
Journal of Systems Engineering and Electronics

Vol. 30, No. 5, October 2019, pp.995– 1006

Constrained sliding mode control of nonlinear fractional order
input affine systems

TAHMINEH Vedadi Moghaddam, SEYYED KAMALEDDIN Yadavar Nikravesh, and
MOHAMMAD Azam Khosravi*

Electrical Engineering Department, Amirkabir University of Technology, Tehran 158754413, Iran

Abstract: Asymptotic stability of nonlinear fractional order affine
systems with bounded inputs is dealt. The main contribution is
to design a new bounded fractional order chattering free sliding
mode controller in which the system states converge to the sliding
surface at a determined finite time. To eliminate the chattering in
the sliding mode and make the input controller bounded, hyper-
bolic tangent is used for designing the proposed fractional order
sliding surface. Finally, the stability of the closed loop system using
this bounded sliding mode controller is guaranteed by Lyapunov
theory. A comparison with the integer order case is then presented
and fractional order nonlinear polynomial systems are also studied
as the special case. Finally, simulation results are provided to show
the effectiveness of the designed controller.
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1. Introduction

In spite of great efforts that have been done in control
of fractional order systems, there are still insignificant re-
searches on how to apply these controllers for fractional or-
der systems with non-smooth non-linearity or in the pres-
ence of constraint in their inputs. As it is obvious, input
constraints such as input saturations are common in in-
dustrial applications [1]. In practical applications, system
performance becomes difficult due to the input limitations.
In the integer order of such systems, some classical con-
trollers such as back-stepping have been employed [2 – 9].
In [10], discrete-time low-gain adaptive and non-adaptive
control strategies were presented for tracking constant re-
ference signals for infinite dimensional linear systems sub-
ject to input nonlinearities. An input to the state stability
method for hybrid systems with the input constraint was
presented in [11].

For fractional order systems subject to the input con-
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straint, the change in system order eliminates the effec-
tiveness of proposed control methods. Nevertheless, seve-
ral control methods have been provided for these sys-
tems in recent years but each of them has its own dis-
advantages and limitations. For instances, in [12], Lim et
al. introduced a method using sector bounded condition
and Gronwall-Bellman lemma that asymptotically will sta-
bilize linear fractional order systems subject to input satu-
ration. In [13,14], Shahri et al. presented the stability ana-
lysis of the same system with the direct Lyapunov method
and also studied the disturbance rejection for these kinds
of systems. In [15], Luo considered the nonlinear frac-
tional order system with input saturation but the nonlinear
function is limited to piecewise continuous functions that
satisfy locally Lipchitz conditions. Separated from all the
above mentioned papers, there are still many deficiencies
in the previous works. Considering some restrictions on
the system input and designing a more effective controller
other than classical linear controllers can be an effective
progress in this field.

On the other hand, to deal with the uncertainties and ex-
ternal disturbances, robust control methods have attracted
widespread attention and been developed in many direc-
tions of control science. There are several robust methods
in this area including optimal control, H-infinity control,
high gain feedback control, variable structure control, etc.
One of the new and straight ideas in this field is sliding
mode control. Researches in the field of sliding mode con-
trol began about 50 years ago and over the last two decades
this control method has attracted more attention in the in-
ternational control community. One of the most fascinat-
ing aspects of the sliding mode is the discontinuous nature
of control performance, so its initial function switches be-
tween two different structures. This nature of sliding mode
control is also used to overcome uncertainties and external
disturbances in the system. Due to this features, the studies
on the siding mode control in the field of industrial applica-
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tions or academic studies have been extensively increased.
Nowadays the sliding mode control method is applicable
on a wide range of systems such as robotic, electric drives,
generators, process control, vehicle control, motion con-
trol, fractional-order systems and so on.

Sliding mode controllers are used to improve the effi-
ciency and robustness of closed loop systems [16]. Sliding
mode control has effective features such as immutability
to uncertainties, simplicity of design, robustness to per-
turbation and some other properties [17 – 19]. The specific
feature of continuous time sliding mode control is that the
sliding mode will happen in a predetermined sliding sur-
face and then the switching control is applied to the sys-
tem to force the states to remain in the sliding surface
[20]. Generally, any linear sliding surface can guarantee
the asymptotical stability and getting desired performance
in a closed loop system. However, the monotonous switch-
ing feedback control gain increases the settling time of the
closed loop system which means that the system states can-
not converge to the equilibrium point in a finite time. In ad-
dition, sliding mode control makes the control input have
high frequency chattering which causes undesirable load
on control operators.

