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Abstract: The global robust output regulation problem of the
singular nonlinear system is investigated. Motivated by the input-
output linearization of the normal affine nonlinear system, a global
diffeomorphism map is designed under the assumption that the
singular nonlinear system has a strong relative degree. The global
diffeomorphism map transfers the singular nonlinear system into a
new singular nonlinear system with a special structure. Attaching
an internal model to the new singular nonlinear system yields an
augmented singular nonlinear system and the global robust stabi-
lization solution of the augmented system implies the global robust
output regulation solution of the original singular nonlinear system.
Then the global stabilization problem is solved by some appropri-
ate assumptions and the solvability conditions of the global robust
output regulation problem are established. Finally, a simulation
example is given to illustrate the design approach.
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1. Introduction

A large number of physical systems can be modeled by
singular nonlinear systems, e.g., power systems [1], robot
systems [2] and chemical processes [3]. Hence, the con-
trol problems for singular nonlinear systems attract much
research attention. For example, [4] and [5] addressed the
issues of input-output decoupling and disturbances decou-
pling for singular nonlinear systems; [6] dealed with the
adaptive regularization problem of singular nonlinear sys-
tems, and the tracking problem was investigated in [7].

The robust nonlinear output regulation problem aims
to achieve asymptotic tracking of a class of reference in-
puts and/or asymptotic rejecting of a class of disturbances
for nonlinear systems in the presence of parameter uncer-
tainties. Most of the results on the robust nonlinear output
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regulation problem are based on two methods. One is inter-
nal model principle, for example, linear internal model [8 –
12], and nonlinear internal model [13]. The other one is
the adaptive method, for example, adaptive internal model
[14,15], and adaptive output regulation [16 – 19]. Besides
the output regulation problem for normal nonlinear sys-
tems, the output regulation problem for singular nonlinear
systems has also been investigated in the literature, for ex-
ample, [20 – 25]. It is shown in [20] that a necessary con-
dition for the output regulation problem of singular nonli-
near systems is that the singular nonlinear regulator equa-
tions have a nontrivial solution. Under an assumption on
normalizability, a state feedback controller and an output
feedback controller were designed in [20] to solve the out-
put regulation problem. Moreover, [22] and [23] removed
the normalizability condition in [20], and designed a nor-
mal output feedback control law for the output regulation
problem of the singular nonlinear systems. The robust out-
put regulation problem for singular nonlinear systems was
studied in [21] and [24]. However, it should be noted that
the existing results on the robust output regulation prob-
lem for singular nonlinear systems are limited to local so-
lutions because the solvability conditions on the robust out-
put regulation problem for singular nonlinear systems are
generally obtained by the linearization model of the singu-
lar nonlinear systems.

In this paper, we are trying to investigate the global ro-
bust output regulation problem for a class of affine singular
nonlinear systems. Noting that it is almost impossible to
solve the global robust output regulation problem directly
for a general singular nonlinear system, a global diffeo-
morphism map is designed to transfer the singular non-
linear system into a new singular nonlinear system with
a special structure. Such a global diffeomorphsim map
exists under the assumption that the singular nonlinear sys-
tem has a strong relative degree. The global robust out-
put regulation problem is transferred into a global robust
stabilization problem. And then, the solvability conditions
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of the global robust output regulation problem are estab-
lished by solving the global robust stabilization problem
with the virtue of the special structure. Specifically, we at-
tach a dynamic compensator to the new singular nonlinear
system which yields an augmented singular nonlinear sys-
tem. It is shown that the solvability of the robust stabiliza-
tion for the augmented singular nonlinear system implies
the solvability of the robust output regulation problem of
the original singular nonlinear system. Under some appro-
priate assumptions, the global robust stabilization problem
is solved with a state feedback control law by using the
small gain theorem. Then, the solvability conditions of the
global robust output regulation problem are established.

The rest of this paper is organized as follows. Section 2
formulates the global robust output regulation problem for
a class of singular nonlinear systems. Section 3 transforms
the singular nonlinear system in the affine form into a sin-
gular nonlinear system with special structure, and the out-
put regulation problem is converted into a robust stabi-
lization problem of an augmented singular nonlinear sys-
tem. Section 4 addresses the solvability conditions for the
global robust stabilization problem of the augmented sin-
gular nonlinear system. Section 5 gives an example to illus-
trate the proposed method, and some remark conclusions
are contained in Section 6.

2. Problem formulation

Consider the following affine singular nonlinear system:

ẋ = f1(x,μ) + p1(x,μ)z + g1(x,μ)u+ q1(x,μ)v

0 = f2(x,μ) + p2(x,μ)z + g2(x,μ)u+ q2(x,μ)v

e = h(x) − q0(v,μ) (1)

where x ∈ �n and z ∈ �s are the system states,
u ∈ � is the control input, μ ∈ U ⊂ �m is the
plant uncertain parameter vector where U is a compact
set, μ0 ∈ �m is the nominal value of μ which is known.
e ∈ � is the system output representing the tracking er-
ror. f1(x,μ), f2(x,μ), p1(x,μ), p2(x,μ), g1(x,μ),
g2(x,μ), q1(x,μ) and q2(x,μ) are matrix-valued func-
tions with dimensions n × 1, s × 1, n × s, s × s, n × 1,
s×1, n×a and s×a, respectively.v ∈ �a is the exogenous
signal representing the disturbance and/or the reference in-
put described by

v̇ = Sv. (2)

All functions in (1) are globally defined, sufficiently
smooth, and satisfy f1(0,μ) = 0, f2(0,μ) = 0, h(0) =
0 and q0(0,μ) = 0. It is assumed that all the eigenvalues
of the matrix S are simple and have zero-real-parts. So for
any v(0) ∈ �a, there is a compact set V ∈ �a containing
the origin of �a, such that v(t) ∈ V .

Global robust output regulation problem Given a
singular nonlinear system (1) and exosystem (2), design a
feedback control law

u = uk(x, z, ζ, e)
ζ̇ = gζ(x, z, ζ, e)

(3)

with ζ ∈ �nζ being the state of control law, such that, for
any initial states x(0) ∈ �n, z(0) ∈ �s, ζ(0) ∈ �nζ ,
and v(0) ∈ �a, the trajectories of the closed-loop system
composed of (1), (2) and (3) exist and are bounded for all
t � 0, and satisfy lim

t→∞ e(t) = 0.

