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Abstract: The network diameter is an important characteristic
parameter of a complex network. Calculation for a large-scale
complex network’s diameter has been an important subject in the
study of complex networks. If the network diameter is calculated
directly, the problem mainly exists in efficiency for searching and
counting the shortest paths. If the network diameter is calculated
indirectly by studying the statistical function about the relationship
between the network diameter and parameters affecting the dia-
meter, the problems not only exist in the efficiency of statistic, but
also exist in the function which may be not applicable to all kinds of
networks. An algorithm for the complex network diameter based on
the k order distance matrix is proposed with a matrix multiplication
approach, and a mathematical proof for the algorithm correctness
is given as well. Furthermore, some relevant propositions and
deductions for reducing the complexity of this algorithm are put
forward. With a good theoretical basis and a simple calculation
process, this algorithm can be used to calculate the diameter of
a large-scale complex network with small-world effect more ac-
curately and efficiently. Two cases about the advanced research
projects agency (ARPA) network model and the Chinese airline
network model are adopted to verify the effect of this algorithm.
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1. Introduction

The average path length of a network, often called net-
work diameter, is usually regarded as one of the important
characteristic parameters [ 1,2] to distinguish network types
(such as regular network, stochastic network and complex
network) and to measure network performances (such as
node importance and network survivability). The common
formula for calculating the network diameter is shown as
follows:
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It can be seen from (1) that network diameter D is the
ratio of the sum of the shortest path lengths for all node
pairs to the number of node pairs. n is the number of node
pairs, representing the network size. d;; is the length of the
shortest path between node 7 and node j. The network di-
ameter describes the average minimum number of edges
between any two nodes in a network, which represents the
closeness of network nodes on the whole [3,4].

If a large-scale complex network is considered with
a special connection way, difficulty in direct calculation
of network diameter lies in how to search and count the
shortest paths efficiently [5]. Searching the shortest paths
has always been an important topic in the study of com-
plex networks [6 — 8]. Typical searching algorithms include
Floyd, Dijkstra, Warshall [9], A* algorithm, ant colony
algorithm, parallel computing [10—12] and other intelli-
gent algorithms. The advantage of using these algorithms
lies in the generality for different network types. However,
the disadvantage lies in the efficiency. For example, the
time complexity of the Floyd algorithm or the Warshall al-
gorithm is o(n?), which is applicable for small-scale net-
works. However, for large-scale networks, the speed of the
current computer is often insufficient for completing these
algorithms execution within an acceptable time.

Except the direct way, people also try to use indirect
way to calculate the network diameter of a complex net-
work. There are two tendencies for the indirect way. One
is to study the statistical function about the relationship be-
tween network diameter D and network size n so as to
calculate D through the simple and intuitive parameter n.
The other is to study parameters influencing D in a spe-
cific network type so as to calculate D through these para-
meters. For example, the network diameter of a stochastic
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network is generally expressed as D ~ In(n); Albert et
al. [13] proposed a prediction formula 0.35 + 2.06 lg(n)
for calculating the diameter for the WWW network; Lu et
al. [14] proposed calculation formulas for different com-
plex network types based on the network size, but it is dif-
ficult to explain the complicated relationship between the
network topology and the network diameter by calculat-
ing the network diameter through the network size. Net-
works even with the same size may have different total
numbers of edges and different connection ways between
nodes. As a result, these networks may have different di-
ameters. Through (1), it also can be intuitionisticly ana-
lyzed that the network diameter shows a non-monotonic
functional relationship with the network size because the
numerator and the denominator of (1) correlate positively
with the network size. In fact, just because of this rela-
tionship, complex networks show some amazing features,
such as small world, high concentration and free scale.
For example, when the size of some complex networks
increases rapidly, such as exponential network and scale-
free network, the diameter does not increase significantly.
Two persons in a social network consisted of billions of
people can interrelate each other by six jumps on the av-
erage. The diameter of the WWW network is only 11.2
jumps but it has 325 729 nodes. And the scale-free net-
work will show “robust and fragile” characteristics when
it is attacked [15]. In addition, for networks with the same
type such as two WWW networks, even they are all con-
forming to power-law degree distribution p(k) ~ k~¢,
the exponential o may be different. A formula with only
one parameter n cannot describe the influence of different
.. Considering this, Li et al. [16] built a distribution p(l)
about the lengths of the shortest paths which only have pa-
rameter « to represent the node connection mode and the
total number of edges in Internet with power-law degree
distribution p(k) ~ k~¢. That means if the exponential
« of Internet is calculated statistically, the distribution p(l)
about the lengths of the shortest paths will be defined. If the
network size n is also gotten, diameter D of Internet can
be calculated finally. However, it is the same difficult to in-
directly calculate the exponential « as to directly calculate
the number of the shortest paths in a network. Meanwhile,
this approach cannot apply to all types of networks.