During the development of fractional order control,
many researches have tried to use the fractional order
sliding mode control to overcome the above-mentioned
problems. In [21], Dadras et al. introduced a new control
strategy for a class of uncertain dynamical systems called
fractional order terminal sliding mode control. Based on
the Lyapunov stability theorem, fractional order switch-
ing manifold is provided to assurance of sliding condi-
tion. In [22], Majumdar et al. presented a fractional or-
der sliding mode control for controlling a single link flexi-
ble manipulator. Also, switching surface is obtained based
on fractional order derivatives of related differential equa-
tions. The proposed fractional order sliding mode con-
troller makes better performance with fewer fluctuation in
the input control and it is robust against external distur-
bances.

In [23], Zhang et al. provided an optimal fractional or-
der sliding mode control strategy for a class of nonlinear
systems in the presence of uncertainty. This proposed con-
trol strategy is based on the linear quadratic optimal theory.
In particular, a new fractional order sliding surface is pro-
vided based on the linear quadratic regulator. The provided
controller in this method has integer and fractional order
parts. In the proposed controller, fast states convergence is
on the integer order part and system robustness against un-
certainties is on the fractional order part. In the context of
controlling the fractional order systems, sliding mode con-
trol was also presented in [24,25] and higher order sliding
mode control was also expressed in [26].

To the author’s best knowledge, constrained sliding
mode control for nonlinear fractional order input affine
systems has not been studied yet. Therefore, this paper
will propose a constrained chattering free sliding mode
control for stabilizing the nonlinear fractional order input
affine systems that are subjected to input constraints. Us-
ing this sliding mode controller, the system states converge
to the sliding surface in a pre-described finite time and the
controller will guarantee the asymptotically stability of the
closed loop system based on the Lyapunov theory.

The rest of this paper is organized as follows: in Sec-
tion 2, the problem formulation will be expressed. Then, in
Section 3, design of the constrained chattering free sliding
mode controller is provided and fractional order nonlinear
polynomial systems are also studied as a special case of
these systems. In Section 4, the finite time convergence of
the sliding surface to zero is determined. A comparison be-
tween the effectiveness of the constrained fractional order
controller and its integer order counterpart in confronting
of chattering is discussed in Section 5. Finally, in Section 6,
numerical examples with simulation results will show the
validity of the proposed method.

2. Problem formulation

A nonlinear fractional order (NFO) input affine system is
shown with the following general form:

0D
α
t x(t) = f(x(t)) + g(x(t))(u(t)) (1)

where f(x(t)) ∈ Rn×1 and g(x(t)) ∈ Rn×m are ar-
bitrary nonlinear functions and f(x(t)) satisfies the Lip-
chitz condition, x(t) ∈ Rn is the pseudo state vector,
u(t) ∈ Rm is the input control signal, 0 < α < 1 is
the fractional order of system and 0D

α
t denotes the Caputo

fractional derivative operator that is defined for function
x(t) [27] as bellow:

0D
α
t x(t) =

1
Γ (�α� − α)

∫ t

0

x(�α�)(τ)
(t − τ)α−�α�+1

dτ

0 < α /∈ Z+ (2)

where Γ (·) denotes the Gamma function and �α� maps α

to the least integer that is greater than or equal to α [27].
The objective of this paper is to design a new con-

strained sliding mode controller u(t) ∈ Rm for the NFO
input affine system in (1) in such a way that asymptotic sta-
bility is guaranteed with specific finite time convergence to
the switching manifold and without any chattering. First,
the asymptotic stability of an NFO system is defined as
follows.

Definition 1 (Stability of NFO systems) [27] The zero
solution of 0D

α
t x(t) = f(x(t)) is said to be stable if, for

any initial conditions x(0) ∈ Rn, there exists δ > 0 such
that any solution x(t) of 0D

α
t x(t) = f(x(t)) satisfies
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‖x(t)‖ < δ for all t > t0. Further, the zero solution of
the fractional system is said to be asymptotically stable if
the system is stable and ‖x(t)‖ → 0 as t → ∞.

Using the above mentioned stability definition, a non-
linear stable function is also defined as follows.

Definition 2 (Stability of nonlinear functions) A non-
linear vector function L(x) ∈ Rn×1 is said to be asymp-
totically stable if and only if the NFO system 0D

α
t x(t) =

L(x(t)) in (1) is asymptotically stable.

3. Constrained sliding mode controller design
for NFO input affine system

In this section the design procedure of the constrained slid-
ing mode controller for the NFO input affine system in (1)
is provided. To this end, at first using the tangent hyper-
bolic function which is a continuous and bounded func-
tion, a new fractional-integral sliding surface is designed
and after that the main controller that is a constrained slid-
ing mode controller is constructed.

