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Abstract: In view of the low performance of adaptive asymmet-
ric joint diagonalization (AAJD), especially its failure in tracking
high maneuvering targets, an adaptive asymmetric joint diagonali-
zation with deflation (AAJDd) algorithm is proposed. The AAJDd
algorithm improves performance by estimating the direction of de-
parture (DOD) and direction of arrival (DOA) directly, avoiding the
reuse of the previous moment information in the AAJD algorithm.
On this basis, the idea of sequential estimation of the principal
component is introduced to turn the matrix operation into a con-
stant operation, reducing the amount of computation and speeding
up the convergence. Meanwhile, the eigenvalue is obtained, which
can be used to estimate the number of targets. Then, the esti-
mation of signal parameters via rotational invariance technique
(ESPRIT) algorithm is improved to realize the automatic matching
and association of DOD and DOA. The simulation results show
that the AAJDd algorithm has higher tracking performance than
the AAJD algorithm, especially when the high maneuvering target
is tracked. The efficiency of the proposed method is verified.
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1. Introduction

Multiple-input multiple-output (MIMO) radar brings many
advantages compared with traditional phased array radar
and multi-static radar, and has become a hot research topic
in recent years [1 – 12]. MIMO radar can transmit orthogo-
nal waveforms with multiple antennas, and simultaneously
receive echoes from the targets by multiple antennas. Since
the transmitted waveforms are independent between each
other, the MIMO radar has a higher degree of freedom
and can identify, locate and track more targets under the
same configuration [13 – 16]. MIMO radar can be either
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equipped with widely separated antennas (statistics MIMO
radar) [17] or collocated antennas (coherent MIMO radar)
[18]. Bistatic MIMO radar is a common form of coherent
MIMO radar, and its engineering implementation is strong.
The transmit and receive arrays are respectively placed in
bases far away from each other, combining the advantages
of bistatic radar and MIMO radar. However, the signal
structure is more complicated, which has brought unique
problems. Therefore, the bistatic MIMO radar configura-
tion is considered.

At present, most of the research focuses on solving the
problem of target localization, and few studies target track-
ing problems. In the bistatic MIMO radar, the target’s di-
rection of departure (DOD) and direction of arrival (DOA)
are the main parameters that need to be estimated [19 – 26].
The estimation algorithms contain estimation of signal pa-
rameters via rotational invariance technique (ESPRIT) al-
gorithms [19 – 22], Capon algorithms [23], multiple signal
classification (MUSIC) algorithms [24 – 26], which are al-
ways discussed in MIMO radar when targets are fixed. The
above algorithms cannot solve the target tracking problem
due to their batch mode.

At present, there are a few literature studies on the tar-
get tracking problem. Wu et al. improved parallel factor
(PARAFAC) analysis and successfully solved the angle
tracking problem [27]. Kalman combined the projection
approximation subspace tracking with deflation (PASTd)
algorithm, which is applied to monostatic MIMO radar,
and can realize the automatic correlation of the target an-
gle at different time [28]. However, PARAFAC, PASTd
and Kalman-PASTd algorithms have higher computational
complexity. Therefore, Yu et al. proposed a low complex-
ity tracking algorithm for monostatic MIMO radar, but it
had approximate operation, resulting in low tracking per-
formance [29].

The tracking algorithms in the above literature are all
about monostatic MIMO radar and cannot be directly ap-
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plied to solve the tracking problem of bistatic MIMO radar.
In bistatic MIMO radar, the DOD and DOA are different
and the joint steering vector is more complicated. A new
signal model of bistatic MIMO radar is proposed, and the
fractional ambiguity function is applied to the projection
approximation subspace tracking (PAST) algorithm, solv-
ing the problem of tracking the azimuth and elevation of
the target [30]. However, the algorithm is to solve the prob-
lem of locating ground interference sources, which lacks
generality. A fast angle tracking algorithm was proposed in
[31]. The relation between the difference of the covariance
matrix and the difference of the target angle was deduced.
DOD and DOA were obtained by the least square method.
The algorithm has low computational complexity and can
automatically associate angles. However, after two approx-
imations, the tracking performance is poor. Wu et al. in-
troduced the PASTd algorithm into bistatic MIMO radar
and successfully solved the target tracking problem [32].
The tracking performance is better than the algorithm in
[31], but it requires additional data correlation operations
and cannot track the target with the same DOD or DOA.
In order to overcome the shortcomings in [32], Zhang et
al. proposed a target tracking algorithm based on adaptive
asymmetric joint diagonalization (AAJD) [33]. The algo-
rithm divides the objective function optimization process
into two steps: the first step obtains the joint steering vector
by optimizing the objective function; the second step uses
the joint steering vector and the previous angle to estimate
the angle of target. And then the joint steering vector is
updated as the initial value of the first step in the next mo-
ment. The algorithm needs no additional pairing process,
solves the shortcoming of [32] and increases the adaptabi-
lity. However, the performance is reduced by reusing the
estimated angle of the previous time.