Remark 1 Most of the existing results on the out-
put regulation problem of nonlinear singular systems are
limited to local solutions, e.g., [20, 22 – 24]. This paper
aims to establish a global solution for the output reg-
ulation problem of singular nonlinear systems. To this
target, a class of nonlinear singular system in the form
of (1) is addressed in this paper. Though it is in a
special form in which the partial state z appears lin-
early, there exist some physical systems that can be
modeled as singular nonlinear systems in the form of
(1), e.g. a robot with end effector in contact with a
rigid surface [2], a vapor-liquid reaction system [3]. Va-
rious control problems are investigated in the literature for
the nonlinear singular system in the form of (1), such as,
feedback control [4], disturbance decoupling [5], and out-
put tracking [7].

Assumption 1 rank[p2(x,μ) g2(x,μ)] = s

and there exists a matrix γ(x) such that p2(x,μ) +
g2(x,μ)γ(x) is non-singular for all μ ∈ U .

Remark 2 Assumption 1 is a regularizable condition
of the singular nonlinear system (1). It is worth noting that
the matrix p2(x, μ) may be a singular matrix, and we can-
not obtain a unique z by implicit function theorem. As
shown in [4], Assumption 1 guarantees that there exists
a smooth regular feedback in the form of u = ω + γ(x)z
such that the closed-loop system has a unique solution for
any continuous input ω. Moreover, with Assumption 1,
we can define the strong relative degree for the singular
nonlinear system (1). In fact, we denote Lf1f2(x,μ) =
∂f2(x,μ)

∂x
f1(x,μ) for some smooth functions f1(x,μ)

and f2(x,μ), the strong relative degree of the system (1)
can be calculated by the following algorithm.

Step 1 Let ξ1 = h(x) and calculate Lf1ξ1, Lp1ξ1 and
Lg1ξ1. If

rank
[
Lp1ξ1 Lg1ξ1
p2(x,μ) g2(x,μ)

]
= s

then there exists a vector-valued function E1(x,μ) ∈
�1×s such that[
Lp1ξ1 Lg1ξ1

]
= E1(x,μ)

[
p2(x,μ) g2(x,μ)

]
.
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Denote ξ̂2(x,μ) = Lf1ξ1 −E1(x,μ)f2 and ξ2(x,μ0) =
ξ̂2(x,μ0); Otherwise, let ρ = 1 and end the algorithm.

Step k We assume that a sequence of ξ1(x,μ0), . . .,
ξk(x,μ0) is defined. Calculate Lf1ξk, Lp1ξk and Lg1ξk.
If

rank
[
Lp1ξk Lg1ξk
p2(x,μ) g2(x,μ)

]
= s

then there exists a vector-valued function Ek(x,μ, μ0) ∈
�1×s such that
[
Lp1ξk Lg1ξk

]
= Ek(x,μ, μ0)

[
p2(x,μ) g2(x,μ)

]
.

Denote ξ̂k+1(x,μ,μ0) = Lf1ξk − Ek(x,μ,μ0)f2 and
ξk+1(x,μ0) = ξ̂k+1(x,μ0,μ0); otherwise, let ρ = k and
end the algorithm.

The ρ obtained in the above algorithm is called strong
relative degree of the system (1). Similar algorithms
have been used to develop the state-space description for
differential-algebraic equation systems in [2] and [4]. It
is worth mentioning that the strong relative degree of the
system (1) may be different with the integer k of the sys-
tem (1) with μ = μ0 by the Algorithm 1 in [4], because
ξk(x,μ0) (k = 2, . . . , ρ) is defined recursively and inde-
pendent of μ. Please refer to [4] for more details on the
algorithm.

Assumption 2 The system (1) has a strong relative de-
gree ρ � n for all μ ∈ U .

3. Problem conversion

Now, based on the assumption that the singular nonlinear
system has a strong relative degree, we can show that a
global diffeomorphism map can be constructed to transfer
the singular nonlinear system into a new singular nonlinear
system with a special structure.

Lemma 1 For system (1), under Assumptions 1 and 2,
there exists a smooth function η(x,μ0), such that

T (x,μ0) =

⎡
⎢⎢⎢⎣
η(x,μ0)
ξ1(x,μ0)

...
ξρ(x,μ0)

⎤
⎥⎥⎥⎦ , η(x,μ0) ∈ �n−ρ

is a global diffeomorphism and

Lg(x,μ)η(x,μ0) = 0 (4)

where

g(x,μ) = g1(x,μ) − κ1(x,μ)κ−1
2 (x,μ)g2(x,μ) (5)

and
κ1(x,μ) = p1(x,μ) + g1(x,μ)γ(x) (6)

κ2(x,μ) = p2(x,μ) + g2(x,μ)γ(x). (7)

Proof Let u = w+γ(x)z, the system (1) can be writ-
ten as

ẋ = f1(x,μ) + g1(x,μ)w + κ1(x,μ)z + q1(x,μ)v

0
¯

= f2(x,μ) + g2(x,μ)w + κ2(x,μ)z + q2(x,μ)v

e = h(x) − q0(v,μ)

whereκ1(x,μ) andκ2(x,μ) are defined by (6) and (7) re-
spectively. Under Assumption 1, κ2(x,μ) is nonsingular,
thus the variable z can be uniquely determined by

z = −κ−1
2 (x,μ)

(
f2(x,μ) + g2(x,μ)w + q2(x,μ)v

)
.

It follows that

ẋ = f(x,μ) + g(x,μ)w + q(x,μ)v

e = h(x) − q0(v,μ)

where

f(x,μ) = f1(x,μ) − κ1(x,μ)κ−1
2 (x,μ)f2(x,μ)

g(x,μ) = g1(x,μ) − κ1(x,μ)κ−1
2 (x,μ)g2(x,μ)

q(x,μ) = q1(x,μ) − κ1(x,μ)κ−1
2 (x,μ)q2(x,μ).