3.1 Design of the sliding manifold

One of the main purposes in this paper is to design a con-
troller that is bounded. Therefore, the controller must be
designed in such a way that the system input remains limi-
ted. For this aim, a new sliding surface is designed as fol-
lows:

S(t) = tanh
( ∫ t

0

h(x(τ))0Dα
t x(τ)dτ−

∫ t

0

h(x(τ))(f(x(τ)) + L(x(τ)))dτ

)
(3)

where S(t) = [s1, s2, . . . , sm] ∈ Rm is the sliding mani-
fold vector, tanh(·) is applied to all the elements of S(t),
h(x) ∈ Rm×n and L(x) ∈ Rn×1 are arbitrary nonlin-
ear functions that are considered as control parameters and
should satisfy the following assumption.

Assumption 1 Suppose the nonlinear vector functions
h(x) ∈ Rm×n and L(x) ∈ Rn×1 satisfy the following
conditions:

(i) ∀x ∈ Rn×1h(x) 	= 0.

(ii) h(x)g(x) ∈ Rm×m is nonsingular.
(iii) (h(x(t))g(x(t)))−1∈Rm×m and h(x(t))L(x(t))∈

Rm×1 are bounded, i.e., ∀x ∈ Rn×1‖(h(x(t))g(x(t)))−1‖
� M and ‖h(x(t))L(x(t))‖ � N .

(iv) f(x(t)) + L(x(t)) is asymptotically stable.
Remark 1 As it is clear, the defined sliding manifold in

(3) consists of a tangent hyperbolic function. Therefore, all
the elements of this sliding surface are bounded between
– 1 and 1. In addition, despite of the saturation or the sign
function, this function is a continuous function.

According to the sliding mode approach, the switching
manifold and its derivative should be equal to zero. Taking

the derivative of (3) the following equation is obtained:

Ṡ(t) = (h(x(t))0Dα
t x(t)−h(x(t))(f(x(t))+L(x(t)))×

sech2

( ∫ t

0

h(x(τ))0Dα
t x(τ)dτ−

∫ t

0

h(x(τ))(f(x(τ)) + L(x(τ)))dτ

)
. (4)

Now by defining

P (t) =
( ∫ t

0

h(x(τ))0Dα
t x(τ)dτ−

∫ t

0

h(x(τ))(f(x(τ)) + L(x(τ)))dτ

)
(5)

where P (t) = [p1, p2, . . . , pm] ∈ Rm, the sliding mani-
fold in (3) can be rewritten as S(t) = tanh(P (t)) and
consequently

P (t) = tanh−1(S(t)) (6)

which means that pi = tanh−1(si) for i = 1, 2, . . . , m.
Now, using (5) and (6), (4) can be rewritten as

Ṡ(t) = (h(x(t))0Dα
t x(t) − h(x(t))(f(x(t))+

L(x(t))) × sech2(tanh−1(S(t))). (7)

In the sliding mode situation, the switching manifold
and its derivative are equal to zero (S(t) = 0, Ṡ(t) = 0)
and from (7) we have

(h(x(t))0Dα
t x(t) − h(x(t))(f(x(t)) + L(x(t)))×
sech2(tanh−1(S(t))) = 0

⇒ h(x(t))(0Dα
t x(t) − f(x(t)) − L(x(t)))×

sech2(tanh−1(S(t))) = 0. (8)

Now, given that h(x(t)) 	= 0 (item (i) of Assumption
1) and considering the equation sech2(tanh−1(S(t))) = 1
for S(t) = 0, (8) can be written as below:

0D
α
t x(t) = f(x(t)) + L(x(t)). (9)

Finally, given that f(x(t)) + L(x(t)) is asymptotically
stable (item (iv) of Assumption 1), x(t) converges to zero
where t → ∞.

Using the sliding manifold in (3), a bounded sliding
mode controller is suggested in the following subsection.

3.2 Constrained sliding mode control

In this subsection, the constrained sliding mode control law
is suggested as follows:

u(t) = (h(x(t))g(x(t)))−1(h(x(t))L(x(t))−
μS(t) − ρsgn(S(t))) (10)
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where u(t) = [u1, . . . , um]T ∈ Rm and μ, ρ ∈ R+ are
positive real constants.

Before expressing the stability analysis of the sliding
mode controller in (10), we want to show that this sug-
gested input control is bounded.

At first, it is worth mentioning that according to the defi-
nition of S(t) in (3) and P (t) in (5) we have

‖S(t)‖ =
√
‖s1‖2 + ‖s2‖2 + · · · + ‖sm‖2 =√

‖tanh(p1)‖2 + ‖tanh(p2)‖2 + · · · + ‖tanh(pm)‖2.