The performance and computational complexity of the
AAJD algorithm need to be further optimized. To solve
the problem, the adaptive asymmetric joint diagonalization
with deflation (AAJDd) tracking algorithm is proposed.
First of all, it is proved that each column of the eigenvec-
tor computed by the AAJD algorithm corresponds to a tar-
get. Based on this, the AAJDd algorithm avoids reusing
the estimation angle of the previous moment to improve
the tracking performance. Secondly, the eigenvalue vari-
ables are obtained, which can be used to estimate the tar-
get number and solve the tracking problem without know-
ing the target number. At the same time, the AAJDd algo-
rithm turns the matrix operation into a constant operation,
thereby reducing the amount of computation and speeding
up the convergence. Finally, the ESPRIT algorithm is im-
proved to realize the automatic matching and association
of the DOD and DOA. The AAJDd algorithm has higher

tracking performance, especially when the target is maneu-
vering.

The reminder of this paper is structured as follows. Sec-
tion 2 develops the data model for bistatic MIMO radar.
Section 3 establishes our angle tracking algorithm based
on AAJDd. In Section 4, simulation results are presented
to verify the effectiveness of the proposed algorithm, while
the conclusions are made in Section 5.

Notation. (·)∗, (·)T, (·)H, ‖ ‖F and (·)−1 denote conju-
gate, transpose, conjugate transpose, Frobenius norm and
inverse operations, respectively. Diag(v) stands for diago-
nal matrix whose diagonal is a vector v; IK is a K × K

identity matrix; ⊗ and ⊕ are the Kronecker product and
Hadamard product, respectively.

2. Signal model

The schematic diagram of MIMO radar is illustrated in
Fig. 1. Suppose the number of transmit elements and re-
ceiving elements are M and N respectively, the spac-
ing between adjacent array elements is not required (in-
cluding the statistical and coherent MIMO radar sys-
tem), and the coordinates of the transmitting and receiv-
ing array elements are (Txm , Tym) and (Rxn , Ryn) (m =
1, . . . , M ; n = 1, . . . , N). The orthogonal waveforms are
emitted by different transmit elements.

Suppose that there are P far-field moving point targets
in the airspace, (xi, yi), ε(xi, yi) and vi denote coordi-
nate, scattering coefficient and speed (i = 1, 2, . . . , P ).
The angles between the moving direction and the direc-
tion of DOD and DOA are θ′mi and ϕ′

in. Suppose the scat-
tering coefficient satisfies the Swerling II model and re-
mains constant during a certain observation time (within
a pulse period). The propagation time τ(xi, yi, xk, yk) =
d(xi, yi, xk, yk)/c can be obtained by the distance in-
formation d(xi, yi, xk, yk) between (xi, yi) and (xk, yk),
where c denotes the light speed.

The emission signal of the mth transmitting array ele-
ment is sm(t) exp(j2πfct), where sm(t) and fc denote
baseband signal and carrier frequency respectively. The
signal transmitted by the mth transmitting element reaches
the nth receiving element after being scattered by P tar-
gets. The output can be depicted as

xn,m(t) =

P∑
i=1

sm[t − τ(Txm , Tym , xi, yi) − τ(Rxn , Ryn , xi, yi)]·

ε(xi, yi) exp(jωnimt)·
exp{j2πfc[t−τ(Txm , Tym , xi, yi)−τ(Rxn , Ryn , xi, yi)]}

(1)
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where ωnim = 2π
vi(cos θ′mi + cosϕ′

in)
λ

, fnim =

vi(cos θ′mi + cosϕ′
in)

λ
denotes Doppler shift. It is assumed

that the delay difference between MN channels is negligi-
ble. And the signal is available as a narrowband signal, so

sm[t − τ(Txm , Tym , xi, yi) − τ(Rxn , Ryn , xi, yi)] ≈

sm[t − τ(Tx1 , Ty1 , xi, yi) − τ(Rx1 , Ry1 , xi, yi)] =

sm(t − τi) (2)

where⎧⎨
⎩

τi = τ(Tx1 , Ty1, xi, yi) + τ(Rx1 , Ry1 , xi, yi)
τT
i,m = 2πfc[τ(Txm , Tym

, xi, yi) − τ(Tx1 , Ty1 , xi, yi)]
τR
i,n = 2πfc[τ(Rxn , Ryn , xi, yi) − τ(Rx1 , Ry1 , xi, yi)]

.