Let q∗(x,μ,μ0,v) = q(x,μ)v + f(x,μ) − f(x,μ0),
then we have

ẋ = f(x,μ0) + g(x,μ)w + q∗(x,μ,μ0,v)

e = h(x) − q0(v,μ). (8)

With Assumption 2 and Remark 2, there exists
Ek(x,μ,μ0), for k = 1, . . . , ρ− 1, such that

[
Lp1ξk Lg1ξk

] [
I 0
γ(x) I

]
=

Ek(x,μ,μ0)
[
p2(x,μ) g2(x,μ)

] [
I 0
γ(x) I

]

which implies
[
Lp1ξk + Lg1ξkγ(x) Lg1ξk

]
=

Ek(x,μ,μ0)
[
p2(x,μ) + g2(x,μ)γ(x) g2(x,μ)

]
.

Hence, for k = 1, . . . , ρ− 1,

Ek(x,μ,μ0) =
∂ξk
∂x
κ1(x,μ)κ−1

2 (x,μ)

Lg1ξk = Ek(x,μ,μ0)g2(x,μ).

It follows that, for k = 1, . . . , ρ− 1,

Lf(x,μ0)ξk(x,μ0) =

[
Lf1(x,μ)ξk − ∂ξk

∂x
κ1(x,μ)κ−1

2 (x,μ)f2(x,μ)
]
μ=μ0

=
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[
Lf1(x,μ)ξk −Ek(x,μ,μ0)f2(x,μ)

]
μ=μ0

=

ξk+1(x,μ0) (9)

Lg(x,μ)ξk(x,μ0) =

∂ξk
∂x

[g1(x,μ) − κ1(x,μ)κ−1
2 (x,μ)g2(x,μ)] =

Lg1ξk −Ek(x,μ,μ0)g2(x,μ) = 0. (10)

and

Lgξρ = Lg1ξρ − ∂ξρ
∂x
κ1(x,μ)κ−1

2 (x,μ)g2(x,μ) �= 0.
(11)

Considering the system (8), and viewing q∗(x,μ,μ0,v)
as the perturbation, (9), (10) and (11) imply that the sys-
tem (8) has a relative degree ρ. By Theorem 13.1 in [26]
(or Proposition 4.1.3 in [27]), the map

T (x,μ0) =

⎡
⎢⎢⎢⎣
η(x,μ0)
ξ1(x,μ0)

...
ξρ(x,μ0)

⎤
⎥⎥⎥⎦ , η ∈ �n−ρ

is a global diffeomorphism such that

Lg(x,μ)η(x,μ0) = 0

which completes the proof of Lemma 1. �
With Lemma 1 and the algebra equation of (1), it can be

verified that, for i = 1, . . . , ρ− 1,

ξ̇i =
∂ξi
∂x

(f1(x,μ)+p1(x,μ)z+g1(x,μ)u+q1(x,μ)v) =

∂ξi
∂x

(f1(x,μ) + q1(x,μ)v)+

Ei(x,μ,μ0)(p2(x,μ)z + g2(x,μ)u) =

∂ξi
∂x

(f1(x,μ) + q1(x,μ)v)−

Ei(x,μ,μ0)(f2(x,μ) + q2(x,μ)v) =

ξi+1 + ϕi(η, ξ1, ξ2, . . . , ξρ,v,μ,μ0) (12)

where

ϕi(η, ξ1, ξ2, . . . , ξρ,v,μ,μ0) =
∂ξk
∂x

(f1(x,μ)−

f1(x,μ0) + q1(x,μ)v) −Ei(x,μ,μ0)(f2(x,μ)−
f2(x,μ0) + q2(x,μ)v).

Let E0(x,μ,μ0) =
∂η

∂x
κ1(x,μ)κ−1

2 (x,μ), it follows

that

E0(x,μ,μ0)κ2(x,μ) =
∂η

∂x
κ1(x,μ),

then

E0(x,μ,μ0)(p2(x,μ) + g2(x,μ)γ(x)) =

∂η

∂x
(p1(x,μ) + g1(x,μ)γ(x)). (13)

By (4), we have

∂η

∂x
g1(x,μ) =

∂η

∂x
κ1(x,μ)κ−1

2 (x,μ)g2(x,μ) =

E0(x,μ,μ0)g2(x,μ). (14)

Substituting (14) into (13) yields

∂η

∂x
p1(x,μ) = E0(x,μ,μ0)p2(x,μ). (15)

Furthermore, (14) and (15) can be rewritten as[
Lp1η Lg1η

]
= E0(x,μ,μ0)

[
p2(x,μ) g2(x,μ)

]
.

Thus, with the algebra equation of (1), we have

η̇ =
∂η

∂x
(f1(x,μ)+p1(x,μ)z+g1(x,μ)u+q1(x,μ)v) =

∂η

∂x
(f1(x,μ) + q1(x,μ)v)+

E0(x,μ,μ0)(p2(x,μ)z + g2(x,μ)u) =
∂η

∂x
(f1(x,μ) + q1(x,μ)v)−

E0(x,μ,μ0)(f2(x,μ) + q2(x,μ)v). (16)

By (12) and (16), it is clear that the global diffeomorphism
map T (x,μ0) transfers the system (1) into the following
form:

η̇ = ψ(η, ξ1, ξ2, . . . , ξρ,v,μ,μ0)

ξ̇i = ξi+1 + ϕi(η, ξ1, ξ2, . . . , ξρ,v,μ,μ0)

ξ̇ρ = f3(η, ξ,μ,μ0) + p3(η, ξ,μ,μ0)z+

g3(η, ξ,μ,μ0)u+ q3(η, ξ,μ,μ0)v

0 = f ′
2(η, ξ,μ,μ0) + p′2(η, ξ,μ,μ0)z+

g′2(η, ξ,μ,μ0)u+ q′2(η, ξ,μ,μ0)v

e = ξ1 − q0(v,μ) (17)

where i = 1, . . . , ρ− 1, ξ = col(ξ1, . . . , ξρ),

ψ(η, ξ1, ξ2, . . . , ξρ,v,μ,μ0) =

∂η

∂x
(f1(x,μ) + q1(η, ξ,μ)v)−

E0(x,μ,μ0)(f2(x,μ) + q2(x,μ)v)

and

f3(η, ξ,μ,μ0) =
∂ξρ
∂x
f1(x,μ)

f ′
2(η, ξ,μ,μ0) = f2(x,μ)

p3(η, ξ,μ,μ0) =
∂ξρ
∂x
p1(x,μ)
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p′2(η, ξ,μ,μ0) = p2(x,μ)

g3(η, ξ,μ,μ0) =
∂ξρ
∂x
g1(x,μ)

g′2(η, ξ,μ,μ0) = g2(x,μ)

q3(η, ξ,μ,μ0) =
∂ξρ
∂x
q1(x,μ)

q′2(η, ξ,μ,μ0) = q2(x,μ).