(11)

Now, given that |tanh(pi)| � 1, i = 1, 2, . . . , m, the
upper bound of sliding manifold S(t) in (11) is obtained
as follows:

‖S(t)‖ �
√

1 + 1 + · · · + 1︸ ︷︷ ︸
m time

=
√

m. (12)

Then, due to the definition of the sign function, the
similar calculations will also result in

‖sgn(S(t))‖ �
√

m. (13)

Therefore, the upper bound of the input control law in
(10) can be obtained as below:

‖u(t)‖ � ‖(h(x(t))g(x(t)))−1‖‖(h(x(t))L(x(t))−

μS(t) − ρsgn(S(t)))‖. (14)

Therefore, due to the positivity of μ and ρ and consider-
ing (12) and (13), the upper bound of input control will be
achieved as follows:

‖u(t)‖ � ‖(h(x(t))g(x(t)))−1‖{‖h(x(t))L(x(t))‖+

μ
√

m + ρ
√

m}. (15)

Finally, considering the inequalities mentioned in
item (iii) of Assumption 1, the upper bound of the input
control is obtained as below:

‖u(t)‖ � M{N + μ
√

m + ρ
√

m}. (16)

Now, we are ready to show the stabilizing property of
the constraint input controller in (10) that is done in the
next subsection.

3.3 Stability analysis

The main result of the paper is expressed in this subsec-
tion. A complete description of the proposed sliding mode
controller for asymptotically stabilizing of the NFO input
affine system in (1) is presented in the following theorem.

Theorem 1 Consider the NFO input affine in (3). Let
u(t) = [u1, . . . , um]T ∈ Rm is given by (10) where
h(x) ∈ Rm×n and L(x) ∈ Rn×1 are arbitrary nonli-
near functions that satisfy Assumption 1, S(t) is defined
by (3) and μ, ρ > 0. Then,

(i) the closed loop system is asymptotically stable,
(ii) input control in (10) is bounded and its upper bound

is shown in (16).
Proof Consider the following Lyapunov function can-

didate:

V (t) =
1
2
ST(t)S(t). (17)

Taking derivative of (17) along the trajectories of system
in (1) results in

V̇ (t) = ST(t)Ṡ(t) =

ST(t)(h(x(t))Dαx(t) − h(x(t))f(x(t))−
h(x(t))L(x(t))) × (sech2(tanh−1(S(t)))) =

ST(t)(h(x(t))g(x(t))u(t) − h(x(t))L(x(t)))×
(sech2(tanh−1(S(t)))). (18)

Substituting the input controller from (10) into (18) re-
sults in

V̇ (t) = ST(t)(−μS(t) − ρsgn(S(t)))·
(sech2(tanh−1(S(t)))). (19)

That can be written as

V̇ (t) = −μ‖S(t)‖2 − ρ‖S(t)‖(sech2(tanh−1(S(t)))).

(20)

Therefore, due to the positivity of μ and ρ, the deriva-
tive of the Lyapunov function in (20) is negative definite
and thus S(t) converges to zero where t → ∞. Therefore,
according to (9), the system in (1) with the control input in
(10) is asymptotically stable. �

3.4 Special case

Suppose that system functions f(x) and g(x) in fractional
order system in (1) are in scalar polynomial forms as fol-
lows:{

f(x(t)) = anxn + an−1x
n−1 + · · · + a1x + a0

g(x(t)) = bmxm + bm−1x
m−1 + · · · + b1x + b0

(21)

where ai > 0 (i = 1, . . . , n) and bj > 0 (j = 1, . . . , m)
are constant coefficients.

It is obvious that f(x) has n roots which can be dis-
played with λi (i = 1, . . . , n). It is known that a sta-
ble root in the fractional order system is in the region

| arg(λi)| > α
π

2
, where α is the fractional order. Now sup-

pose that f(x) has p stable roots and n − p unstable roots.
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Then, by separating the stable and unstable parts, f(x) can
be rewritten as follows:

f(x(t)) = (x − λ1)(x − λ2) · · · (x − λp)︸ ︷︷ ︸
p stable roots

·

(x − λp+1)(x − λp+2) · · · (x − λn)︸ ︷︷ ︸
(n−p) unstable roots

. (22)

According to item (iv) of Assumption 1, f(x)+L(x) is
asymptotically stable therefore L(x) could be designed as

follows:

f(x(t))+L(x(t)) = (x−λ1)(x−λ2) · · · (x−λp). (23)

Therefore,

L(x(t)) = (x−λ1) · · · (x−λp)(1−(x−λp+1) · · · (x−λn)).