(3)
Substituting (2) and (3) into (1), we get

xn,m(t) =
P∑

i=1

ε(xi, yi)sm(t − τi) exp(−j(τT
i,m + τR

i,n))·

exp(j2πfc(t − τi)) exp(jωnimt). (4)

Fig. 1 General schematic diagram of MIMO radar

Suppose that the delay of the ith target matched filter is
τ ′
i . The output of signal in (4) after matched filtering is

xn,m(t) = xn,m(t)e−j2πfc(t−τ ′
i)sm(t − τ ′

i)
∗ =

P∑
i=1

ε(xi, yi)ej2πfc(τ
′
i−τi)ejωnimte−j(τT

i,m+τR
i,n)·

sm(t − τi)sm(t − τ ′
i)

∗. (5)

When the delay estimation has no error, that is τi = τ ′
i ,

(5) becomes

xn,m(t) =
P∑

i=1

ε(xi, yi)ejωnimte−j(τT
i,m+τR

i,n). (6)

The signal received by the nth receive element is

xn(t) =
M∑

m=1

xn,m(t). With noise, the output signal of the

nth receiving array is

xn(t) =
M∑

m=1

P∑
i=1

ε(xi, yi)ejωnimte−j(τT
i,m+τR

i,n) + vn(t)

(7)

where vn(t) denotes the additive noise in the output sig-
nal of the nth element. ε(xi, yi)ejωnimt and ε(xi, yi)
have the same statistical properties. We set the same
spacing between the transceiver elements. Define the
M × P dimensional transmit steering vector as At(ϕ) =
[at(ϕ1), at(ϕ2), . . . , at(ϕP )]. Among them, at(ϕi) =
at(xi, yi), at(xi, yi) = [1, e−jτT

i,2, . . . , e−jτT
i,M ]T,

at(ϕi) = {1, exp(j2πdtsinϕi/λ), . . . , exp[j2π(M − 1) ·
dtsin ϕi/λ]}T. Define the N × P dimensional receiver
steering vector as Ar(θ) = [ar(θ1), ar(θ2), . . . , ar(θP )].
Among them, ar(θi) = ar(xi, yi), ar(xi, yi) = [1,

e−jτR
i,2, . . . , e−jτR

i,N ]T, ar(θi) = {1, exp(j2πdrsin θi/λ),
. . . , exp[j2π(N − 1)drsin θi/λ]}T. According to (7), the
receiving data of the lth pulse can be rewritten as

y(t) = At(ϕ) � Ar(θ)vec(diag(dl(t))) + v(t) =

W (ϕ, θ)vec(diag(dl(t))) + v(t) =

W (ϕ, θ)dl(t) + v(t) (8)

where y(t) = [y1(t), y2(t), . . . , yN (t)]T is the N × 1
receive signal vector. W (ϕ, θ) = [ar(θ1) ⊗ at(ϕ1),
ar(θ2) ⊗ at(ϕ2), . . . , ar(θP ) ⊗ at(ϕP )] is the MN ×
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P joint steering vector. dl(t) = [dl,1ejω1t, dl,2ejω2t, . . . ,

dl,P ejωP t] is a diagonal matrix, where dl,i = εl(xi, yi) de-
notes the complex coefficient of the ith target in the lth
transmit pulse period. v(t) = [v1(t), v2(t), . . . , vN (t)]T is
the N × 1 additive Gaussian white noise vector.

3. AAJDd angle tracking algorithm

3.1 Adaptive asymmetric joint diagonalization
algorithm

In order to ensure the structural integrity of this paper, this
section provides an overview of the AAJD angle tracking
algorithm in [33].

The optimization function of the AAJD tracking algo-
rithm is

min
W (t)∈ω

J(W (t)) =
t∑

i=1

βt−i‖y(i) − W (t)d(i)‖2 (9)

where ω = {W |W = At � Ar, At ∈ υt, Ar ∈ υr} is
the constraint set, in which υt and υr satisfy the Vander-
monde matrix form, β is the forgetting factor.

Since the eigenvector W (t) obtained directly by solving
the optimization function does not fully satisfy the stan-
dard form of the steering vector. The AAJD algorithm di-
vides the solution process into two steps.

(i) Recursion phase

Ŵ (t) = min
cW (t)

J(Ŵ (t)) =
t∑

i=1

βt−i‖y(i) − Ŵ (t)d(i)‖2.

(10)
Let ∇J(Ŵ (t)) be the conjugate gradient of J(Ŵ (t))

with respect to Ŵ (t), then we have

∇J(Ŵ (t)) =
t∑

i=1

βt−i[Ŵ (t)d(i)dH(i) − y(i)dH(i)].

