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Abstract: To improve the inconsistency in the analytic hierarchy
process (AHP), a new method based on marginal optimization
theory is proposed. During the improving process, this paper re-
gards the reduction of consistency ratio (CR) as benefit, and the
maximum modification compared to the original pairwise compar-
ison matrix (PCM) as cost, then the improvement of consistency
is transformed to a benefit/cost analysis problem. According to the
maximal marginal effect principle, the elements of PCM are modi-
fied by a fixed increment (or decrement) step by step till the consis-
tency ratio becomes acceptable, which can ensure minimum ad-
justment to the original PCM so that the decision makers’ judgment
is preserved as much as possible. The correctness of the proposed
method is proved mathematically by theorem. Firstly, the marginal
benefit/cost ratio is calculated for each single element of the PCM
when it has been modified by a fixed increment (or decrement).
Then, modification to the element with the maximum marginal be-
nefit/cost ratio is accepted. Next, the marginal benefit/cost ratio is
calculated again upon the revised matrix, and followed by choos-
ing the modification to the element with the maximum marginal
benefit/cost ratio. The process of calculating marginal effect and
choosing the best modified element is repeated for each revised
matrix till acceptable consistency is reached, i.e., CR<0.1. Finally,
illustrative examples show the proposed method is more effective
and better in preserving the original comparison information than
existing methods.
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1. Introduction

Analytic hierarchy process (AHP) is a widely used
methodology in many real-life decision-making problems
[1-4]. In AHP, however, the calculated priorities are plau-
sible only if the pairwise comparison matrix (PCM) passed
the consistency test [5]. Therefore, the decision makers
(DMs) need to adjust the inconsistent PCM before the
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analytical hierarchy process.

Generally, there are two scenarios concerned with con-
sistency adjustment in AHP: decision-making involving
a single decision maker (DM) [5-8] (or individual de-
cision making problem) and decision-making realized in
presence of several DMs (or group decision-making prob-
lem) [9,10]. Pedrycz and Song [11] discussed both scenar-
ios with pairwise matrix constructed by linguistic terms.
Some other studies [6,8,12] are concerned with individual
decision making models, where the entries of the pairwise
matrix are plain numbers. In this paper, we will focus on
the individual decision making problem with the inconsis-
tent pairwise matrix constructed by plain numbers. Many
studies have presented different ways about such problem.
For example, Stan and Conklin [12] proposed the robust
estimation method, which identifies the unusual and false
observations (they call them UFO) firstly and by modify-
ing the UFO element till the PCM becomes highly con-
sistent. Tseng [5] intended to discover a method of UFO
element remediation that is more efficient than Stan and
Conklin [12], and they provided a complete transitivity
convergence algorithm, which develops a recursive single-
stage algorithm to identify the UFO elements and readjust
them in any PCM until consistency ratio CR<0.1. How-
ever, these studies only pay attention to reducing CR as
fast as possible, while the maximum revision element of
the PCM usually becomes so large (i.e. change an element
from 6 to 3/5) that the original judgement of DMs might
have been changed. Some other researchers have noticed
this problem, and developed different methods to limit the
maximum revision. For example, Xu and Wei [8] proposed
an algorithm to derive a positive reciprocal matrix with ac-
ceptable consistency (i.e., CR<0.1), and gave the conver-
gence theorem for the algorithm, while two indices were
defined to reflect the departure between the modified ma-
trix and the original matrix. And Cao et al. [6] developed a
heuristic approach to arrive at a consistent matrix that can
retain more information than Xu and Wei [8] by comparing
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the two indices. Cao et al. [6] firstly decomposed the origi-
nal matrix as the Hadamard product of a consistent ma-
trix and a reciprocal deviation matrix, then constructed the
modified matrix via a convex combination of the reciprocal
deviation matrix and a zero deviation matrix, and gave the
conditions under which the CR value keeps decreasing.

In our previous study (Wu et al. [13]), we think there
are two aims for the adjustment of consistency in AHP:
one is to make the comparison matrices meet the consis-
tency requirement, and the other is to minimize the devia-
tion between the original PCM and the modified PCM so
that the modified matrix preserves the most information of
the original PCM. Therefore, we transform the consistency
adjustment problem to an optimization problem, where the
goal is to minimize the modification of the original com-
parison matrices (i.e., minimize the two indices of Xu and
Wei [8]), and the constraint is to make the modified matri-
ces meet the consistency requirement, i.e., CR<0.1. And
the optimization problem is solved by the improved pat-
tern search algorithm.

This research intends to discover a method that derives
an acceptable consistency matrix (i.e., CR<0.1), as well as
makes the departure between the modified PCM and origi-
nal PCM even smaller than Xu and Wei [8], Cao et al. [6],
Wu et al. [13], etc.

In this paper, we also regard the consistency adjustment
problem to be an optimization problem as Wu et al. [13],
and we have found that when adjusting the comparison ma-
trices step by step, we hope the elements with greater mo-
dification should have less chance to be modified in order
to minimize the total modification of the original PCM, on
the contrary, the elements with smaller modification should
have more chance to be modified.