(24)

That can be written as

L(x(t)) =

⎛
⎜⎜⎝xp − (

p∑
i=1

λi)xp−1 + (
p∑

i,j=1
i�=j

λiλj)xp−2 − (
p∑

i,j,k=1
i�=j �=k

λiλjλk)xp−3 + · · · + (−1)pλ1λ2 . . . λp

⎞
⎟⎟⎠×

(
1−

(
xn−p−(

n−p∑
i=1

λi)xn−p−1 + (
n−p∑
i,j=1
i�=j

λiλj)xn−p−2 − (
n−p∑

i,j,k=1
i�=j �=k

λiλjλk)xn−p−3 + · · · + (−1)n−pλp+1λp+2 · · ·λn

))
,

(25)
which can be simplified as follows:

L(x(t)) = −
(

xp − (
p∑

i=1

λi)xp−1 + (
p∑

i,j=1
i�=j

λiλj)xp−2 − (
p∑

i,j,k=1
i�=j �=k

λiλjλk)xp−3 + · · · + (−1)pλ1λ2 · · ·λp

)
×

((
xn−p−(

n−p∑
i=1

λi)xn−p−1 + (
n−p∑
i,j=1
i�=j

λiλj)xn−p−2 − (
n−p∑

i,j,k=1
i�=j �=k

λiλjλk)xn−p−3 + · · · + (−1)n−pλp+1λp+2 · · ·λn

)
−1

)
.

(26)

Therefore, for the scalar polynomial fractional order non-
linear system in (1) with functions f(x) and g(x) as in
(21), the fractional order sliding mode controller in (10)
can be simplified as follows:

u(t) = (g(x(t)))−1(L(x(t))−μS(t)−ρsgn(s(t))). (27)

Considering that the scalar form of g(x(t)), i.e.,
(g(x(t))−1, is available for ∀x(t) 	= 0 and as a result we
can consider h(x(t)) = 1.

From item (iii) of Assumption 1, suppose that
‖g(x(t))−1‖ � M . On the other hand, ‖g(x(t))−1‖ �

1
‖g(x(t))‖ and according to (21) we can conclude

‖g(x(t))‖ =

√√√√ m∑
k=0

|bk|2. Therefore, M � 1√√√√ m∑
k=0

|bk|2

and we have
m∑

k=1

|bk|2 � 1
M2

. (28)

Considering L(x(t)) = xn + ln−1x
n−1 + · · ·+ l1x+ l0

and based on item (iii) of Assumption 1, ‖L(x(t))‖ � N

therefore

√√√√ n∑
k=0

|lk|2 � N . This can also be rewritten as

follows:
n∑

k=0

|lk|2 � N2. (29)

In this case, the dimension of sliding surface is 1, there-
fore, based on (16) the upper bound of the u(t) can be
obtained as follows:

‖u(t)‖ � M{N + μ + ρ}. (30)
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4. Finite time convergence to sliding surface

In the previous section, it has been shown that the designed
sliding mode input control in (10) can asymptotically sta-
bilize the NFO input affine system (1) and in this case the
controller would remain bounded during the convergence.

In this section, it is shown that by applying the controller
in (10), the system reaches the switching manifold at a spe-
cific finite time and this finite time is also obtained.

At first, consider the following two lemmas.
Lemma 1 [28,29] The relationship between the inverse

hyperbolic tangent function and the logarithm function for
a variable such as x (|x| < 1) is shown as follows:

tanh−1(x) =
1
2

ln(
1 + x

1 − x
). (31)

Lemma 2 [28,29] The relationship between the hy-
perbolic cosine function and the exponential function for a
variable such as is shown as follows:

sech2(x) =
(

1
cosh(x)

)2

=
(

2
ex + e−x

)2

. (32)

Theorem 2 By applying the fractional order sliding
mode controller in (10) to the fractional order nonlinear
system in (1), the specific finite time in which system states
converge to the sliding surface is determined as follows:

t = ln
((

1
1 − S(0)

) 1
μ+ρ

×
(

1
1 + S(0)

) −1
ρ−μ

×

(
ρ

μ|S(0)| + ρ

) 2μ

ρ2−μ2
)

. (33)

Proof In order to find the reaching time to the slid-
ing manifold, the following differential equation must be
solved:

Ṡ(t) = (h(x(t))0Dα
t x(t)−h(x(t))(f(x(t))+L(x(t))))×

sech2(tanh−1(S(t))). (34)

Substituting (1) into (34) results in

Ṡ(t) = (h(x(t))(f(x(t)) + g(x(t))u(t))−

h(x(t))(f(x(t)) + L(x(t)))) × sech2(tanh−1(S(t))).

(35)

Substituting the input control in (10) into (35) results in

Ṡ(t) = (−μS(t) − ρsgn(S(t))) × sech2(tanh−1(S(t))).