(11)
Let ∇J(Ŵ (t)) = 0, we can get the following equations:

Ŵ (t) = Cyd(t)C−1
dd (t) (12)

Cdd(t) =
t∑

i=1

βt−id(i)dH(i) =

βCdd(t − 1) + d(t)dH(t) (13)

Cyd(t) =
t∑

i=1

βt−iy(i)dH(i) =

βCyd(t − 1) + y(t)dH(t). (14)

At this point, only d(t) is unknown. When the angle
changes slowly, d(t) satisfies the following relationship:

d(t) = Ŵ−1(t)y(t) ≈ W−1(t − 1)y(t). (15)

From (12) to (15), the relationship between Ŵ (t) and
W (t−1) is obtained and the tracking process is completed.

(ii) Regularization phase
The relationship between Ŵ (t) and W (t) satisfies the

following constraints:

W (t) = min
W (t)∈ω

J ′(W (t)) = ‖Ŵ (t) − W (t)‖2 (16)

W (t) = min
W (t)∈ω

J ′(W (t)) = min
W (t)∈ω

‖Ŵ (t)−W (t)‖2 =

min
Ar∈υr,At∈υt

‖Ŵ (t) − W (t)‖2 =

min
Ar∈υr,At∈υt

‖Ŵ (t) − At(ϕ(t)) � Ar(θ(t))‖2 =

min
ar,at

P∑
p=1

‖Ŵp(t) − ar(θ(t))aT
t (ϕ(t))‖2. (17)

The specific solution process is
⎧⎪⎪⎨
⎪⎪⎩

apt(ϕ(t)) = Ŵ T
p (t)a∗

pr(θ(t − 1))
apt(ϕ(t)) = apt(ϕ(t))/‖apt(ϕ(t))‖
apr(θ(t)) = Ŵp(t)a∗

pt(ϕ(t))
apr(θ(t)) = apr(θ(t))/‖apr(θ(t))‖

. (18)

The transmitting and receiving steering vectors of the
target are obtained by (18). On this basis, DOD and DOA
of the targets are obtained by combining the ESPRIT algo-
rithm.

Finally, the steering vectors of t moments are updated
by the DOD and DOA.

W (t) = At(ϕ(t)) � Ar(θ(t)) (19)

W (t) is closer to the true signal steering vectors than
Ŵ (t).

3.2 AAJDd algorithm

The AAJD algorithm in [22] obtains the joint steering vec-
tors by solving the minimum value of the objective func-
tion which is used as the initial vector at the next moment.
The algorithm overcomes the problem that the PASTd al-
gorithm cannot track the targets of the same DOD or DOA,
and can realize angle automatic association and match-
ing. The reason is that the target angle at time t in the
second step is obtained from the target angle informa-
tion at time t − 1 and the estimated joint steering vector
at time t. The AAJD algorithm has a hypothetical pre-
condition that the transmit and receive steering vectors
At(ϕ(t)) and Ar(θ(t)) may either be kept unchanged or
be slowly time varying as At(ϕ(t)) = At(ϕ(t − 1)) and
Ar(θ(t)) = Ar(θ(t − 1)).

Therefore, when observing fast moving targets, espe-
cially high maneuvering targets, the rate of change of angle
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is large, resulting in low tracking accuracy of the AAJD al-
gorithm. Otherwise, in the first step, the AAJD algorithm
does not have the variable that can represent the eigenva-
lues which can be used to estimate the number of target.
Aiming at these deficiencies of the AAJD algorithm, this
paper proposes the AAJDd algorithm.

3.2.1 Estimating eigenvalue variables and steering vector

The AAJD algorithm takes the joint steering vector as a
whole, so there is no variable in the AAJD algorithm that
can characterize the eigenvalues. And it increases compu-
tational complexity at the same time.

The idea of sequential estimation of the principal com-
ponent in [34,35] is introduced into the AAJD algorithm,
which is based on the deflation technique. First, the AAJD
algorithm with p = 1 is used to update the most dominant
eigenvector (the most dominant eigenvector corresponding
to the largest eigenvalue). Then the projection of the re-
ceived data vector onto the most dominant eigenvector is
removed, resulting in a new data vector. In this case, the
second dominant eigenvector becomes the most dominant
eigenvector in the new data vector. It can be extracted from
the new data vector in the same way. Applying this proce-
dure repeatedly, all desired eigencomponents are estimated
sequentially.