When the maximum deviation between the modified
PCM and the original PCM is regarded as cost, and the to-
tal reduction of CR is regarded as benefit, then the consis-
tency improving problem is actually transformed to a be-
nefit/cost analysis problem, in other words, to attain maxi-
mum benefit with minimum cost. The benefit/cost analysis
problem can be solved easily using the iterative marginal
optimization algorithm, which is a basic method in eco-
nomics studies. The marginal optimization method also
has many other successful applications, such as optimal
inventory modelling [14,15], reliability optimization prob-
lems [16], etc. In this paper, we will use the marginal opti-
mization method to improve the inconsistent PCM in AHP.

The paper is organized as follows. Firstly, we start with
notations and definitions of the AHP decision model in
Section 2. In Section 3, we present the basic idea and the
process of the marginal optimization algorithm, as well as
the theorem for applying the algorithm to the consistency

adjustment problem. Numerical examples are given in Sec-
tion 4, followed by conclusions and discussions in Sec-
tion 5.

2. Notations and definitions

In classical AHP, the PCM A is structured on Saaty’s one
to nine scales [17], whose element a;; is integer numbers
within the interval [1,9], or the reciprocal of those integer
numbers. We think the integer value assumption may be
a cause that makes the revised PCM against DM’s will.
For example, the PCM A in Fig. 1 is inconsistent with
CR=0.103 7, when we change a5 from 3 to 3.1, we ob-
tain a consistently acceptable PCM A; with CR= 0.096 8,
but according to Saaty’s one to nine scales, a;2 should at
least be modified to 4 and we obtain a PCM A5 with CR=
0.051 6. Obviously, for the DMs, 3 and 3.1 nearly have no
difference, while a;2 = 3 and a12 = 4 may have devia-
tions in judgement, which may have changed DM’s orig-
inal preference on alternative 1 and alternative 2. There-
fore, the definition of continuous PCM is proposed, which
allows a;; to be any real number within the interval
[1/10,10].

1 3 1 1 31 1 1 4 1
A=|1/3 1 18| A4 =[131 1 18| 4,=|1/4 1 1/8
1 8 1 1 8 1 1 8 1

Fig.1 An illustration example of continuous PCM

Definition 1 [13] A positive reciprocal matrix Ap =
(@ij)nxn is a continuous PCM if, and only if the following
conditions hold:

aij € ]37 Qjj-Qj; = 17 max{aij, aji} S [1, 10}, fOI'Vi,j.

The priority vector w = (w1, . ..,wy) " can be obtained
by eigenvector method (EM),

ARUJ = )\maxw (1)

where A ax is the maximum eigenvalue of Ag.
Saaty derives a CR from Ay ax,

)\max —-n
CR = (n—1)RI

where RI is the random consistency index, and its value
is related to the dimension of the matrix Ap, see Table 1
[17].

2

Table 1 Random consistency index RI

n 1 2 3 4 5 6 7 8 9 10
RI 0 0 052 089 112 126 136 141 146 149

A PCM is said to be of acceptable consistency when
CR <0.1.

Definition 2 [13] Let A = (ai;)nxn be a continuous
PCM, then the upper half elements of A listed from top
down and left to right is called the decision vector, which is
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denoted as @ = {ai2,...,a1n,023, -, 20, - -+, A(n—1)n }»
and b = {b127 ey bl'm bgg7 Ceey bg»,“ ey b(nfl)n} is called
the superior decision vector, which is defined as

azj, agj =1
—, otherwise °
CLij

Obviously, bij > 1, for all bij €b.

Then, the original PCM A = (a;;)nxn can be uniquely
determined by vector a or b.

Letc = {012, ey Clny €23y oo o Cony v e ey C(nfl)n} be the
superior decision vector of the revised PCM, and the max-

imum revision o is defined as the maximum deviation be-
tween the revised PCM and original PCM [13]:

o= max{|cij — bij‘}, Cij € ¢, bij €b. 3)

Obviously, the dimension of vectors a, b and ¢ are
(n—=1)+mn—-2)+--+1=n(n—1)/2. For exam-
ple, if A is a 4x4 PCM, it can be uniquely determined by
a six dimension decision vector.

3. Marginal optimization method
3.1 Tolerance deviations interval

The maximum revision in (3) that is less than 1 is called
within the tolerance deviations interval [13]. Accordingly,
tolerance deviations intervals are listed in Table 2. For ex-
ample, when ¢ is strongly important to j, the scale of a;;
is 5, and the tolerance deviations interval is [4,6), which
means a;; can be substituted by any real number on the in-
terval [4,6). Since we only consider a;; > 1 here, when i is
equally important to j (a;; = 1), the tolerance deviations
interval is set to [1,2). For a;; < 1, the tolerance deviations
interval can be obtained by [af;, al}] = [1/a};,1/ak].