To solve these problems, an algorithm based on the &
order distance matrix is proposed as well as mathematical
justification for its correctness. Furthermore, some relevant
propositions and deductions for reducing complexity of the
algorithm are put forward. Finally, effect of this algorithm
is verified by two cases study.

2. Definition of k order distance matrix with
its solution algorithm

2.1 Definition of k£ order distance matrix

Definition 1 The k (k > 0) order distance matrix of a

network with n nodes is D,’i = [dk nxn, Where

)
k', 1If there is a shortest path
between node ¢ and node j with
the length of k' (0 < k' < k)

0, Otherwise

k _

2.2 Solution algorithm for k order distance matrix

(i) Assume the connection matrix of the network is
C., = [¢ij]nxn, Where

1, If there is an adjacent edge
between node ¢ and node j .
0, Otherwise

Cij =

The first order distance matrix of the network equals the
connection matrix, that is D}L = C,,, where

dgj = Cij. (2)
(ii) Assume the kth (kK > 1) power of the connec-
tion matrix C,, is C¥, the (k + 1)th power of C,, is

k+1 _
Cn - 17 1]

C* x C,, where "1 = Zch X gy, T
=1

equals the number of paths between %ode 1 and node j
whose length is k£ + 1 (there may be some repeated edges
or nodes in a path). C**1 is actually a number matrix of
paths in the network whose length is k+ 1. If the k (k > 1)
order distance matrix of the network is D¥, then the k + 1
order distance matrix is DF! = [dfjﬂ]an, where

k k
dij, di; >0

k+1, d =0 >0i#5 )
0, otherwise

k+1 _
dij -

(iii) The correctness of this algorithm is proved as fol-
lows:

i) If dfj > 0: it can be inferred according to the defi-
nition of the distance matrix that there must be a shortest
path between node 7 and node j whose length is less than
or equal to k. Because the length of the shortest path is
fixed, ;"' = dF, > 0

’ ’Lj
i) If dfj = 0and i # j: assume ¢!

i > 0, there must
be a path between node ¢ and node j whose length is k + 1.
If this path is not the shortest path between node ¢ and node
j, there must be a shortest path between node ¢ and node
j whose length is less than k£ + 1, its length can be as-
sumed as k' (k' < k). Because ¢ # j, k¥’ > 0. It can be
inferred according to the definition of the distance matrix
that dfj = k' > 0. This result is contradictory with the
prereqﬁisite of dfj = 0. Therefore, that path must be the
shortest path between node ¢ and node j, and the length of
that path is k£ + 1, that is dffl =k+1;
iii) If dfj = 0andi # j: assume cfjﬂ = 0, there should
not be a path between node ¢ and node ;5 whose length is
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k + 1. If there is a shortest path between node ¢ and node
7 whose length is less than k 4 1, its length can be as-
sumed as k' (k' < k). Because i # j, k¥’ > 0, it can be
inferred according to the definition of the distance matrix
that dfj = k' > 0. This result is contradictory with the
prerequisite of dfj = (. Therefore, there is no shortest path
between node 7 and node j whose length is less than k4 1.
It can be inferred according to the definition of the distance
matrix that df;“l =0;

iv) If © = j7: itis apparent that the distance between node

i and node j is zero, that is dffl =0.

2.3 A solution algorithm for k order distance matrix

Assume the n order distance matrix of a network is D)} =
[d?j]an, the diameter of the network is

mn
>
=7

D=2 4
n(n—1)/2 @
It is obvious that the distance between any two nodes
will not exceed n in a network whose size is n, which can
be reached and calculated before the n order distance ma-
trix D7 is constructed. Thus the correctness of this algo-

rithm can be proved according to (1).

3. Methods for improving efficiency of the
solution algorithm for network diameter

The algorithm mentioned above calculates values of ele-
ments in the k£ order distance matrix by connection matrix
multiplication. The time complexity of matrix multiplica-
tion [17] is generally O(n?). n matrix multiplications are
adopted to calculate the n order distance matrix D), so the
final time complexity of the algorithm is O(n*). Compared
with the Floyd algorithm et al. with the time complexity of
O(n?), efficiency of the algorithm above does not improve
but reduces by an order of magnitude.