(36)

Based on the sign of S(t) there will be two cases.

Case 1 S(t) > 0
Assuming S(t) > 0, (36) can be summarized as fol-

lows:

Ṡ(t) = (−μS(t) − ρ) × sech2(tanh−1(S(t))). (37)

Using Lemma 2, the following equation is obtained:

sech2(tanh−1((S(t))) =
(

1
cosh(tanh−1((S(t))))

)2

=

(
2

e(tanh−1((S(t))) + e(tanh−1((S(t)))

)2

. (38)

Substituting (38) into (37) results in

Ṡ(t) = (−μS(t) − ρ)×(
4

(e(tanh−1((S(t))) + e(tanh−1((S(t))))2

)
. (39)

Using Lemma 1, (39) could be rewritten as follows:

Ṡ(t) = (−μS(t) − ρ)×⎛
⎝ 4

(eln( 1+S(t)
1−S(t) )

1/2

+ e− ln( 1+S(t)
1−S(t) )

1/2

)2

⎞
⎠ . (40)

Considering eln(x) = x that is true for any x, we have

Ṡ(t) = (−μS(t) − ρ)×⎛
⎜⎜⎜⎜⎜⎝

4((
1 + S(t)
1 − S(t)

)1/2

+
(

1 − S(t)
1 + S(t)

)1/2
)2

⎞
⎟⎟⎟⎟⎟⎠ =

(−μS(t) − ρ) ×

⎛
⎜⎜⎝ 4

4
1 − (S(t))2

⎞
⎟⎟⎠ . (41)

Finally we can get the following differential equation:

Ṡ(t) = (−μS(t) − ρ) × (1 − (S(t))2). (42)

To solve the differential equation in (42), the integral must
be taken from both sides.

dS(t)
dt

= (−μS(t) − ρ) × (1 − (S(t))2) (43)

dS(t)
(−μS(t) − ρ) × (1 − (S(t))2)

= dt (44)

⇒
∫S(t)

S(0)

dS(τ)
(−μS(τ) − ρ) × (1 − (S(τ))2)

=
∫ t

0

dτ (45)
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Using the partial decomposition technique, (45) turns out
as follows:

∫S(t)

S(0)

−1
μ + ρ

1 − S(τ)
dS(τ) +

∫S(t)

S(0)

−1
ρ − μ

1 + S(τ)
dS(τ)+

∫S(t)

S(0)

−2μ2

ρ2 − μ2

−μS(τ) − ρ
dS(τ) =

∫ t

0

dτ . (46)

Taking the integral from (46) and doing some easy calcu-
lations result in

ln
(

1 − S(t)
1 − S(0)

) 1
μ+ρ

+ ln
(

1 + S(t)
1 + S(0)

) −1
ρ−μ

+

ln
(−μS(t) − ρ

−μS(0) − ρ

) 2μ

ρ2−μ2

= t. (47)

It can be rewritten as follows:(
1 − S(t)
1 − S(0)

) 1
μ+ρ

×
(

1 + S(t)
1 + S(0)

) −1
ρ−μ

×

(−μS(t) − ρ

−μS(0) − ρ

) 2μ

ρ2−μ2

= et. (48)

Now, by setting S(t) = 0 (sliding mode) in (48), the finite
time that is needed for the system to reach from the initial
condition S(0) to S(t) = 0 is calculated as

t = ln
((

1
1 − S(0)

) 1
μ+ρ

×
(

1
1 + S(0)

) −1
ρ−μ

×

(
ρ

μS(0) + ρ

) 2μ

ρ2−μ2
)

. (49)

Case 2 S(t) < 0
Assuming S(t) < 0 we have

Ṡ(t) = (−μS(t) + ρ) × sech2(tanh−1(S(t))). (50)

By performing the similar process, the zeroing time of slid-
ing surface for S(t) < 0 is obtained as follows:

t = ln
((

1
1 − S(0)

) 1
μ+ρ

×
(

1
1 + S(0)

) −1
ρ−μ

×

(
ρ

−μS(0) + ρ

) 2μ

ρ2−μ2
)

. (51)

Thus, according to (49) and (51), the finite time in which
system states converge to the sliding manifold can be ex-
pressed as follows:

t = ln
((

1
1 − S(0)

) 1
μ+ρ

×
(

1
1 + S(0)

) −1
ρ−μ

×

(
ρ

μ|S(0)| + ρ

) 2μ

ρ2−μ2
)

. (52)

�

5. Comparison with integer order counterpart

In this section, a comparison between fractional order slid-
ing mode control in (10) with its integer order counterpart
is obtained, before that we first express some lemmas.