Table 1 describes the AAJDd algorithm process. When
p = 1, the main part of the AAJDd algorithm corre-
sponds to the AAJD algorithm with a single target. The
quantity gi(t) plays the same role as the p × p matrix
Cdd(t) = P−1(t) in the AAJD algorithm.

It is worth noting that Wi(t) is the estimation result of
the ith eigenvector of C(t) = E(y(t)yH(t)), gi(t) is the
corresponding eigenvalue estimation result, which can be
used to estimate the target number.

Proposition 1 In MIMO radar, gi(t) is a variable corre-
sponding to the eigenvector estimated by the AAJDd algo-
rithm, λi(t) is the eigenvalue obtained by decomposing the
received data covariance matrix C(t). When the algorithm
converges, gi(t) is the same as the eigenvalue λi(t), which
is the estimated eigenvalue variable.

Proof Because λ(t) and W (t) are the eigenvalue and
eigenvector obtained by decomposition of the data covari-
ance matrix C(t). According to eigenvalue decomposition
theory,

C(t)Wi(t) = λi(t)Wi(t) (20)

λi(t) = W−1
i (t)C(t)Wi(t). (21)

According to the above analysis, we have

gi(t) = Cdidi(t) = E(di(t)dH
i (t)). (22)

Substituting (15) into (22), we can obtain the following re-
lationship:

gi(t) = E(di(t)dH
i (t)) =

E(W−1
i (t)y(t)yH(t)(W−1

i (t))H) =

W−1
i (t)E(y(t)yH(t))(W−1

i (t))H. (23)

Substituting C(t) = E(y(t)yH(t)) and
W H

i (t)Wi(t) = W−1
i (t)Wi(t) = I into (23), we ob-

tain

gi(t)W−1
i (t) = W−1

i (t)C(t)(W−1
i (t))HW−1

i (t) =

W−1
i (t)C(t) (24)

and further simplification

gi(t) = W−1
i (t)C(t)Wi(t). (25)

Comparing (21) with (25), we can conclude that gi(t)
and λi(t) have the same function, which is the eigenvalue
corresponding to the eigenvector. At this point, proposi-
tion 1 is proved. �

Table 1 AAJDd algorithm eigenvector solution flow

Initialization: P (0) = IP×P , 0 < β � 1

Input: y(t)

Output: ϕ(t), θ(t)

For t = 1, · · · , T
Step 1

for i = 1, . . . , P

di(t) = W−1
i (t − 1)yi(t)

gi(t) = βgi(t − 1) + |di(t)|2
Qi(t) = dH

i (t)/gi(t)

ηi(t) = |di(t)|2/gi(t)

ei(t) = yi(t)−Wi(t−1)di(t)cWi(t) = Wi(t−1)+1/β+

ηi(t)ei(t)Qi(t)

yi+1(t) = yi(t) − cW−1
i (t)di(t)

end
Step 2
If t == 1

Ψr = W−1
r1 Wr2

eigenvalue decomposition of Ψr: Ψr = TΦrT−1

take the diagonal elements of Φr , comprise ωr

Φt = T−1W−1
t1 Wt2T

take the diagonal elements of Φt, comprise ωt

else
Ψr = W−1

r1 Wr2

take the diagonal elements of Ψr , comprise ωr

Ψ t = W−1
t1 Wt2

take the diagonal elements of Ψ t, comprise ωt

end

using

(
θp = arcsin{angle[ωr(p)]/π

ϕp = arcsin{angle[ωt(p)]/π

)
, get θ(t), ϕ(t)

according to W(t) = [at(ϕ1)⊗ ar(θ1), . . . , at(ϕP )⊗ ar(θP )]

updated cW(t)

End
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To further illustrate the AAJDd algorithm, it is com-
pared with the AAJD algorithm. Q(t) = P (t−1)d(t) and
η = dH(t)Q(t) in AAJD become Qi(t) = dH

i (t)/gi(t)
and ηi(t) = |di(t)|2/gi(t) in the AAJDd algorithm. The
last equation of the first step in Table 1 describes the de-
flation step. It subtracts the component of yi(t) along the
direction of the ith eigenvector Wi(t) from yi(t). By com-
parison, we can find that the AAJDd algorithm turns the
matrix operation into a constant operation, thereby reduc-
ing the amount of computation and speeding up the con-
vergence of the algorithm. Compared with the AAJD al-
gorithm, the AAJDd algorithm can express the feature de-
composition process clearly.

The computational complexity of AAJDd and AAJD al-
gorithms are O(MNP+P ) and O(MNP+P 2). Compar-
ing the computational complexity of two algorithms, we
can see that computational complexity of the AAJDd al-
gorithm is lower, the missing of the O(P 2) term has the
reason that no P ×P matrices have to be computed. When
the number of targets is large, the AAJDd algorithm can
significantly reduce the computational complexity.