To improve efficiency of the algorithm so as to be ap-
plicable for large-scale networks, you should start with
the optimization of the time complexity of the matrix
multiplication. The time complexity of matrix multipli-
cation should be optimized firstly. For a long time, no-
body doubts matrix multiplication can be completed fewer
than n® times. Until 1969, Strassen [18] reduced the
time complexity of matrix multiplication from O(n?) to
O(n?80735%) In 1981, Pan [19] reduced the time com-
plexity to O(n?4%4). In 1987, Coppersmith and Winograd
[20,21] reduced the time complexity to O(n?376). In 2010,
Stothers [22] reduced the time complexity to O(n?37).
In 2011, Williams [23] reduced the time complexity to
O(n?-372864); in 2014, Gall [24] reduced the time com-
plexity to O(n?372863) For a large-scale network, the

complexity of O(n?372 863) is a very large increase than

the complexity of O(n?), as is shown in Fig. 1 below.
These work also laid a good foundation for the proposed
algorithm to calculate the diameter of large-scale networks
by matrix multiplications.
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Fig. 1 Comparison on time complexity of matrix multiplication be-
fore and after optimization

The second way to improve efficiency of the proposed
algorithm is to minimize the number of matrix multiplica-
tions. For most kinds of networks, especially for complex
networks, to minimize the number of matrix multiplica-
tions is feasible because of their small-world characteris-
tic. For example, on the average two persons can interre-
late each other through six jumps in the social network
consisted of more than seven billion people. Therefore,
to calculate the social network diameter through the pro-
posed algorithm does not actually need seven billion times
of matrix multiplications. Some relevant propositions and
deductions for minimizing the number of matrix multipli-
cations are presented below for improving efficiency of the
proposed algorithm.

3.1 Propositions and deductions for improving
algorithm efficiency

Lemma 1 The lengths of the shortest paths in a net-
work are consecutive natural numbers in range [0, {], where
[ is the maximum length of the shortest paths in the net-
work.

Proof (i) Assume that there is a shortest path pathl :
1 — --- — m — j between node ¢ and node j with length
k in the network, where node m is the previous node of
node j in the path and k (k > 2) is the number of edges
in the path. There must be a shortest path between node ¢
and node m. Assume this path is path2 : i — ---
If the length of this path is greater than £ — 1, node ¢ can
reach node m through pathl with length £ — 1, which is
contradictory with the second assumption that path?2 is the
shortest path between node ¢ and node m. If the length of

— M.
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this path is less than k£ — 1, node ¢ can reach node j through
path3 : path2 — j with the length less than &, which is
contradictory with the first assumption that the length of
the shortest path between node ¢ and node j is k. There-
fore, the length of the shortest path between node ¢ and
node m must be £ — 1. It can be concluded that if there is
a shortest path with length k in a network, there must be a
shortest path with length £ — 1.

(i) If I (I > 2) is the maximum length of the shortest
paths in a network, it can be inferred according to demon-
stration (i) that there must be a shortest path with length
{—1in the network. The other lengths less than [ — 1 can be
inferred similarly. At last, it can be inferred that there must
be a shortest path with length 1. Obviously, the length of
the shortest path from node ¢ to itself is 0. Therefore, the
lengths of the shortest paths in a network are consecutive
natural numbers in range [0, []. O

Proposition1 Assume the & (k € (0,]) order distance
matrix of a network with n nodes is D¥ = [dfj]nxn, where
[ (I > 0) is the maximum length of the shortest paths in the
network, then max(df;) = k must be true.

Proof (i) Assume k = 1, it must be inferred according
to the definition of the distance matrix that max(d}j) <L
At this time, the distance matrix of the network equals the
connection matrix of the network, namely D}L =C,.If
max(dzlj) < 1, all elements in distance matrix D} are
zero, which means there is no adjacent edge between any
two nodes in the network, there is no path between any two
nodes and the maximum length of the shortest paths in the
network is also zero. This conclusion is contradictory with
prerequisite [ > 0, so max(d;;) = 1 must be true. The
proposition is thus demonstrated.

(ii) Assume max(dfj) = k is true. There must be a
shortest path with length & in the network. If £ + 1 < [, it
can be inferred according to Lemma 1 that the lengths of
the shortest paths are consecutive natural numbers in range
[0, 1], and there must be a shortest path with length &£+ 1 in
the network. It can be inferred according to the definition
of the distance matrix that max(dfj’l) =k + 1istrue.

(iii) It can be inferred that for k € (0,1], max(d};) = k
must be true.