Lemma 3 [30] Consider a nonlinear fractional order
equation as follows:

Dα
t y(t) = F (t). (53)

Then, the solution of (53) is

y(t) =
∞∑

n=0

F n(0)
n!

Γ (n + 1)
Γ (1 + n + α)

tn+α = D−α
t F (t).

(54)

And also the solution of the one-term equation in (53) can
be generalized when the right-hand side of the equation in
(53) has other forms [30]. Suppose that F is expressed as
follows:

F (x(t)) = f(x(t)) + L(x(t)). (55)

According to (9), when the system is in the siding mode, it
can be shown as follows:

Dα
t x(t) = f(x(t)) + L(x(t)). (56)

Lemma 4 [31] Let x(t) = 0 be an equilibrium point
of the system in (56), f + L is Lipschitz on x(t) = 0 with
Lipschitz constant l and is also piecewise continuous with
respect to t, then the solution of (56) satisfies

‖x(t)‖ � ‖x0(t)‖Eα(l(t − t0)α) (57)

where x0(t) is the initial condition and Eα(·) is Mittag-
Leffler function.

Remark 2 [31] In Lemma 4, if α = 1, it follows [32]
that

‖x(t)‖ � ‖x0(t)‖el(t−t0). (58)

In comparison to the integer order counterpart system
that is ẋ(t) = f(x(t))+L(x(t)), the state x(t) of the frac-
tional order system decays to 0 like t−α whereas the states
in the integer order case decay towards 0 like eAt, A =

∂

∂x(t)
(f(x(t)) + L(x(t))).

As it is shown in [33], this means that from the ini-
tial state x0(t), the chattering layer of the fractional order
nonlinear system around switching manifold S(t) = 0 is
smaller than that of the integer order counterpart. Fig. 1
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shows this difference for a system with two states. When
the system reaches the siding surface from initial states
(x10, x20), for the fractional order system, states decay to-
ward (0, 0) like t−α (1 → 2 → 3 . . .) whereas the states
in integer order case decays to origin like eAt (1′ → 2′ →
3′ . . .).

Fig. 1 Decaying of states on sliding mode surface in fractional-order
compared with the integer order systems

This clearly shows that chattering in fractional order
sliding mode control is less than of it for integer order
counterpart and this is one of the advantages of fractional
order sliding mode control compared with classical integer
order systems.

6. Simulation results

In this section some simulation results are presented for
nonlinear fractional order input affine systems with the
designated bounded fractional order sliding mode con-
troller to show the effectiveness of the proposed methodo-
logy.

Example 1

Based on the financial chaotic systems which are pro-
vided in [34,35], functions f(x(t)), g(x(t)) for the system
(1) are defined as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

f(x(t)) =

⎡
⎣x1(t)x2(t)

−x2
1(t)

x2(t)x3(t)

⎤
⎦

g(x(t)) =

⎡
⎣ 1

2 + cos(x1(t)x2(t))
1

⎤
⎦ .

(59)

As previously mentioned, L(x(t)) and H(x(t)) are two ar-
bitrary functions that should satisfy conditions of Assump-

tion 1. Thus they can be chosen as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

L(x(t)) =

⎡
⎣−x2

3(t)
−x2(t)
−x1(t)

⎤
⎦

H(x(t)) =

⎡
⎣ 2

tanh(x1(t))
10

⎤
⎦ .

(60)

The initial condition of the system, fractional order and
designed gains for the controller are selected as x0 =
[2 − 1 1]T, α = 0.98, ρ = 2, μ = 5, respectively.

Based on the designed sliding mode controller in (10),
the simulation results are shown in Fig. 2 and Fig. 3. It is
clearly seen in Fig. 2 that the designed sliding mode con-
troller is capable for stabilizing the system in (59) as well.
The designed sliding mode controller is shown in Fig. 3.
In Fig. 3, it is seen that the designed controller is bounded
between – 0.624 2 and 0.624 2. The constrained diagram
of the sliding surface and its convergence to zero are shown
in Fig. 4. Fig. 4 shows that the sliding surface converges to
zero in a finite time that is 2.04 s.

Fig. 2 State convergence to the origin

Fig. 3 Designed constrained control input for the system by sliding
mode method

Fig. 4 Designed constrained sliding surface and its convergence to
zero
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The designed constrained fractional order controller has
been compared with its counterpart integer order one. To
do this, both of these controllers have been applied to an
integer order system. The result has been shown in Fig. 5.
From Fig. 5, it is seen that the fractional order controller
has better performance than the integer order counterpart.
It is clearly shown that the fractional order controller re-
sults in fewer chattering in convergence of states.