3.2.2 Angle estimation algorithm based on
improved ESPRIT

Through the above analysis, we can see that the reason for
the decrease of tracking performance of the AAJD algo-
rithm is that the estimated angle information of the last
time is used in the second step. When the target moves
fast, the target angle difference between adjacent moments
becomes larger, resulting in the decrease of the perfor-
mance. Therefore, this paper improves the second step of
the AAJD algorithm and proposes a new angle estimation
algorithm based on the improved ESPRIT.

Let Ŵ (t) denote an eigenvector that is estimated
through the AAJDd algorithm at moment t. Us(t) is the
real steering vector. They expand into the same signal sub-
space, that is

span{Ŵ (t)} = span{Us(t)}. (26)

In this case, there is a unique non-singular matrix T (t),
and we can obtain the following relationship:

Ŵ (t) = Us(t)T (t). (27)

Proposition 2 In MIMO radar, Ŵ (t) is the eigenvec-
tor estimated by the AAJDd algorithm, and Us(t) is the
corresponding real steering vector (t > 1). When the algo-
rithm converges, there is a unique non-singular matrix T ,
satisfying Ŵ (t) = Us(t)T , and T = QE, where Q is the
scale factor matrix, E is the column exchange matrix.

Proof From [22], we can see that when the AA-
JDd algorithm converges, span{Ŵ (t)} = span{Us(t)},
then Ŵ (t) = Us(t)T (t). Ŵ (t) is obtained by solving
∇J(Ŵ (t)) = 0 at time t.

∇J(Ŵ (t)) =
t∑

i=1

λt−i[Ŵ (t)d(i)dH(i)−y(i)dH(i)] = 0.

(28)
The recursion formula is obtained from (28):

Ŵ (t) = W (t − 1) +
1

β + η
·

[y(t) − W (t − 1)d(t)]dH(t)P (t − 1) (29)

where η = dH(t)P (t− 1)d(t) is constant, β is a forgotten
factor, 0 < β < 1.

The formula (22) is multiplied by d(t) on both sides,
then

Ŵ (t)d(t) = W (t−1)d(t)+
η

β + η
[y(t)−W (t−1)d(t)]

(30)
and further simplification

Ŵ (t)d(t) =
η

β + η
y(t) +

β

β + η
W (t − 1)d(t). (31)

Taking d(t) = Ŵ−1(t)y(t) into (31), we obtain

Ŵ (t) = W (t − 1) = Us(t)T (t) = Us(t − 1)T (t − 1).
(32)

The change of the steering vector of the adjacent time in
[22] is negligible, then

Us(t) 	 Us(t − 1). (33)

Substituting (26) into (25), we obtain

T (t) = T (t − 1) = T . (34)

W (t − 1) is reconstructed by angles obtained in Step 2
of the AAJDd algorithm, so the updated W (t − 1) and
Us(t − 1) satisfy the column transformation. We can ob-
tain the following relationship:

T = QE (35)

where Q is the scale factor matrix, E is the column ex-
change matrix.

So far, the proof of Proposition 2 has been completed.
The procedure of Step 2 of the AAJDd algorithm is given
below. �

According to Proposition 2, Ŵ (t) = Us(t)T and T =
QE.

Using the ESPRIT algorithm, define Wr1 and Wr2 as
the M(N − 1) × P sub-matrices formed by the first and
last M(N − 1) rows of Ŵ (t), respectively. According to
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the principle of rotation available, we get Wr1 = Ur1T ,
Wr2 = Ur2T , Ur2 = Ur1Φr, where T is a non-singular
transformation matrix. Then T−1ΦrT = W−1

r1 Wr2 =
Ψr, where T is just a column transformation and scaling
operations, T−1ΦrT just change the position of the dia-
gonal elements of Φr. Therefore, the matrix which con-
tains the DOA parameters information can be obtained by
taking the elements on the diagonal of Ψ r. Similarly, de-
fine Wt1 and Wt2 as the N(M − 1) × P sub-matrices
formed by the first M(k − 1) + l and the last M(k − 1) +
l + 1 rows of Ŵ (t) respectively (k = 1, 2, . . . , N, l =
1, 2, . . . , M − 1). Then T−1ΦtT = W−1

t1 Wt2 = Ψ t.
Therefore, the matrix which contains the DOD parameters
information can be obtained by taking the elements on the
diagonal of Ψ t.

Note that when t = 1, Proposition 2 is not valid.
Therefore, the angle estimation algorithm in [21] is used.
The procedure of angle estimation is shown in Step 2 of
Table 1.