Table 2 Linguistic description of scale and its corresponding toler-
ance deviations interval

Tolerance
Linguistic description Scale deviations
interval
Extreme importance 9 [8,10]
Demonstrated importance 7 [6,8)
Strong importance 5 [4,6)
Moderate importance 3 [2,4)
Equal importance 1 [1,2)

From Table 2, we can see that Saaty’s one to nine scales
is using integer number ranging from 1 to 9 to quantify the
linguistic description of importance, while the tolerance
deviations interval actually extends the integer number to
an acceptable interval. Also, Fig. 2 gives the correspond-
ing relationship between tolerance deviations intervals and
linguistic descriptions of importance scales.

Extreme
Demonstrated| 1mportance
Mod . Strong importance
Moderate | importance
Equal| importance
importance
| 1 1 1 1 1

1 2 3 4 5 6 7 8 9 10

Fig. 2 Relationship between tolerance deviations interval and lin-
guistic description

3.2 Marginal effect analysis

Marginal effect analysis is a basic mathematic method
widely used in economy issues. Because many of the vari-
ables of interest are interaction terms, to see the over-
all effect of a condition on growth, one must look at
the marginal effect of that variable. Besides economy
problems, marginal optimization based on marginal effect
analysis has found many applications, such as the optimal
spare parts inventory problems [14,15].

The main idea of the marginal optimization method to
improve the inconsistent PCM is to increase (or decrease)
one element a;; in superior decision vector by a fixed value
d for all i, 5 (d is usually set to be 0.1, 0.01, 0.001, and
we will have more discussion on this in Section 3.3 and
Section 4), and calculate the marginal effect of each mo-
dification a;; & d, that is, the ratios of the reduction of CR
caused by modifying one element to a;; +d, i.e., we denote
as CR(ai;) — CR(a;; £ d), to maximum revision o derived
by (3) for the modified matrix. The modification with the
biggest ratio means that it is of greatest marginal effect,
or benefit/cost ratio, in other words, it is sensible to revise
this element of the superior decision vector to improve CR.
Therefore, this element should increase (or decrease) by d,
and whether it increases or decreases depends on if it is
able to reduce CR to a lower value or not.

Theorem 1 Let A = [ai;]nxn be a continuous PCM
that is inconsistent with CR(A) > 0.1, then there must be
one element a;; that can make CR(A) decrease when a;;
is modified.

. A
Proof According to Saaty [7], let r;; = L
8(]@]‘
Al — a2 >
o Villy — UV5a;;", Qi = @)
K viuja?j —uvj, a5 <1
h = Tandv = T
where u = (u1,uz,...,uy)" and v = (v1,va,..., V)

are the principal right eigenvectors of A and AT respec-
tively. Obviously, when A is inconsistent with CR(A) >
0.1, matrix R = (7 )nxn holds:

_J0O, i=y
T”_{Tji7 Z?é] (5)
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r;; = 0 holds for all ¢, j if, and only if A is consistent,
ie., CR(A) = 0. Since CR(A) > 0.1, A is inconsis-
tent, then there must be r,, # 0 (p,¢ € {1,2,...,n})
which satisfies the following relationships. If r,, < 0,

OAmax

Oapq
the smaller Ay ax, which means we should increase ap,

to reduce Amax, thus reduce CR(A) according to (2). On
the contrary, if 7,4 > 0, we should decrease a,q to re-
duce Amax and CR(A). Therefore, by revising a,, when
rpq 7 0, the modified matrix would have a reduced Apax
so that CR(A) is decreased. O

By Theorem 1, the value of CR(A) (CR(A) > 0.1) can
keep reducing when a proper element in the decision vec-
tor of A is modified correctly. This important conclusion is
the theoretic basis of the marginal optimization procedure
discussed in the following section.

i.e., < 0, we can conclude that the bigger a,,,

3.3 Marginal optimization procedure

For a PCM A, the procedure of marginal optimization is
described as below:

Step1 Calculate CR(A).If CR(A) < 0.1, it means A
is of acceptable consistency, thus end the procedure; other-
wise, go to Step 2;

Step 2 Initialize parameters. Denote the superior deci-
sion vector of the original matrix A as ¢ = (x1, 29, ...,
xr,). Denote the CR value of A as CRy, and the maximum
revision as o = 0. Let the increment (or decrement) be a
fixed value d (0 < d < 1), where d is usually determined
by experience, and we often let d = 0.1, 0.01, or 0.001.
Since d is the only parameter in our approach, the smaller
d is, the better optimization result we can obtain, but more
time is required to finish the increased iterations.

Step 3 Calculate the CR value of the modified matri-
ces. For the I'th iteration, (if it is the first iteration, I = 1),
let

1 = (1‘1 id,l‘g,...,xk>
T2 = (‘Tlainda"'7xk)
T = (m17m27...,xkid).

When z; = d (I = 1,2,...,k) is beyond the interval
[1,10], we set the value to be the nearer boundary of [1,10].