To deal with the global robust output regulation problem
for singular nonlinear system (17), we need two assump-
tions as follows.

Assumption 3 For the system (17), there exist suf-
ficiently smooth functions α(v,μ) ∈ �n−ρ, β(v,μ) =
col(β1(v, μ), . . . , βρ(v, μ)) ∈ �ρ, z(v,μ) ∈ �s,
u(v,μ) ∈ � with α(0, 0) = 0, β(0, 0) = 0, z(0, 0) = 0
and u(0, 0) = 0, such that

∂α

∂v
Sv = ψ(α, β1, β2, . . . , βρ,v,μ,μ0)

∂βi

∂v
Sv = βi+1 + ϕi(α, β1, β2, . . . , βρ,v,μ,μ0)

∂βρ

∂v
Sv = f3(α,β,μ,μ0) + p3(α,β,μ,μ0)z+

g3(α,β,μ,μ0)u+ q3(α,β,μ,μ0)v

0 = f ′
2(α,β,μ,μ0) + p′2(α,β,μ,μ0)z+

g′2(α,β,μ,μ0)u+ q′2(α,β,μ,μ0)v

0 = β1(v,μ) − q0(v,μ). (18)

Let γ(η, ξ) = γ(x), βρ+1(v,μ) = u(v,μ) −
γ(α(v,μ),β(v,μ))z(v,μ) and

χ(v,μ) =

⎛
⎜⎜⎜⎝

χ1(v,μ)
...

χρ−1(v,μ)
χρ(v,μ)

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

β2(v,μ)
...

βρ(v,μ)
βρ+1(v,μ)

⎞
⎟⎟⎟⎠ .

Assumption 4 For all v ∈ V , there exist a set of real
numbers ai

0, a
i
1, · · · , ai

�i−1 such that, for i = 1, . . . , ρ,

L�i

Svχi = ai
0χi + ai

1LSvχi + · · · + ai
�i−1L

�i−1
Sv χi.

Remark 3 Assumption 3 is standard and necessary
for the solvability of the robust output regulation problem
of singular nonlinear systems [21,24], and the equations
(18) are called singular regulator equations. Assumption 4
holds if the solution of the singular regulator equations in
(18) is polynomial in v which is used in the literature on
the robust output regulation problem for normal nonlinear
systems. This additional condition is also required to solve
the robust output regulation problem for singular nonlinear
systems [21,24].

Define τi(v,μ) ∈ ��i as

τi(v,μ) =

⎛
⎜⎜⎜⎝
χi(v,μ)
LSvχi

...
L�i−1

Sv χi

⎞
⎟⎟⎟⎠ , i = 1, . . . , ρ,

it follows that

∂τi(v,μ)
∂v

Sv = Φiτi(v,μ)

χi = Ψ iτi, i = 1, . . . , ρ

where

Φi =

⎛
⎜⎜⎜⎜⎝

0 1 0 . . . 0
0 0 1 . . . 0
· · · . . . ·
0 0 0 . . . 1
ai
0 ai

1 ai
2 . . . ai

�i−1

⎞
⎟⎟⎟⎟⎠

Ψ i =
(
1 0 0 · · · 0

)
.

The Sylvester equation

T i
0Φi −MiT

i
0 = NiΨ i, i = 1, . . . , ρ

has a unique nonsingular solution T i
0 for a given control-

lable pair (Mi,Ni) where Mi is a Hurwitz matrix and
Ni is a vector of appropriate dimension. Let θ i(v,μ) =
T i

0τi(v,μ) and ξρ+1 = u− γ(η, ξ)z, then we have

χi = Ψ i(T i
0)−1θi, i = 1, . . . , ρ

θ̇i = Miθi +NiΨ i(T i
0)−1θi = Miθi +Niχi

and we can define the following dynamic as internal
model:

σ̇i = Miσi +Niξi+1, σi ∈ ��i , i = 1, . . . , ρ. (19)

Attaching the internal model (19) to the system (17) and
performing the following coordinate and input transforma-
tion

σ̄i = σi − θi(v,μ)

η̄ = η −α(v,μ)

ξ̄1 = ξ1 − β1(v,μ) = e

ξ̄i+1 = ξi+1 −Ψ i(T i
0)−1σi, i = 1, . . . , ρ (20)

yield an augmented system as

˙̄η = ψ̄(η̄, ξ̄, σ̄,v,μ,μ0)

˙̄σi = (Mi +NiΨ i(T i
0)−1)σ̄i +Niξ̄i+1, i = 1, . . . , ρ

˙̄ξi = ξ̄i+1 + ϕ̄i(η̄, ξ̄, σ̄,v,μ,μ0), i = 1, . . . , ρ− 1

˙̄ξρ = f3(η, ξ,μ,μ0) + p3(η, ξ,μ,μ0)z+
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g3(η, ξ,μ,μ0)(ξ̄ρ+1 + Ψρ(T
ρ
0 )−1σρ + γ(η, ξ)z)+

q3(η, ξ,μ,μ0)v −Ψρ−1(T
ρ−1
0 )−1σ̇ρ−1

0 = f ′
2(η, ξ,μ,μ0) + p′2(η, ξ,μ,μ0)z+

g′2(η, ξ,μ,μ0)(ξ̄ρ+1 + Ψρ(T
ρ
0 )−1σρ + γ(η, ξ)z)+

q′2(η, ξ,μ,μ0)v (21)

where σ̄ = col(σ̄1, . . . , σ̄ρ), ξ̄ = col(ξ̄1, . . . , ξ̄ρ), and

ψ̄(η̄, ξ̄,v,μ,μ0) =

ψ(η̄ +α(v), ξ̄1 + β1(v), ξ̄2 + Ψ1(T 1
0 )−1σ1, . . . ,

ξ̄ρ + Ψρ−1(T
ρ−1
0 )−1σρ−1,v,μ,μ0)−

ψ(α(v), β1(v), β2(v), . . . , βρ(v),v,μ,μ0),

ϕ̄1(η̄, ξ̄, σ̄,v,μ,μ0) =

ϕ1(η̄ +α(v), ξ̄1 + β1(v), ξ̄2 + Ψ1(T 1
0 )−1σ1, . . . ,

ξ̄ρ + Ψρ−1(T
ρ−1
0 )−1σρ−1,v,μ,μ0)+

Ψ1(T 1
0 )−1σ1 − ∂β1(v,μ)