This proposition shows that the maximum value of the
distance matrix is increasing progressively in range (0, (]
with order % of the distance matrix. (]

Proposition 2 Assume the k£ (k > 0) order distance
matrix of a network with n nodes is D¥. If DF~1 = DF,
then DF = DF+1,

Proof (i) Assume ! is the maximum length of the short-
est paths in the network. According to Proposition 1, if
k<, max(dfj) = k and max(dfj_l) = k — 1 must be
true, then D=1 £ DX must be true, which is contradic-

tory with the prerequisite. Thus it can be inferred that if
DF=! = DE, then k > I.

(i1) Because ! is the maximum length of the shortest
paths in the network, it can be inferred according to (3)
that for Vdfj € Dk:

i) If dfj > 0, dﬁ-‘"l = dfj is true;

i) If d¥, = 0and ¢! > Oand i # j, d}' =k + 1.
It can be inferred that [ > k, which is contradictory with
proof (i). Therefore, the prerequisite is false;

iii) If df; = 0 and i = j or ;™ =0, d™" = 0, and
dfj = dffl is true.

Therefore, it can be inferred that if DF-! = DF,
D! = DF+1 s true. O

Deduction 1 If D¥ = DE*!, DF is the final distance
matrix of the network.

Proof It can be inferred according to Proposition 2 that
ifoL — D§+1, Dﬁ—l—l _ DZ—J—Q — . = Dﬁ—l—i — ...
is true (¢ > 1), namely the distance matrix will no longer
change. Therefore, D,’j is the final distance matrix of the
network.

It can be inferred according to Deduction 1 that when
DFE = DF*1 appears, the derivation of the solution algo-
rithm for the k order distance matrix of the network can
be stopped, which can improve algorithm efficiency. Com-
plex network, such as exponential network or scale-free
network often has small-world effect. Thus the final dis-
tance matrix can be derived by several steps based on the 1
order distance matrix. O

Deduction 2 If D* = D**!  the minimum value of k
is the maximum length of the shortest paths in a network.

Proof (i) If 0 < k < [, it can be inferred according to
Proposition 1 that the maximum value in the distance ma-
trix increases progressively with order & in the range (0, ].
Thus D* # DF+1 is true, which is contradictory with the
prerequisite DX = Dk+1,

(i) If k = I and D!, # DI, dif' # d!; must be true.

1) If dl > 0, it can be inferred according to (3) that
diit = dﬁj, which is contradictory with the prerequisite
diit £ dl;

i) I dl =0, then lerl > 0. It can be inferred accord-
ing to (3) that 1fc”'1 > 0 and i # j, then dij’l =[+1>1,
which is contradlctory with the prerequisite that [ is the
maximum length of the shortest paths in the network. If
t=jor cl+1 =0, dl+1 = 0 must be true, which is contra-
dictory w1th the prerequlsite dift #di.

iii) It can be inferred accordmg toi) and ii) that d’“’l #*
df; cannot be true, so D/, # D4 cannot be true. It can be
inferred that if & — I then D! = DI+,

(iii) If £ > 1, it can be inferred according to Proposi-
tion 2 that if D¥ = DE*! then DF+! = DF+2 = ...
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must be true, namely the distance matrix no longer
changes. Therefore, Dfl is the final distance matrix of the
network, and the minimum value of £ equals the maximum
length [ of the shortest paths in the network.

This deduction shows that when D¥ = D¥+1 appears
for the first time in the solution algorithm of the %k order
distance matrix of a network, & is the maximum length of
the shortest paths in the network, and D,’j is the final dis-
tance matrix of the network. At this time, the derivation of
the solution algorithm of the &k order distance matrix of the
network can be stopped. O

It can be inferred according to Proposition 1 and Deduc-
tion 2 that the maximum element value max(d;;) of the k
order distance matrix of a network increases progressively
with order k, and when k > [, max(d,;) and DF will no
longer change, as is shown in Fig. 2.