Through the conclusion of Proposition 2, we can see
that the matrix T does not change with time. Each co-
lumn of Ŵ (t) corresponds to a target’s steering vector,
and the order is invariant. Therefore, the target sequence
does not change, completing the automatic association of
angles. There is no feature decomposition operation in
Step 2. Therefore, the DOD and DOA estimated by each
column of W (t) correspond to one target, and the angle
automatic matching of the same target is completed. At
this point, the automatic pairing and association of DOD
and DOA are realized.

3.3 Performance analysis of algorithms

In the AAJDd algorithm, eigenvalue variables are ob-
tained, which can be used to estimate the number of tar-
gets and solve the target angle tracking problem when the
number of targets is unknown. Each column of Wi(t) rep-
resents a steering vector of a target. When the target ve-
locity is different, different forgetting factors may be set to
improve the tracking speed and performance of the algo-
rithm. The proposed method is general and suitable for a
broad class of angle tracking algorithms based on subspace
methods.

The computational complexity of AAJD and AAJDd al-
gorithms are O(MNP + P 2) and O(MNP + P ) every
update respectively. When the number of targets to be es-
timated is large, the AAJDd algorithm can greatly reduce
the computation. Fig. 2 shows that the computational com-
plexity of the loop part of the proposed algorithm is lower
than the AAJD tracking algorithm.

Step 2 in the AAJD algorithm estimates the target angle

by using the last moment angle, reducing the performance
of the algorithm. Proposition 2 proves that the eigenvectors
obtained in Step 1 of AAJDd and the joint steering vectors
are only column transformations. Each column of eigen-
vectors represents a target steering vector. Based on this,
the AAJDd algorithm improves the AAJD algorithm and
improves the tracking performance.

Fig. 2 Complexity comparison with M = N = 5 and different P

4. Simulation results

Assuming that the transmit and receive arrays of bistatic
MIMO radars are both linearly configured, array spac-
ing is all half-wavelength, the carrier frequency is 1 GHz,
the transmit pulse width is 10 μs, the pulse repetition
frequency is 10 kHz. The transmit waveform uses a
Hadamard code pulse (HCP) signal. The target scattering
coefficient dp and additive noise are randomly generated.

Signal to noise ratio (SNR) is defined as SNR =

10 lg

P∑
p=1

σ2
p

Pσ2
e

, where σp and σe represent the target scat-

tering coefficient and noise power, respectively. The
performance is measured in terms of averaged root
mean square error (RMSE) over all targets: RMSE =

1
M

M∑
m=1

√√√√ 1
P

P∑
p=1

1
T

T∑
t=1

[(θ̂k,m,t − θk,m,t)2], where θ̂k,m,t

is the estimated value of target angle θk,m,t in the mth
Monte Carlo experiment at time t, M is the number of
Monte Carlo.

Experiment 1 Multiple target location
In order to verify the validity of the algorithm, we as-

sume there are four far-field point targets in the air, lo-
cated at (θ1, ϕ1) = (30◦,−40◦), (θ2, ϕ2) = (40◦, 20◦),
(θ3, ϕ3) = (−50◦, 20◦) and (θ4, ϕ4) = (−50◦,−20◦),
M = N = 3 transceivers are considered SNR = 10 dB,
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the number of transmitted pulses is K = 100, and the for-
getting factor is β = 0.95.

To verify the effectiveness of the algorithm, the AAJDd
algorithm is used to locate the target. The simulation re-
sults of the AAJDd algorithm are shown in Fig. 3.

Fig. 3 Trajectory of the estimation procedure

It can be seen from Fig. 3 that the AAJDd algorithm
can successfully track the multi-target angle. The final es-
timated angles in the graph coincide with the true angles,
indicating that the algorithm gets the true angle. And the
estimated trajectory of each target angle is approximately
straight line, which shows the convergence speed is fast.
Through experimental observation, it can be found that the
target angle can be accurately estimated by only 40 pulses.

Comparing the DOA and DOD of the four targets, it can
be seen that the DOD and DOA of the third target are the
same as DOD of the target two and DOA of the target four
respectively, indicating that the algorithm can estimate the
target positions of the same DOD or DOA, making up the
lack of the PASTd algorithm.

Experiment 2 Multiple target tracking
We assume there are five moving point targets in the air,

M = N = 4 transceivers are considered and SNR =
10 dB, the number of transmitted pulses is K = 500, the
forgetting factor is β = 0.85. The simulation results of the
AAJDd algorithm are shown in Fig. 4.