∂v
Sv,

ϕ̄i(η̄, ξ̄, σ̄,v,μ,μ0) =

ϕi(η̄ +α(v), ξ̄1 + β1(v), ξ̄2 + Ψ1(T 1
0 )−1σ1, . . . ,

ξ̄ρ + Ψρ−1(T
ρ−1
0 )−1σρ−1,v,μ,μ0)+

Ψ i(T i
0)−1σi −Ψ i−1(T i−1

0 )−1σ̇i−1,

i = 2, . . . , ρ− 1.

It can be verified that col(η̄, σ̄, ξ̄) = 0 is an equilibrium
point of the system (21) with ξ̄ρ+1 = 0 for all v ∈ V

and μ ∈ U . For the system (21), we can define a robust
stabilization problem as follows.

Global robust stabilization problem Given the sys-
tem (21), find a state feedback control law

ξ̄ρ+1 = k̄(ξ̄1, ξ̄2, . . . , ξ̄ρ) (22)

with k̄(0, 0, . . . , 0) = 0, such that for any initial conditions
(η̄(0), σ̄i(0), ξ̄(0) ∈ �n−ρ × ��i × �ρ, the equilibrium
col(η̄, σ̄, ξ̄) = 0 of the closed-loop system composed of
(21) and (22) is global asymptotically stable for all v ∈ V

and μ ∈ U .
Consider the following associate control law

T (x,μ0) = col(η, ξ)

σ̇i = Miσi +Niξi+1, i = 1, . . . , ρ

ξρ+1 = k̄(e, ξ2 −Ψ1(T 1
0 )−1σ1, . . . ,

ξρ −Ψρ−1(T
ρ−1
0 )−1σρ−1) + Ψρ(T

ρ
0 )−1σρ

u = ξρ+1 + γ(η, ξ)z (23)

then we have the following result.
Theorem 1 Under Assumptions 1 – 4, if the global ro-

bust stabilization problem for the system (21) is solvable
by the control law (22), then the global robust output re-
gulation problem for systems (1) and (2) is solvable by the
control law (23).

Proof For all v ∈ V and μ ∈ U , α(v,μ),β(v,μ)
and θi(v,μ) are bounded. If for any initial conditions
(η̄(0), σ̄i(0), ξ̄(0)) ∈ �n−ρ × ��i × �ρ, the equilibrium
col(η̄, σ̄, ξ̄) = 0 of the closed-loop system composed of
(21) and (22) is global asymptotically stable for all v ∈ V

and μ ∈ U , then by the transformation (20), there ex-
ists unique and bounded (η, ξ1, . . . , ξρ) for the closed-loop
system composed of systems (17) and (23). By the global
diffeomorphism T (x,μ0), for any initial state x(0) ∈ �n,
z(0) ∈ �s, σi(0) ∈ ��i , and for all v(t) ∈ V and μ ∈
U , the trajectories of the closed-loop systems composed
of (1), (2) and (23) are unique and bounded. Moreover,
lim

t→∞ e(t) = lim
t→∞(h(x(t))−q(v(t),μ)) = lim

t→∞ ξ̄1(t) = 0.

�

4. Solvability conditions

In previous section, the global robust output regulation
problem of a singular nonlinear system is converted into
a global robust stabilization problem of an augmented sin-
gular nonlinear system, that is, to establish the solvability
conditions of the global robust output regulation problem
of the system (1), it is sufficient to address the solution of
the global robust stabilization problem of the system (21).
Under Assumption 1, it can be verified that, for system
(21),

z =
(
p′2(η, ξ,μ,μ0) + g′2(η, ξ,μ,μ0)γ(η, ξ)

)−1·(
f ′

2(η, ξ,μ,μ0) + q′2(η, ξ,μ,μ0)v+

g′2(η, ξ,μ,μ0)(ξ̄ρ+1 + Ψρ(T
ρ
0 )−1σρ)

)
hence, the system (21) can be written as

˙̄η = ψ̄(η̄, ξ̄, σ̄,v,μ,μ0)

˙̄σi = (Mi +NiΨ i(T i
0)−1)σ̄i +Niξ̄i+1, i = 1, . . . , ρ

˙̄ξi = ξ̄i+1 + ϕ̄i(η̄, ξ̄, σ̄,v,μ,μ0), i = 1, . . . , ρ− 1
˙̄ξρ = b̄(η̄, ξ̄, σ̄1, . . . , σ̄ρ,v,μ,μ0)ξ̄ρ+1+

ϕ̄ρ(η̄, ξ̄, σ̄1, . . . , σ̄ρ,v,μ,μ0) (24)

where
b̄(η̄, ξ̄, σ̄1, . . . , σ̄ρ,v,μ,μ0) =

g3(η, ξ,μ,μ0) + κ(η, ξ,μ,μ0)g′2(η, ξ,μ,μ0),

ϕ̄ρ(η̄, ξ̄, σ̄1, . . . , σ̄ρ,v,μ,μ0) =

f3(η, ξ,μ,μ0) + g3(η, ξ,μ,μ0)Ψρ(T
ρ
0 )−1σρ+

q3(η, ξ,μ,μ0)v+
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κ(η, ξ,μ,μ0)(f ′
2(η, ξ,μ,μ0) + q′2(η, ξ,μ,μ0)v)+

κ(η, ξ,μ,μ0)g′2(η, ξ,μ,μ0)Ψρ(T
ρ
0 )−1σρ−

Ψρ−1(T
ρ−1
0 )−1σ̇ρ−1

with
κ(η, ξ,μ,μ0) =

(p3(η, ξ,μ,μ0) + g3(η, ξ,μ,μ0)γ(η, ξ))·
(p′2(η, ξ,μ,μ0) + g′2(η, ξ,μ,μ0)γ−1(η, ξ)).