Denote CRy(x;) (I = 1,2,...,k) as the CR value
of the matrix whose superior decision vector is x;. Note
that &; has two values, i.e., (z1,...,2; + d,...,2%) and
(z1,...,4 —d, ..., xx), we denote the one with lower CR
value as CRy ().

CRy(x;) = min{CR;([z1,...,21 + d,...,zk]),

CRi([z1,...,x1 —d,...

Calculate CRy(a;), forl = 1,2, ..
CR; as

CR] = {Cl%](il,j)7 CRI(CU2>7 ey CR](SEk>}

»ex])}

., k, and we denote

Step 4 Calculate marginal benefit/cost ratio.
_ ACR[(CC[) _ CR;_l — CRI(SEl)
o () o ()

where CR}_; is the CR value of the revised PCM de-
termined in the (I — 1)th iteration; o;(x;) is the max-
imum revision comparing a; with the superior decision
vector of the original PCM A by (3). Note that o (x;) is
the deviation between the candidate superior decision vec-
tors x; and that of the original PCM, as a result, different
x; (1=1,2,... k) may lead to different oy (x;).

Denote F; = {Fi(x1), Fr(x2),..., Fi(zk)}, and the
maximum marginal benefit/cost ratio of the Ith iteration is
defined as Fy(x;) = max{F7}, where we assume the [th
element, Fy(x;), to be the maximum value in F7.

Step S Choose the final revised superior decision vector
of the Ith iteration «}. If o7 (x;) > 0F_,, o1(xp) = 0F_4,
CRy(zp) < CRj_j,andp # I (p = 1,2,...,k) hold,
T} = xp. Otherwise, 7 = x;. If =7 is determined, the
corresponding PCM is denoted as A7, the CR value is de-
noted as CR7, and the maximum revision is denoted as o1
Then, go to Step 6.

According to the traditional marginal optimization
method, we should choose the situation x; since Fj(x;)
has the maximum marginal benefit/cost ratio. However,
it may lead to mistakes when we simply choose x;. Be-
fore choosing maximal marginal effect, we should judge
whether A7 can still be modified to reduce the CR value
by revising other elements while the o7_; value is kept
unchanged, i.e., oF = o}_;, and CR] < CRj_;. We will
explain this as follows.

For a traditional marginal optimization problem, adding
the cost value by one unit will definitely increase the total
cost. However, it is different here when we revise one ele-
ment of the PCM by one unit, the total cost value may keep
unchanged due to the definition of the total cost value, the
maximum revision o defined by (3).

For example, A is the original PCM of Example 1 in
Section 4.

Fr(z;) (6)

1 3 5
A=|1/3 1 1/2|, CR{=0.157
1/5 2 1
After the second iteration, we have
1 3.1 5
A;=11/31 1 1/19|, CR;=0.1356,

1/5 1.9 1
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oy =0.1.

According to Step 3, we have

@1 = (3.2,5,1.9), CRg(@y)=0.1279,

03(581) =0.2
@y = (3.1,4.9,1.9), CRs(xs) = 0.1307,
0'3(332> =0.1

@3 = (3.1,5,1.8), CRs(zs) =0.1227,

o3(xs) =0.2
Pty = 21 6(;20.1279 00385,
Py = 21 6010.130 T oom.
Fy(ws) = 0.135 6(;20.122 7 — 0.0645,

F3 = {0.038 5,0.049,0.064 5}.

Obviously, x3 has the maximal marginal effect since
F5(x3) = max{F3}. However, we find that, x5 can re-
duce the CR value but keep the o7_; value unchanged,
i.e., o3(x2) = o5 = 0.1. The conditions o3(x3) > o3,
and o3(x2) = 03, and CR3(z2) = 0.130 7 < CR} are sa-
tisfied, thus we should choose x- instead of x3, since oo
has reduced the CR value while the maximum revision
is unchanged. In other words, x5 has gained benefits (re-
duce CR value from 0.135 6 to 0.130 7) without changing
the cost (the maximum revision os(x2) = 0.1), while x3
has gained more benefits than x5 (reduce CR value from
0.135 6 to 0.122 7), but increased the cost (the maximum
revision is increased from 0.1 to 0.2) at the same time. Ob-
viously, it is better to choose &2 than x3 so that the CR
value can be reduced while more original comparison in-
formation can be preserved.

Step 6 Judge if CR7 is acceptable. If CR} < 0.1, end
the procedure and go to Step 7; otherwise, continue the ite-
ration, let x = x7, then, let I = I + 1, and go to Step 3 to
continue revising A7.

Step 7 Judge whether A7 is acceptable. If o7 (x7) < 1,
A7 is said to be acceptable since the maximum revised ele-
ments are within the tolerance deviations interval accord-
ing to Section 3.1, then we calculate ., CR, the priority
vector w, the maximum revision o of A7, and end the pro-
cedure; otherwise, A7 is said to be unacceptable, and go to
Step 8.

Step 8 The revised matrix A} will be fed back to hu-
man reconsideration. If DMs accept the revised matrix, we
will end the procedure and calculate A%, CR, the prior-
ity vector w, the maximum revision o of the revised matrix.

