sin(20t)

. (46)

Since the sigularity occurs in the TSM control, the
modified fast TSM (MFTSM) [13] can be described as fol-
lows:

sMFTSM1 = x2 + x1 + β2(x1) (47)

where

β2(x1) =

⎧⎪⎨
⎪⎩

x
3
5
1 , s2 = 0 or s2 �= 0, |x1| � 1

7
5
x1 − 2

5
sgn(x1)x2

1, s2 �= 0, |x1| � 1,

s2 = x2 + x1 + x
3
5
1 .

TSM and ITSM are defined respectively as follows:

sTSM1 = x1 +
∫ t

0

[x
3
5
1 + x

5
3
1 ]dt (48)

sITSM1 = x1 +
∫ t

0

[x
5
3
1 + x1 + sgn(x1)]dt. (49)

The three different controllers can be described by the
backstepping method as follows.
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MFTSM controller is defined as

u = ẋM3c − eM2 − 0.2sat(eM2) (50)

where
eM2 = x3 − xM3c

xM3c = −x2− 3
5
x2x

− 2
5

1 −sMFTSM1−0.2sat(sMFTSM1).

When s2 = 0 or s2 �= 0 and |x1| � 1,

xM3c = −x2 − 7
5
x2 +

2
5
x1x2sat(x1)−

sMFTSM1 − 0.2sat(sMFTSM1)

when s2 �= 0 and |x1| � 1.
TSM controller is defined as

u = ẋT3c − e
3
5
T2 − e

5
3
T2 − sTSM3 − 0.2sat(sTSM3) (51)

where

xT3c = ẋT2c − e
3
5
T1 − e

5
3
T1 − sTSM2 − 0.2sat(sTSM2)

xT2c = −x
3
5
1 − x

5
3
1 − sTSM1 − 0.2sat(sTSM1)

sTSM3 = eT2 +
∫ t

0

[e
3
5
T2 + e

5
3
T2]dt, eT2 = x3 − xT3c

sTSM2 = eT1 +
∫ t

0

[e
3
5
T1 + e

5
3
T1]dt, eT1 = x2 − xT2c.

ITSM controller is defined as

u = ẋI3c−e
5
3
I2−eI2−sat(eI2)−sITSM3−0.2sat(sITSM3)

(52)

where
xI3c = ẋI2c − e

5
3
I1 − eI1−

sat(eI1) − sITSM2 − 0.2sat(sITSM2)

xI2c = −x
5
3
1 − x1 − sat(x1) − sITSM1 − 0.2sat(sITSM1)

sITSM3 = eI2 +
∫ t

0

[e
5
3
I2 + eI2 + sgn(eI2)]dt

eI2 = x3 − xI3c

sITSM2 = eI1 +
∫ t

0

[e
5
3
I1 + eI1 + sgn(eI1)]dt

eI1 = x2 − xI2c.

By comparing three types of controllers, it is concluded
that the system state x1 can reach the point zero under
ITSM controller in finite time, as shown in Fig. 1, while the
system state x1 could not converge to zero under MFTSM
controller and TSM controller due to the nonlinear func-
tion and the mismatched uncertainties.

Fig. 1 States x1(t) under three controllers

It is obvious from Fig. 2 that the state x2 under TSM
controller does not converge the constant because the TSM
controller is sensitive to the mismatched uncertainties with
the sinusoidal function. In Fig. 3 the responses of the states
x3 are similar under three TSM controllers.

Fig. 2 States x2(t) under three controllers

Fig. 3 States x3(t) under three controllers

The responses of the three control signals are provided
in Fig. 4. The performances of three TSM controllers are
continuous, and no singularity occurs in the case of TSM
controls. Obviously, the control energy of the MFTSM
controller is the minimum and that of the ITSM controller
is the maximum in the intial phase.

The proposed ITSM control method could not only
guarantee the state converges to zero in finite time, but also
eliminate the effect of the mismatched uncertainties.
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Fig. 4 The three controllers

Secondly, in order to analyze the effectiveness of the
proposed ITSM control applying the control engineering
system, the mathematics model of the hypersonic vehicle
[3] is considered as follows.

Example 2 Consider the model of hypersonic vehicle
as follows:{

ẋ1 = A11x1 + A12x2 + f1

ẋ2 = A21x1 + A22x2 + Bu + f2
(53)

where x1 =

⎡
⎣α

β

γ

⎤
⎦, x2 =

⎡
⎣ ωz

ωy

ωx

⎤
⎦, u =

⎡
⎣ δz

δy

δx

⎤
⎦,

A11 =

⎡
⎣ b4 0 0

0 a5 0
0 0 0

⎤
⎦ , A12 =

⎡
⎣ b3 0 0

0 a2 a1

0 0 1

⎤
⎦ ,

A21 =

⎡
⎣ a4 0 0

0 b5 0
c4 c5 0

⎤
⎦ , A22 =

⎡
⎣ a3 0 0

0 b2 b1

0 c2 c1

⎤
⎦ ,

B =

⎡
⎣ a8 0 0

0 b7 b6

0 c7 c6

⎤
⎦ ,

a11 = 0.5, a12 = 5, a13 = 2; b11 = 1, b12 = 2, b13 =
3; a21 = 0.5, a22 = 5, a23 = 2; b21 = 2, b22 = 1, b23 = 1;
α is the angle of attack, β is the sideslip angle, γ is the roll
angle, ωz is the pitch angular velocity, ωy is the yaw rate,
ωx is the roll rate. δx, δy and δz are the roll, yaw and pitch
deflection angles, ai, bi, ci (i = 1, . . . , 8) are aerodynamic
parameters, f1 and f2 are mismatched uncertainties vec-
tors which are composed of external disturbance and in-
ternal parameter uncertainties, and satisfy ‖f1‖ � d1 and
‖f2‖ � d2, d1 and d2 are known constants.