Thus, the global robust stabilization problem of (21) is
equivalent to the global stabilization problem of (24). To
solve the global robust stabilization problem of system
(24), we further need some assumptions as follows.

Assumption 5 For the system (24), there exist
∂ψ̄

∂ξ̄k+1
= 0 and

∂ϕ̄k

∂ξ̄j
= 0 with k = 1, . . . , ρ − 1, j =

k + 1, . . . , ρ.
Assumption 6 For all v ∈ V and μ ∈ U , the sys-

tem ˙̄η = ψ̄(η̄, ξ̄1,v,μ,μ0) is robustly input-to-state sta-
ble with η̄ as state and ξ̄1 as input, and has a known con-
tinuously differential (C1) class K∞ gain function κ0(·).

Assumption 7 For all v ∈ V and μ ∈ U , there ex-
ist locally Lipschitz class K functions ρ0(·) and ρ1(·) such
that

max{|ϕ̄ρ(η̄, ξ̄, σ̄1, . . . , σ̄ρ,v,μ,μ0)|,
|ξ̄ρ||b̄(η̄, ξ̄, σ̄1, . . . , σ̄ρ,v,μ,μ0)|2} �

max{ρ0(|ξ̄ρ|), ρ1(|col(η̄, ξ̄1, . . . , ξ̄ρ−1, σ̄)|)}.
Assumption 8 For all v ∈ V and μ ∈ U ,

b̄(η̄, ξ̄, σ̄1, . . . , σ̄ρ,v,μ,μ0) > 0.
Remark 4 The above assumptions are required to es-

tablish the solvablility conditions for the robust stabiliza-
tion problems of the augmented system (24). The assump-
tions are made with respect to the augmented system but
not the original system because we need to know the struc-
ture of the system such that we can establish the solvability
conditions of the robust stabilization problem. Under As-
sumption 5, it can be verified that the η̄ and ξ̄i subsystem of
the system (24) can be written as ˙̄η = ψ̄(η̄, ξ̄1,v,μ,μ0),
and ˙̄ξi = ξ̄i+1 + ϕ̄i(η̄, ξ̄1, . . . , ξ̄i, σ̄1, . . . , σ̄i,v,μ,μ0),
hence the flow of the state η̄ is only affected by ξ̄1. As-
sumptions 6 – 8 are quite familiar in the literature on semi-
global or global stabilization of nonlinear systems.

Theorem 2 Under Assumptions 5 – 8, the global robust
stabilization problem of the system (21) is solvable by the
control law (22).

Proof Since the global robust stabilization problem
of (21) is equivalent to the global stabilization problem of
(24), we will focus on the solution of the global robust sta-
bilization problem for (24). To this end, let us perform the

following coordinate transformation on (24) which can be
done because of Assumption 5,

σ̃i = σ̄i −Niξ̄i, i = 1, . . . , ρ− 1

B(η̄, ξ̄, σ̄,v,μ,μ0) =
∫ ξ̄ρ

0

1
b̄(η̄, ξ̄1, . . . , ξ̄ρ−1, s, σ̄1, . . . , σ̄ρ,v,μ,μ0)

ds

σ̃ρ = σ̄ρ −NρB(η̄, ξ̄, σ̄,v,μ,μ0). (25)

The coordinate transformation yields

˙̄η = ψ̄(η̄, ξ̄1,v,μ,μ0)

˙̃σi = Qi(η̄, ξ̄1, . . . , ξ̄i, σ̃1, . . . , σ̃i,v,μ,μ0)
˙̄ξi = ξ̄i+1 + ϕ̄◦

i (η̄, ξ̄1, . . . , ξ̄i, σ̃1, . . . , σ̃i,v,μ,μ0)
˙̃σρ = Qρ(η̄, ξ̄1, . . . , ξ̄ρ, σ̃,v,μ,μ0)

˙̄ξρ = b̄◦(η̄, ξ̄1, . . . , ξ̄ρ, σ̃,v,μ,μ0)ξ̄ρ+1+

ϕ̄◦
ρ(η̄, ξ̄1, . . . , ξ̄ρ, σ̃,v,μ,μ0) (26)

where i = 1, . . . , ρ− 1, σ̃ = col(σ̃1, . . . , σ̃ρ) and

Qi(η̄, ξ̄1, . . . , ξ̄i, σ̃1, . . . , σ̃i,v,μ,μ0) =

(Mi +NiΨ i(T i
0)−1)σ̄i−

Niϕ̄i(η̄, ξ̄1, . . . , ξ̄i, σ̄1, . . . , σ̄i,v,μ,μ0),

ϕ̄◦
i (η̄, ξ̄1, . . . , ξ̄i, σ̃1, . . . , σ̃i,v,μ,μ0) =

ϕ̄i(η̄, ξ̄1, . . . , ξ̄i, σ̃1 +N1ξ̄1, . . . , σ̃i +Niξ̄i,v,μ,μ0),

Qρ(η̄, ξ̄1, . . . , ξ̄ρ, σ̃,v,μ,μ0) =

(Mρ +NρΨρ(T
ρ
0 )−1)σ̄ρ−

Nρ{b̄(η̄, ξ̄, σ̄1, . . . , σ̄ρ,v,μ,μ0)}−1·
ϕ̄ρ(η̄, ξ̄, σ̄1, . . . , σ̄ρ,v,μ,μ0),

b̄◦(η̄, ξ̄1, . . . , ξ̄ρ, σ̃,v,μ,μ0) =

b̄(η̄, ξ̄, σ̃1 +N1ξ̄1, . . . ,

σ̃ρ +NρB(η̄, ξ̄, σ̄,v,μ∗),v,μ,μ0),

ϕ̄◦
ρ(η̄, ξ̄1, . . . , ξ̄ρ, σ̃,v,μ,μ0) =

ϕ̄ρ(η̄, ξ̄, σ̃1 +N1ξ̄1, . . . ,

σ̃ρ +NρB(η̄, ξ̄, σ̄,v,μ∗),v,μ,μ0).