Fig. 4 shows the estimated trajectories coincide with true
trajectories after approximately 40 pulses, which shows
that the proposed algorithm can track the target moving
trajectory successfully. The initial angle is randomly gene-
rated, and it can be seen that the trajectory from the initial
value to the starting point of the target motion is approx-
imately linear, indicating that the proposed algorithm can
track the target quickly and has good convergence.

Fig. 4 Target tracking results of AAJDd algorithm

The AAJD algorithm, AAJDd algorithm and PASTd
algorithm tracking error are compared to further illus-
trate the effectiveness of the algorithm in this paper,
the simulation conditions are the same as the previ-
ous experiment, the simulation results are shown in
Fig. 5. The tracking error is defined as Error =

1
P

√√√√ P∑
p=1

E(θ̂p − θp)2 + E(ϕ̂p − ϕp)2.

Fig. 5 Three algorithms tracking performance with SNR = 10 dB

It can be seen from Fig. 5 that the AAJD algorithm, AA-
JDd algorithm and PASTd algorithm can all successfully
track the target. However, the PASTd algorithm fails when
the number of pulses is 319. The DOD of the first and se-
cond target is the same, resulting in the failure of the
PASTd algorithm. The AAJD and AAJDd algorithms suc-
cessfully solve the lack of the PASTd algorithm.

In order to further verify the performance advantages
of the AAJDd algorithm, the tracking performance of the
AAJDd algorithm is compared with the AAJD algorithm.
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The AAJDd algorithm has a greater advantage when the
target is highly maneuvering. Assuming that the speed of
the five goals is accelerating, the basic motion model does
not change, the forgetting factor is β = 0.85. The rest of
the simulation conditions remains unchanged. Fig. 6 shows
the tracking performance of the AAJD algorithm and the
AAJDd algorithm.

Fig. 6 Tracking DOD and DOA of five targets for K = 500

Fig. 6(a) shows the trajectories of the two algorithms co-
incide with the real trajectories of the target, indicating that
the AAJD algorithm and AAJDd algorithm can still suc-
cessfully track the target when the speed is high, but the
tracking effect of the AAJD algorithm is poor. Fig. 6(b)
shows the tracking error results of the two algorithms. It
can be seen that the tracking error of the AAJDd algorithm
is lower than the AAJD algorithm, and the AAJDd algo-
rithm has better tracking performance and is suitable for
high maneuvering target tracking, which is the same as the
theoretical analysis.

Experiment 3 Target number estimation and angle
tracking

To illustrate the performance of the proposed algorithm,
we assume that the number of targets is changing. The
number of transmitted pulses is K = 500, and the number
of transceivers is M = N = 5. During 1 � K � 500,
there are always three moving points in the air. During
150 < K < 300, two new targets appear in the obser-
vational airspace. During 400 < K < 450, a new target
appears in the observational airspace. The simulation re-
sults are shown in Fig. 7.

Fig. 7 Tracking results of the number and angle of the target

Fig. 7 shows that the number and angle of the target esti-
mated by the AAJDd algorithm are correct, indicating that
the algorithm can track the angles of the moving targets
without knowing the number of targets.

Experiment 4 RMSE of the algorithms
We assume that there are five large maneuvering point

targets, M = N = 5 transceivers are considered and
SNR = −10 − 10 dB, the number of transmitted pulses
is K = 400, the number of Monte Carlo is M = 100.
In order to make the performance comparison meaning-
ful, the data in the tracking steady-state is used to calculate
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the RMSE. After observing experimentally, the algorithm
converges after the pulse number 100, 100 � K � 400 is
used to solve RMSE, The simulation results are shown in
Fig. 8.

Fig. 8 RMSE versus SNR for two competitors

It can be seen from Fig. 8 that the RMSE of the AAJDd
algorithm is lower than the AAJD algorithm, indicating
that the tracking performance of the AAJDd is better. With
the decrease of SNR, the performance gap between the two
algorithms becomes larger, because the performance of the
AAJD algorithm depends on the estimation accuracy of the
previous time angle. When the SNR is low, the estimation
error of the last time angle is larger, which affects the track-
ing performance and has the error accumulation.

5. Conclusions

In order to solve the problem of low performance of the
AAJD tracking algorithm for bistatic MIMO radar, this
paper proposes the AAJDd algorithm to avoid reusing the
previous angles in the AAJD algorithm. On this basis, se-
quential estimation of the principal component is intro-
duced to improve the tracking speed. Meanwhile our al-

gorithm obtains the eigenvalues, which can be used to es-
timate the number of targets. Simulation results show that
the AAJDd algorithm can effectively improve the target
tracking performance. As shown in Fig. 7, the proposed
algorithm can estimate the number of targets, but it can-
not track the number of targets. In the future, we will be
committed to studying the technique for joint tracking the
number and angle of the target.
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