Two ITSM surfaces are defined as

s1 = e1 +
∫ t

0

[K11e
l
1 + K12e1 + ε1sgn(e1)]dt (54)

s2 = e2 +
∫ t

0

[K21e
l
2 + K22e2 + ε2sgn(e2)]dt (55)

where e1 = x1−xm, xm is the desire attitude angle of ve-
hicle, e2 = x2 − x2c, x2c is virtual control and is defined
as

x2c = −A−1
12 [A11x1 − K11e

l
1 + K12e1 + ε1sgn(e1)−

ẋ1m + H11s
l
1 + H12s1 + δ1sgn(s1)]

K11 = diag(k11i), K12 = diag(k12i), ε1 = diag(ε1i),
k11i > 0, k12i > 0, ε1i > 0, K21 = diag(k21i),
K22 = diag(k22i), ε2 = diag(ε2i), k21i > 0, k22i > 0,
ε2i > 0, H11 = diag(h11i), H12 = diag(h12i), δ1 =
diag(δ1i + d1), h11i > 0, h12i > 0, δ1i > 0, i = 1, 2, 3.

According to Theorem 2, the ITSM controller is chosen
as

u =

−B−1[A21x1 +A22x2 +K21e
l
2 +K22e2 +ε2sat(e2)−

ẋ2c + H21s
l
2 + H22s2 + δ2sat(s2)] (56)

where H21 = diag(h21i), H22 = diag(h22i), δ2 =
diag(δ2i + d2), h21i > 0, h22i > 0, δ2i > 0, i = 1, 2, 3.

Based on a hypersonic vehicle model, the mathematical
simulation of the attitude control system is carried out, and
the control effect is verified by tracking the step control in-
struction signal. Meanwhile, two control methods includ-
ing TSM and MFTSM are also utilized in the simulation.

The initial flight speed of the aircraft is 6 Ma and initial
flight altitude is 30 km. The desire square wave command
of the angle of attack and roll are 5◦, the desire sideslip an-
gle is 0◦. The parameters of the ITSM controller are follow
as k11i = 4, k12i = 2, k21i = 0.8, k22i = 0.8, ε1i = 3,
ε2i = 0.1, h11i = 2, h12i = 2, h21i = 1, h22i = 1,
δ1i = 0.5, δ2i = 0.1, l = 5/3. The amplitudes of the
actuators are restricted as −30◦ � δx, δy, δz � 30◦.

As shown is Figs. 5 – 7, it is shown the response curve of
vehicle angle of attack, side slip angle and roll angle under
the three controllers. Angle of attack, sideslip angle and
roll angle could track the desire values in finite time under
the three controllers. However, the convergence time of the
three attitude angles under the proposed ITSM controller is
the fastest among the three controllers.

Fig. 5 Response curves of angle of attack
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Fig. 6 Response curves of sideslip angle

Fig. 7 Response curves of roll angle

The response curve of the roll, yaw and pitch deflection
angles under the three controllers are shown in Figs. 8 – 10.
Although, the maximum amplitude of the actuator in pitch
and roll channel is reached, the attitude control system is
still stable in finite time under the three controllers. Also,
the control energy of the MFTSM controller is the mini-
mum and that of the ITSM controller is the maximum.

Fig. 8 Response curves of pitch deflection angle

Fig. 9 Response curves of yaw deflection angle

Fig. 10 Response curves of roll deflection angle

6. Conclusions

In this paper, a global nonsigular ITSM controller for n-
order nonlinear systems with mismatched uncertainties has
been proposed by using the backstepping technique. The
time taken to reach the manifold from any initial system
states and the time taken to reach the equilibrium point in
the sliding mode have been proved to be finite. The new in-
tegral terminal sliding mode control is put forward, which
can enable the elimination of the singularity problem as-
sociated with conventional terminal sliding mode control.
Simulation results are presented to show the validity of the
proposed ITSM control method.
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tegral sliding modes of large sacale power systems. Proc. of
the 46th IEEE Confernece on Decision Control, 2007: 1993 –
1998.

[20] LEVANT A. Robust exact differentiation via sliding mode
technique. Automatica, 1998, 34(3): 379 – 384.

[21] YU X, MAN Z. Fast terminal sliding mode control design for
nonlinear dynamic systems. IEEE Trans. on Circuits and Sys-
tems I: Fundamental Theory and Applications, 2002, 49(2):
261 – 264.

[22] TIE L, CAI K. A general form and improvement of fast termi-
nal sliding mode. Proc. of the 8th World Congress on Intelli-
gent Control and Automation, 2010: 2496 – 2501.

Biographies

GUO Jianguo was born in 1975. He is a Ph.D. and
a professor in School of Astronautics, Northwestern
Polytechnical University. In the process of scientific
research work, he studied on directions: precision
guidance and control technology of aircraft; mod-
ern control theory and application.
E-mail: guojianguo@nwpu.edu.cn

LIU Yuchao was born in 1990. He is a Ph.D. and
gets his bachelor’s degree and master’s degree in
School of Astronautics, Northwestern Polytechni-
cal University. In the process of scientific research
work, he studied on directions: precision guidance
and control technology of aircraft, modern control
theory and application.
E-mail: lyc-me@qq.com

ZHOU Jun was born in 1966. He is a Ph.D. and a
professor in School of Astronautics, Northwestern
Polytechnical University. In the process of scientific
research work, he gradually formed three main re-
search directions: spacecraft control and simulation
technology, modern control theory and application,
precision guidance and control technology.
E-mail: zhoujun@nwpu.edu.cn



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