Consider another transformation

ξ̃1 = ξ̄1,

ξ̃j = ξ̄j − αj−1(ξ̃j−1), j = 2, . . . , ρ (27)

where αj−1(ξ̃j−1) = −ξ̃j−1ρj−1(ξ̃j−1) and
ρj−1(ξ̃j−1) � 0 are some smooth scalar functions, it
follows that, for i = 1, . . . , ρ− 1,

˙̄η = ψ̄(η̄, ξ̃1,v,μ,μ0)
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˙̃σi = Q̃i(η̄, ξ̃1, . . . , ξ̃i, σ̃1, . . . , σ̃i,v,μ,μ0)

˙̃
ξi = ξ̃i+1 + ϕ̃i(η̄, ξ̃1, . . . , ξ̃i, σ̃1, . . . , σ̃i,v,μ,μ0)

˙̃σρ = Q̃ρ(η̄, ξ̃, σ̃,v,μ,μ0)

˙̃
ξρ = b̃(η̄, ξ̃, σ̄,v,μ∗)ξ̄ρ+1 + ϕ̃ρ(η̄, ξ̃, σ̃,v,μ,μ0) (28)

where ξ̃ = col(ξ̃1, . . . , ξ̃ρ) and

Q̃i(η̄, ξ̃1, . . . , ξ̃i, σ̃1, . . . , σ̃i,v,μ,μ0) =

Qi(η̄, ξ̃1, . . . , ξ̃i + αi−1(ξ̃i−1), σ̃1, . . . , σ̃i,v,μ,μ0),

ϕ̃i(η̄, ξ̃1, . . . , ξ̃i, σ̃1, . . . , σ̃i,v,μ,μ0) =

ϕ̄◦
i (η̄, ξ̃1, . . . , ξ̃i + αi−1(ξ̃i−1), σ̃1, . . . , σ̃i,v,μ,μ0)+

αi(ξ̃i) − ∂αi−1(ξ̃i−1)
∂ξ̃i−1

˙̃
ξi−1,

Q̃ρ(η̄, ξ̃, σ̃,v,μ,μ0) =

Qρ(η̄, ξ̃1, . . . , ξ̃ρ + αρ−1(ξ̃ρ−1), σ̃,v,μ,μ0),

b̃(η̄, ξ̃, σ̃,v,μ,μ0) =

b̄◦(η̄, ξ̃1, . . . , ξ̃ρ + αρ−1(ξ̃ρ−1), σ̃,v,μ,μ0),

ϕ̃ρ(η̄, ξ̃, σ̃,v,μ,μ0) =

ϕ̄◦
ρ(η̄, ξ̃1, . . . , ξ̃ρ + αρ−1(ξ̃ρ−1), σ̃,v,μ,μ0)−

∂αρ−1(ξ̃ρ−1)
∂ξ̃ρ−1

˙̃ξρ−1.

It can be verified that, for all i = 1, . . . , ρ,

Q̃i(η̄, ξ̄1, . . . , ξ̄i, σ̃1, . . . , σ̃i,v,μ,μ0) =

Miσ̃i − γi(η̄, ξ̄1, . . . , ξ̄i, σ̃1, . . . , σ̃i−1,v,μ,μ0).

As Mi is Hurwitz and γi(·) is sufficiently smooth, it fol-
lows that, for all i = 1, . . . , ρ, the system

˙̄σi = Q̃i(η̄, ξ̄1, . . . , ξ̄i, σ̃1, . . . , σ̃i,v,μ,μ0)

is robustly input-to-state stable for all v ∈ V and μ ∈ U ,
with σ̄i as state and col(η̄, ξ̄1, . . . , ξ̄i, σ̄1, . . . , σ̄i−1) as in-
put, and has a known C 1 gain function κi(·). With As-
sumption 6, all conditions of Proposition 5.1 of [13] are
satisfied, thus

˙̄η = ψ̃(η̄, ξ̃1,v,μ,μ0)

˙̃σi = Q̃i(η̄, ξ̃1, . . . , ξ̃i, σ̃1, . . . , σ̃i,v,μ,μ0)

˙̃ξi = ξ̃i+1 + ϕ̃i(η̄, ξ̃1, . . . , ξ̃i, σ̃1, . . . , σ̃i,v,μ,μ0)

˙̃σρ = Q̃ρ(η̄, ξ̃1, . . . , ξ̃ρ, σ̃1, . . . , σ̃ρ,v,μ,μ0)

i = 1, . . . , ρ− 1

are robustly input-to-state stable for all v ∈ V and μ ∈ U ,
with state col(η̄, σ̃, ξ̃1, . . . , ξ̃ρ−1) and input ξ̃ρ, and have a
known C1 gain function κρ(·).

Under Assumption 7, it can be verified that ρ1(κρ(·)) is
locally Lipschitz. Then with Assumption 8, all conditions
of Lemma 11.4.1 in [28] are satisfied, thus there exists

ξ̄ρ+1 = k̃(ξ̃ρ) + û

such that system (28) is robustly input-to-state stable for
all v ∈ V and μ ∈ U , with state col(η̄, σ̃, ξ̃1, . . . , ξ̃ρ) and
input û. As a result, the control law

ξ̄ρ+1 = k̄(ξ̄1, . . . , ξ̄ρ) = k̃(ξ̃ρ)

solves the global robust stabilization problem of the system
(28). Hence, with transformations (25) and (27), the global
robust stabilization problem of the system (21) is solvable
by the control law (22). �

Combining Theorem 1 and Theorem 2 gives the follow-
ing result.

Theorem 3 Under Assumptions 1 – 8, the global robust
output regulation problem of system (1) and (2) is solved
by a state feedback control law (23).

5. Illustration example

Consider systems (1) and (2) are specified as⎡
⎣ ẋ1

ẋ2

ẋ3

⎤
⎦ =

⎡
⎣ x2 + μx2

3 + μx1

−x1

−x3

⎤
⎦ +

⎡
⎣ 0 1
−μ2 0

0 x2

⎤
⎦z+

⎡
⎣ 0
μ2

1

⎤
⎦u+

⎡
⎣ 0 0

0 −2x1

0 0

⎤
⎦v

0 =
[
μx1

−2x1

]
+

[
0 1
0 x2

]
z +

[
0
1

]
u+

[
0 0
2 0

]
v

e(t) = x1 − v1 (29)

and

v̇ =
[

0 1
−1 0

]
v. (30)

It can be verified that Assumptions 1 and 2 are satisfied
with γ(x) = [1 0] and the system (29) has a strong rela-
tive degree ρ = 2. By Lemma 1, we have

T (x,μ0) =

⎡
⎣ ηξ1
ξ2

⎤
⎦ =

⎡
⎣ x3

x1

x2 + μ0x
2
3

⎤
⎦

it follows that

η̇ = −η + 2ξ1 − 2v1

ξ̇1 = ξ2 + (μ− μ0)η

ξ̇2 = (−ξ1 − 2μ0η
2) +

[ −μ2

2μ0η(ξ2 − μ0η
2)

]
z+



Bomin Huang et al.: Global robust output regulation for a class of affine singular nonlinear systems 753

(μ2 + 2μ0η)u+
[

0
−2ξ1

]
v

0 =
[
μξ1
−2ξ1

]
+

[
0 1
0 ξ2 − μ0η

2

]
z+

[
0
1

]
u+

[
0 0
2 0

]
v.