Fig. 5 Comparison between integer order and fractional order con-
troller which are applied to the integer order system

Example 2
In this example functions f(x) and g(x) are considered

as scalar polynomials and also we have α = 0.95, μ = 3,
ρ = 2. Assume that f(x) and g(x) are as follows:{

f(x(t)) = 3x3 + x2 + x + 1
g(x(t)) = 2x2 + x + 1 (61)

where f(x(t)) has three roots which are λ1,2 = 0.150 8 ±
j0.708 6, λ3 = −0.635. It is known that arg(x, y) =
arctan(

y

x
) +
π

2
sign(y)(1 − sign(x)), hence the absolute

argument of the roots can be obtained as follows:⎧⎪⎨
⎪⎩

| arg(λ1,2)| = 1.361 1 < α
π

2
,

| arg(λ3)| = π > α
π

2

. (62)

It is obvious that the nonlinear function f(x(t)) has one
stable and two unstable roots. Based on (26), function
L(x(t)) can be designed as follows:

L(x(t)) = −x3 − 0.333 4x2 + 0.666 7x + 0.301 7. (63)

Now, by calculating M and N from (28) and (29) we have

M � 1√√√√ m∑
k=0

|bk|2
=

1√
(2)2 + (1)2 + (1)2

=
1√
6

N2 �
n∑

k=0

|lk|2 = 12 + 0.333 42 + 0.666 72+

0.301 72 = 1.645 ⇒ N � 1.283 2. (64)

Thus the upper bound of the input control from (30) could

be |u(t)| � 1√
6
(1.283 2 + 3 + 2) = 2.565 1.

Fig. 6 shows the system state. It is seen that the state
smoothly converges to the origin.

Fig. 6 Scalar fractional order controlled system

The bounded input control is shown in Fig. 7. It can be
seen that the input control remains in the designed bound
that is 2.565 1.

Fig. 7 Input control and its boundaries

Example 3
One of the fractional order chaotic systems which is

used in cryptography is the fractional order Lorenz sys-
tem [36]. An analog circuit to implement this system by
using resistors, capacitors, analog multipliers AD633, and
analog operational amplifiers LF347N, is shown in Fig. 8.
That is, the dynamics of the system are confirmed by physi-
cal implementation [37].

Equations of the fractional order Lorenz system are
listed as follows:⎧⎨

⎩
Dαx = σ(y − x)
Dαy = γx − y − xz
Dαz = xy − βz

(65)

where σ = 10, ρ = 28, β =
8
3

and α = 0.97, μ =
2, ρ = 3. Initial conditions for this system are considered
as [x0, y0, z0]T = [0.5,−1, 0.8]T. The chaotic behavior of
this system is shown in Fig. 9.
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Fig. 8 Analog circuit of the fractional-order Lorenz system

Fig. 9 Chaotic fractional Lorenz system

To stabilize the system, a limited input control is applied
to the second state. Thus, the system equation is listed as
follows: ⎧⎨

⎩
Dαx = σ(y − x)
Dαy = ρx − y − xz + u
Dαz = xy − βz

. (66)

Therefore, f(x), g(x) and designed L(x), H(x) are listed
as follows: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

f =

⎡
⎣ σ(y − x)

ρx − y − xz
xy − βz

⎤
⎦

g(x) =

⎡
⎣ 0

1
0

⎤
⎦

L(x) =

⎡
⎣−x2

−y
−z3

⎤
⎦

H(x) =
[
1 10 1

]

(67)

Based on designed sliding mode controller in (10), the
simulation results are shown in Fig. 10 and Fig. 11. From
Fig. 10, it is seen that the designed sliding mode controller
is capable for stabilizing the system in (66) and system
states will converge to the origin after about 1.7 s. The de-
signed sliding mode controller is shown in Fig. 11. It is
seen that the designed controller is bounded between – 1
and 1. The constrained diagram of sliding surface and its
convergence to zero are shown in Fig. 12. Fig. 12 shows
that the sliding surface converges to zero in a finite time
that is 1.7 s.

Fig. 10 Lorenz state convergence to the origin

Fig. 11 Designed constrained control input for the Lorenz system

Fig. 12 Designed constrained sliding surface for the Lorenz system
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7. Conclusions

In this paper a new bounded and chattering free fractional
order sliding mode controller is designed for nonlinear
fractional order input affine systems. In order to limit the
input controller and reduce the chattering, a hyperbolic tan-
gent function is used in designing the sliding surface. Us-
ing this sliding mode controller, asymptotic stability of the
closed loop system is obtained and the input controller is
remained bounded. In addition, the finite time convergence
of the sliding surface to zero is calculated, stability of poly-
nomial nonlinear fractional order systems as a special case
is presented and finally a comparison with the integer order
counterpart is also presented. The simulation results con-
firm the obtained mathematical relationships.
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