If DMs do not accept A%, we will ask the DMs to recon-
sider the elements in A7 that have the greatest modification
comparing with the original matrix A, and give new judge-
ment to these elements so that a new original matrix A’ is
obtained. Let A = A’, and go back to Step 1 to repeat
the optimize-feedback-optimize process till the acceptable
revised matrix is found.

4. Illustrative examples

In order to test and compare the consistency improving
method illustrated above with other methods, this paper
applies the proposed method to some examples from pub-
lished papers.

Example 1 The 3x3 PCM A and its Apax, CR, and w
[13,18] are

1 2 3| w
1] 1 3 5 [06571
2013 1 1/2]0.1466
315 2 1 [0193
Amax = 3.1632, CR = 0.157 > 0.1.

According to Definition 2, we can derive the decision
vector @ = {3,5,1/2}, and the superior decision vector
b = {3,5,2}.Set d = 0.1, and use the marginal optimiza-
tion procedure in Section 3.3. After seven iterations, we
get the acceptable modified matrix and its A\pax, CR, w,
and o as follows.

1 2 3 w
1 1 3.2 4.8 0.660 8
2103125 1 05882 0.1511

3102083 1.7 1 0.188 1
Amax = 3.0982, CR=0.0944<0.1, 0=03<1.

Besides, in order to demonstrate the marginal optimiza-
tion procedure step by step, we have presented the modi-
fied matrices for each iteration in Table 3, in which the as-
terisk symbol “x” denotes the chosen element to be modi-
fied in the superior decision vector during the Ith iteration.
Fig. 3 shows how CR and o value change for each itera-
tion. We can see that as the iteration number increases, CR
value keeps decreasing, and the maximum revision o keeps
unchanged or increasing by d.

Table 3 Modified matrices for each iteration during marginal opti-
mization procedure

Iteration 1 a2 a13 1/as23 CR} o”;
0 3 5 2.0* 0.157 0
1 3* 5 1.9 0.1437 0.1
2 3.1 5* 1.9 0.1356 0.1
3 3.1 49 1.9* 0.1307 0.1
4 3.1* 49 1.8 0.118 0.2
5 32 4.9* 1.8 0.1109 0.2
6 32 4.8 1.8* 0.106 4 0.2
7 32 4.8 1.7 0.094 4 0.3
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0.40

0.35

0.30

0.15
0.10
0.05
1
Iteration
—— :CR; A

Fig. 3 CR and o value for each iteration in Example 1

Example 2 The 4x4 PCM A and its Ay ax, CR, and w
[13,19] are

|1 2 3 4 w
1[ 1 2 52 5 |04443
212 19 203502
3(2/5 119 1 1/2]0.0812
4015 12 2 1 |01243

Amax = 4.4317, CR=0.1617> 0.1.
For d = 0.1, 0.01, 0.001, the final results are presented
in Table 4.
(i) d = 0.1. The revised matrix is obtained after 24 itera-
tions in 0.625 s, and its A\, CR, w, and o are

| 1 2 3 4 | w
1 1 16 29 46 [04229
2| 0.625 1 86 24 | 038
303448 01163 1 0.625 [ 0.0807
4102174 04167 1.6 1 |0.1165
Amax = 4.2574, CR=0.09639 <0.1, 0=04<1.

(i) d = 0.01. The revised matrix is obtained after 224
iterations in 4.6 s, and its A\,a, CR, w, and o are

| 1 2 3 4 w
1 1 1.62 2.88 4.63 0.424 4
2106173 1 8.63 2.37 0.3779
3103472 0.1159 1 0.6135 | 0.0805
4| 0216 04219 1.63 1 0.117 1
Amax = 4.266 1, CR =0.09966 < 0.1, ¢ =0.38 < 1.
(iii) d = 0.001. The revised matrix is obtained after
2 244 iterations in 46.8 s, and its A.x, CR, w, and o are
| 1 2 3 4 | w
1 1 1.626  2.874 4.626 | 0.4246
2| 0.615 1 8.626 2.374 | 0.3778
3103479 0.1159 1 0.615 | 0.0806
4102162 04212 1.626 1 0.1169

Amax = 4.267, CR =0.099995 < 0.1, ¢ =0.374 < 1.

Fig. 4 shows how CR and o values change for each iter-
ation with respect to the three cases: d = 0.1, 0.01, 0.001.
We can see that CR and o values change similarly for the
three cases, and CR value keeps decreasing step by step
during each iteration until CR<0.1.

0.45

0.40

0.05
0

(a)d=0.1

Iteration
(b)d=0.01
040 T T T T
I I I I
035 - [ S S A
| | |
030k o Ao v Lo i
| | | |
I I I I
o 025 ————— e O —
.c—‘:; | | | |
> 020 - o B HE— [ ]
| | | |
015 —~— i o I Lo |
I | I I
I I I
0100 R
| | |
0.05} -/ [ S S N -
l l l l
0 i i i i
0 500 1 000 1500 2 000 2500
Tteration
(¢)d=10.001
—— :CR; —— :0.