It can be shown that Assumptions 3 and 4 are satisfied with

α(v,μ) = 0, β1(v,μ) = v1, β2(v,μ) = v2,

u(μ,v) = μv1v2,

z1(μ,v) = μv1v2 − 2v1v2/μ2, z2(μ,v) = −μv1.
Let χ(v,μ) = col(β2, β3) with β3(v,μ) = u(μ,v) −
z1(μ,v) = 2v1v2/μ2, and

τ1(v,μ) =
[
v2
−v1

]
, τ2(v,μ) =

[
2v1v2/μ2

(2v2
2 − 2v2

1)/μ
2

]

then we have

Φ1 =
[

0 1
−1 0

]
, Ψ1 = [1 0],

Φ2 =
[

0 1
−4 0

]
, Ψ2 = [1 0].

Let

M1 = M2 =
[

0 1
−3 −2

]
, N1 =N2 =

[
0

0.5

]
,

it follows that

T 1
0 =

[
0.125 −0.125
0.125 0.125

]

T 2
0 =

[−0.029 4 −0.058 8
0.235 3 −0.029 4

]

θ1(v,μ) =
[

0.5v2 − 0.5v1
−0.5v2

]

θ2(v,μ) =[
(−0.058 8v1v2 + 0.117 6v2

1 − 0.117 6v2
2)/μ

2

(0.470 6v1v2 + 0.058 8v2
1 − 0.058 8v2

2)/μ
2

]
.

Thus, the internal model with output ξ2 and ξ3 = u− z1 is
as follows:

σ̇1 = M1σ1 +N1ξ2

σ̇2 = M2σ2 +N2ξ3.

The following coordinate transformations

σ̄1 = σ1 − θ1(v,μ)

σ̄2 = σ2 − θ2(v,μ)

η̄ = η −α(v,μ)

ξ̄1 = ξ1 − β1(v,μ)

ξ̄2 = ξ2 −Ψ1(T 1
0 )−1σ1

ξ̄3 = ξ3 −Ψ2(T 2
0 )−1σ2

yield
˙̄η = −η̄ + 2ξ̄1

˙̄σ1 = (M1 +N1Ψ1(T 1
0 )−1)σ̄1 +N1ξ̄2

˙̄σ2 = (M2 +N2Ψ2(T 2
0 )−1)σ̄2 +N2ξ̄3

˙̄ξ1 = ξ̄2 + Ψ1(T 1
0 )−1(σ̄1 + θ1) + (μ− μ0)η̄2 − β2

˙̄ξ2 = (−ξ1 − 2μ0η
2) +

[ −μ2

2μ0η(ξ2 − μ0η
2)

]
z+

(μ2 + 2μ0η)(ξ̄3 + Ψ2(T 2
0 )−1σ2)+[

0
−2ξ1

]
v −Ψ1(T 1

0 )−1σ̇1

0 =
[
μξ1
−2ξ1

]
+

[
0 1
0 ξ2 − μ0η

2

]
z+

[
0
1

]
(ξ̄3 + Ψ2(T 2

0 )−1σ2) +
[

0 0
2 0

]
v.

Under Assumption 1, we have

˙̄η = −η̄ + 2ξ̄1

˙̄σ1 = (M1 +N1Ψ1(T 1
0 )−1)σ̄1 +N1ξ̄2

˙̄σ2 = (M2 +N2Ψ2(T 2
0 )−1)σ̄2 +N2ξ̄3

˙̄ξ1 = ξ̄2 + Ψ1(T 1
0 )−1(σ̄1 + θ1) + (μ− μ0)η̄2 − β2

˙̄ξ2 = μ2ξ̄3 + (4μ0η̄ − 2v2 − 1)(ξ̄1 + β1) − 2μ0η̄
2−

4μ0v1η̄ −Ψ1(T 1
0 )−1σ̇1 + μ2Ψ2(T 2

0 )−1σ2.

It can be verified that Assumptions 5 – 8 are satisfied. By
Theorem 3, the global robust output regulation problem of
(29) and (30) is solvable by

T (x,μ0) = col(η, ξ)

σ̇i =Miσi +Niξi+1, i = 1, 2

ξ̃2 = (ξ2 −Ψ1(T 1
0 )−1σ2) + 4e

ξ3 = −ξ̃2 − (ξ̃22 + 2)2ξ̃2 + Ψ2(T 2
0 )−1σ2

u = ξ3 + z1.

The simulation conditions are selected as x(0) = [1; 2; 3]′,
v(0) = [4; 5]′, σ1(0) = [1; 2]′, σ2(0) = [2; 1]′, μ ∈ [1 3],
μ0 = 2. Fig. 1 shows the output error and input signal with
μ = 1, 2, 3, respectively. It can be seen that the output er-
ror e(t) decays to zero and the output regulation problem
of (29) and (30) is solved robustly.
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Fig. 1 Regulative error and input signal

6. Conclusions

This paper addresses the problem of global robust output
regulation for a class of singular nonlinear systems. With
the strong relative degree assumption, a global diffeomor-
phism map is designed to transfer the singular nonlinear
system into a special singular nonlinear system. The new
singular system and an internal model constitute an aug-
mented system whose global robust stabilization solution
leads to the solution of global robust output regulation
problem of the original singular nonlinear system. With
some appropriate assumptions, the global robust stabiliza-
tion problem is solvable by a state feedback control law
based on the small gain method. Therefore, the solvability
conditions of the global robust output regulation problem
of the singular nonlinear system is established.
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