Fig. 4 CR and o values for each iteration in Example 2
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From the above two examples and Table 4, we can ob-
tain the following results:

(i) The smaller d is, the smaller o we obtain, which
means more information of the original PCM can be pre-
served when d is smaller. However, as d gets smaller, more
iterations are required, which means more time will be
spent on obtaining the final revised matrix. We can also ob-
serve that for the three cases (d = 0.1, 0.01, 0.001), espe-

1147

cially when d is smaller, e.g., when d = 0.01 or 0.001, the
priority vector w is almost the same for both cases but the
time spent on the latter case increases nearly 10 times as
shown in Table 4. Therefore, in order to make the revised
matrix acceptable, as well as time efficient, in general, it is
suggested that d is set to be 0.01 in practical applications,
and it is unnecessary to set d below 0.001 since the priority
vector will not change much as d = 0.001.

Table 4 Comparing our approach with Xu and Wei [8], Cao et al. [6], Wu et al. [13]

Original matrix Method d Total iterations (time) Decision vector of the revised matrix CR o
Example 1 Xu and Wei {3.259 1,4.602 5,0.543 2} 0.098 4 0.397 5
Our approach 0.1 7(0.2s) {3.2,4.8,0.588 2} 0.094 4 0.3
Xu and Wei {1.8229,2.942 8,4.661 8,7.733 6,2.142 3,0.527 2} 0.099 8 1.266 4
0.1 24(0.625s) {1.6,2.9,4.6,8.6,2.4,0.625} 0.096 39 0.4
Example 2 Our approach 0.01 224(4.6s) {1.62,2.88,4.63,8.63,2.37,0.613 5} 0.099 66 0.38
0.001 2 244(46.8s) {1.626,2.874,4.626,8.626,2.374,0.615} 0.099 995 0.374
0.5 4(0.2s) {1.5,3,4.59,2.5,0.5} 0.093 218 0.5
Xu and Wei see Table 5 0.097 2 1.845
Cao et al. see Table 5 0.099 7 1.708 7
Example 3 Wau et al. see Table 5 0.1 0.996 4
0.1 190(6.95s) see Table 5 0.099 961 0.8
Our approach 0.01 1952 (43.7s) see Table 5 0.099 815 0.72
0.001 19 453(419.8s) see Table 5 0.099985 0.718 6

Here, we have summarized some experiences on how to
choose the parameter d. If the revision needs to be deter-
mined in a short time, we can set d = 0.1; if the revision
asks for better optimization result, we can set d = 0.001.
The selection of d also needs to consider the order of PCM
and the CR value of the original PCM: when CR is much
higher than 0.1 or the order of PCM is high (e.g., 8x8
PCM), more iterations are needed. We suggest to choose
the parameter d by trial and error, that s, firstly setd = 0.1,
and perform the proposed procedure to see if the accept-
able result is obtained in time ¢; then estimate the time
needed when d is smaller: about 10¢ for d = 0.01, 100¢
for d = 0.001 by experiences; finally, choose appropriate
d according to the estimated time to perform the proposed
procedure again so that the optimal result can be obtained
in acceptable time.

(i1) Specifically, if this algorithm were to adapt Saaty’s
one to nine scales, we could set d = 0.5 or 1 so that the
element of the revised matrix which is greater than 1 is in-
teger or integer multiplied by 0.5. Here, for d = 0.5, as
shown in Table 4, the revised matrix is obtained after four
iterations in 0.2 s, and its Ayax, CR, w, and o are

| 1 2 3 4| w
] 1 15 3 4504166
2106667 1 9 2503865
3003333 01111 1 0500748
402222 04 2 1 |01221

Amax = 4.2489, CR =0.093218 < 0.1, ¢ =0.5< 1.

Besides, we have compared our approach with Xu and
Wei [8], in which we use Algorithm I in [8] and set
A = 0.99. The comparison is presented in Table 4. As
we can see, the criteria of modification effectiveness o in
our method is much smaller than that of Xu and Wei, even
when d = 0.5, which means our method can preserve more
original comparison information.

Example 3 The 8x8 PCM A and its Apa.x, and
CR [6-8] are
1 2 3 4 5 6 7 8
1] 1 5 3 7 6 6 13 1/4
2115 1 13 5 3 3 1/5 1/7
3113 3 1 6 3 4 6 1/5
4|1 1/7 1/5 16 1 1/3 1/4 1/7 1/8
5116 13 13 3 1 12 1/5 1/6
6|16 13 1/4 4 2 1 1/5 1/6
71 3 5 16 7 5 5 1 12
8| 4 7 5 8 6 6 2 1
Amax = 9.6689, CR =0.1691 > 0.1.

For d = 0.1, 0.01, 0.001, the final results are presented
in Table 4, and the decision vectors of the revised matrices
are shown in Table 5.

(i) d =0.1. The revised matrix is obtained after 190 itera-
tions in 6.95 s, and A\,ax = 8.986 6, CR=0.099 961<0.1,
oc=08<1.
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(i) d

0.01. The revised matrix is obtained after
1 952 iterations in 43.7 s, and A\, = 8.985 3, CR=
0.099 815<0.1,0 = 0.72 < 1.

(iii) d=0.001. The revised matrix is obtained after
19 453 iterations in 419.8 s, and \,,.x = 8.987, CR=
0.099985<0.1,0 = 0.7186 < 1.
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We have compared several existing methods with our
approach in Table 4 and Table 5. From Table 4, we can see
that our approach is the most efficient with the smallest o,
which means more information of the original matrix can
be preserved than other existing methods.

Table 5 Final decision vectors comparing our approach with existing methods for Example 3

Element Original value Xu and Wei Cao et al. Wau et al. Our approach
d=0.1 d=0.01 d = 0.001
a2 5 4.524 44412 4.081 6 4.3 4.28 4.282
ais 3 2.339 2.3682 2.003 7 2.3 2.28 2.282
a4 7 7.523 7.6743 7.971 7.7 7.72 7.718
ais 6 5.888 5.8559 5.0542 5.3 5.28 5.282
aie 6 5.686 5.607 9 53332 5.3 5.28 5.282
air 0.3333 0.425 0.420 1 0.499 1 0.4545 0.438 6 0.438 2
ais 0.25 0.292 0.296 8 0.3217 0.303 0.304 9 0.304 7
as3 0.3333 0.326 0.321 0.403 8 03333 0.3367 0.336 4
az4 5 4.516 4422 4 4.044 2 43 4.28 4.282
ass 3 2.671 2.6175 2.069 2 2.3 2.28 2.282
a26 3 2.58 2.5392 2.3399 2.3 2.28 2.282
az7 0.2 0.222 0.226 8 0.249 6 0.2326 0.2336 02335
a2g 0.1429 0.147 0.148 6 0.149 0.158 7 0.159 2 0.159 2
as4 6 6.749 6.9149 6.969 8 6.7 6.72 6.718
ass 3 3.46 35351 3.899 3.7 3.72 3.718
ase 4 4.188 42774 4.784 9 43 4.32 4.328
asr 6 4.155 45105 5.0453 5.3 5.28 5.282
ass 0.2 0.249 0.248 7 0.1792 0.2326 0.2336 0.2335
a4s 0.3333 0.373 0.380 5 03333 0.434 8 0.438 6 0.438 2
a46 0.25 0.287 0.2927 03328 0.303 0.304 9 0.304 7
a4 0.1429 0.134 0.1313 0.148 5 0.147 1 0.148 4 0.148 3
a4s 0.125 0.104 0.103 0.1198 0.1149 0.1147 0.1147
ase 0.5 0.561 0.5722 0.8379 0.769 2 0.7812 0.78
as7 0.2 0.197 0.196 02393 0.2326 0.233 6 02335
ass 0.166 7 0.147 0.144 4 0.154 0.149 3 0.148 8 0.148 9
ae7 0.2 0.204 0.205 5 0.234 0.2326 0.2336 02335
a6s 0.166 7 0.153 0.149 4 0.146 0.149 3 0.148 8 0.1489
ars 0.5 0.501 0.500 4 0.684 4 0.384 6 0.380 2 0.380 2

The bias matrix [20] can be calculated by subtracting
the modified PCM in Table 5 from the original PCM. In

0
—0.033 5
—0.1049
0.0133
-0.0227
-0.0227
0.7179

| 0.7181

0.718 0.718
0 —0.003 1
0.027 3 0
—-0.0335 0.0178
—-0.1049 0.064 4
—-0.1049 0.0189
0.7173 —-0.0227
0.7186  0.7173

—0.718
0.718
—0.718
0
0.7179
0.718 1
0.256 9

—0.718 4

In the bias matrix, the largest perturbation ags is smaller

than 1, which means all elements are in the tolerance devi-

ation interval in Table 2.

this paper, when the parameter d = 0.001, the bias matrix
becomes

0.718 0.718  —0.1049 —0.0547]

0.718 0.718  —0.0335 -0.0163
—-0.718  —0.328 0.718 —0.033 5
—0.1049 -0.0547 -0.0064 0.0103

0 -0.28 —0.0335 0.0178
0.7179 0 —-0.0335 0.0178
0.7173  0.7173 0 0.1198
-0.7159 -0.7159 -0.6302 0

In Xu and Wei [8], when the parameter A = 0.98, the
bias matrix becomes
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0 0.476 0.661 —0.523
—0.021 0 0.007 3 0.484
—0.0942 —-0.067 5 0 —0.749

0.0099 -0.0214 0.0185 0
—0.0032 -0.0411 0.0443 0.319
—-0.0092 -0.0543 0.0112 05157

0.647 1 0.4955 —0.0714 —0.4627

| 05753  0.1973 0.9839 —1.6154*

In the bias matrix, there are some relatively larger per-
turbations such as as7 and ag4 (marked by asterisk sym-
bol), which are greater than 1, thus these elements are out

0 0.5588 0.6318 —0.6743
—0.0252 0 0.0123  0.5776
—0.0889 —0.1153 0 —-0.9149

0.0126 —-0.0261 0.0221 0
—0.0041 -0.0487 0.0505 0.3719
-0.0117 -0.0605 0.0162 0.583 5

0.6196  0.5908 —0.065 —0.6161

| 06307 02705 0.9791 -1.7087*

0.112 0.314  —0.0917 —0.042 ]
0.329 0.42 -0.022 —-0.0041
—0.46 —0.188 1.845* —0.049
—-0.0397 —0.037  0.0089 0.021
0 —0.061 0.003 0.0197
0.2175 0 —-0.004  0.0137
-0.076 1 0.098 0 —0.001
—-0.8027 —-0.5359  0.004 0 ]
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of the tolerance deviations interval described in Table 2.
In Cao et al. [6], when the parameter v = (.98, the bias
matrix becomes

0.1441 0.3921 —0.0868 —0.0468]
0.3825  0.4608 —0.0268 —0.0057
—0.5351 —0.2774 1.4895* —0.0487
—0.0472 —0.0427 0.0116 0.022
0 —0.0722  0.004 0.022 3

0.252 4 0 —0.0055 0.0173
—0.102  0.1338 0 —0.000 4
—0.9252 —0.6934 0.0016 0 |

In the bias matrix, there are also some relatively larger
perturbations such as a3y and ag4 (marked by asterisk sym-
bol), which are greater than 1, thus these elements are

also out of the tolerance deviations interval described in
Table 2.
In Wu et al. [13], the bias matrix becomes

[0 09184  0.996 3 —-0.971
—0.0450 0 —0.0705 0.9558
—0.1657 0.5235 0 —0.969 8

0.0174 —-0.0473 0.0232 0
—-0.0312 -0.1499 0.0769 —0.0003
—-0.0208 —0.094 0.041 0.995 2

0.9964 09936 —0.0315  0.266

| 0.8915 0.2886 —0.5804 —0.3472

In the bias matrix, there are no such perturbations which
are greater than 1, thus all elements are in the tolerance de-
viations interval described in Table 2. However, the max-
imum revision o(= 0.996 4) is larger than our approach
(o = 0.718 6), which means our approach is more ef-
ficient and can preserve more information of the original
PCM.

To summarize, in the proposed method, all values are
revised in the tolerance deviation interval described in
Table 2, and the maximum revision is much lower than
that of Xu and Wei, Cao et al., Wu et al., which means
more original comparison information can be preserved
than these three methods. Furthermore, the formula used
by Xu and Wei [8], Cao et al. [6] are based on the pri-
ority vector ratios, which are calculated by the incon-
sistent original PCM. However, there are many different
methods to derive priority vectors from the PCM [21],

0.9458  0.6668 —0.1658 —0.0717]
09308 0.6601 —0.0496 —0.0061
-0.899 —-0.7849 09547  0.0208
0 —-0.0828 —0.00566 0.0052
0 -0.3379 -0.0393 0.0127
0.806 5 0 —-0.034 0.0207
0.8211 0.726 5 0 —0.184 4
—-0.4935 -0.8493 0.5389 0

and different methods may yield different priority vec-
tors, which may cause different revised PCM when dif-
ferent methods are used to calculate priority vectors. Com-
pared with Xu and Wei, Cao et al., the proposed method
is based on the original PCM instead of the priority vec-
tor, and if the only parameter d is certain, the same re-
vised PCM will always be obtained. Also, the proposed
method does not need to identify the inconsistent elements
manually as Ergu et al., instead, it is very efficient to
obtain satisfactory result by using Matlab programming,
even if the PCM is a high-order matrix and the only para-
meter d is set very low, e.g., the 8x8 PCM in Example 3
can be solved within several minutes when d = 0.001.

5. Conclusions

In this paper, we propose a marginal optimization method
to improve the inconsistent PCM in AHP for individual de-
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cision making problems, where the entries of the PCM are
plain numbers. The method is feasible because the theo-
rem offered in Section 3.2 guarantees that CR is monotoni-
cally decreasing in the iterative process. Also, the method
has overcome the shortcomings in most existing methods
which pay attention to reducing CR as fast as possible
while the preservation of original comparison information
is neglected. The effectiveness for both low order and high
order PCM has also been demonstrated through several ex-
amples. By comparing with similar studies, the analytical
results show that the proposed method is able to obtain a
revised PCM with acceptable consistency, while preserve
more original comparison information than existing me-
thods (Xu and Wei [8]; Cao et al. [6]; Wu et al. [13], etc).
Meanwhile, our approach is simple, intuitive and easy to
be realized by computer programming, thus it may provide
a new tool for the adjustment of inconsistent PCM in AHP.

A future research issue is on whether our methods could
be mixed or integrated with other existing methods to
further improve the efficiency especially for higher or-
der comparison matrix such as PCM with an order larger
than 10.
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