max(d;;)

i
i
|
0 ] f

Fig. 2 Variation of maximum values max(d;;) with k

3.2 Analysis of algorithm efficiency

Propositions and deductions proposed above provide a
simple, direct and effective judgment for calculating a
large-scale network diameter by matrix multiplications
with fewer orders, which also provide a good rationale for
improving efficiency of the proposed algorithm. If the time
complexity of matrix multiplication is O(n?-372 863)  the
maximum length of the shortest paths in a network is a
constant [, the time complexity of the proposed algorithm
is O(1xn?-37 863) When 1 < | < n%627 137 the proposed
algorithm is more efficient than the Floyd algorithm et al.
with a time complexity of O(n?). The smaller [ is when it
is compared with n, the more efficient the proposed algo-
rithm is, which means the larger size and the clearer small-
world effect a network has, the more efficient the proposed
algorithm is. For example, if the WWW network is consid-
ered and the maximum length of the shortest paths in it is
assumed as 11.2 jumps, the relationship between the time
complexity of the proposed algorithm and the network size
n is shown in the figures below. From the figures, it can be
seen that the efficiency advantage of the algorithm is unob-
vious when the network size is small. However, efficiency
of the algorithm is greatly improved after optimization than
before optimization when the network size reaches 1 000
(as is shown in Fig. 3). And efficiency of the algorithm

is also greatly improved if compared with the Floyd algo-
rithm et al. with a time complexity of O(n?) (as shown in
Fig. 4). The larger the network size is, the more obvious
the efficiency advantage is. Thus the proposed algorithm is
suitable for calculating diameters of large-scale complex
networks with small-world effect.
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Time complexity

S = N W kA L &N 0 OO
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Network size n
—_ O(Vl%) —_ O(n2.372 863)'
Fig. 3 Comparison on time complexity of the proposed algorithm
before and after optimization
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Fig.4 Comparison on time complexity of Floyd algorithm et al. and
the proposed algorithm

4. Cases study

To verify correctness and effect, diameters of the ARPA
network and Chinese airline network are calculated and
analyzed according to the proposed algorithm.

4.1 ARPA network

The ARPA network shown in Fig. 5 is a trunk network
topology, which consists of 21 nodes and 23 links.

010010030
o%%\@o

Fig. 5 ARPA network topology model
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According to the proposed algorithm, a corresponding
connection matrix is established for this network firstly.
Then the network diameter is calculated. The distance ma-
trix for this network does not change when it reaches seven
order. It shows that the maximum length of the shortest
path in this network is 7, which means any two nodes can
be linked to each other through at most seven jumps. And
the network diameter is 3.467 through calculation, which
means any two nodes can be linked to each other through
fewer than four jumps on average.

For the ARPA network, time complexity of the algo-
rithm is O(7 * 212372 863) Because 7 > 210-627 137 —
6.748 6, the proposed algorithm has no efficiency ad-
vantage for calculating the network diameter if compared
with the Floyd algorithm et al., whose time complex-
ity is O(21%). In turn, it can be inferred that the ARPA
network is not a typical complex network with an obvi-
ous small-world effect. Through the calculation result dis-
cussed above, the inference can be confirmed. Because the
network size is not very large, but the longest length of the
shortest path is not as small as the network diameter, the
complex network characteristic of ARPA network is not
strong.

4.2 Chinese airline network

Chinese airline network topology shown in Fig. 6 consists
of 161 urban airport nodes and 1 185 undirected edges
(2 370 airlines). The data samples adopted are collected
from airport flights in the summer and autumn of 2010,
provided by Civil Aviation Resource Net of China. The
samples do not include data about Hongkong, Macao and
Taiwan. In addition, irregular flights are not included in
the statistics. The reason for using these samples is that it
is convenient to analyze and compare the conclusions with
the conclusions in [25].

Legend @ B, P
e Airport ' e . | .
Airline

Fig. 6 Chinese airline network topology model

For this network, a corresponding connection matrix can
be established, and the algorithm proposed is adopted to

calculate the network diameter. Besides, it can be found
that the distance matrix for this network will no longer
change when the order of the distance matrix reaches 3,
namely matrix multiplications are performed for three
times. It shows that the maximum length of the shortest
path in the network is 3, and the maximum number of sta-
tion transfers from one airport to another airport is up to
three times. And the network diameter is 2.137 5 by calcu-
lation, which shows that any two airports can be linked to
each other by about two transfers on average. This result
is basically approximate with the network diameter cal-
culated by the Warshall-Floyd algorithm adopted in [25].
Chinese airline network has a very large size. However, the
average distance between two nodes is very small. Thus it
has a clear small-world effect. For this network, time com-
plexity of the proposed algorithm is O(3 * 1612-372 863)
Compared with the Warshall-Floyd algorithm et al. with
time complexity O(1613), the proposed algorithm has an
obvious efficiency advantage.

5. Conclusions

Because network topology is equivalent to its connection
matrix, the network diameter calculated according to the
algorithm proposed in this paper is accurate but not sta-
tistical. In addition, the algorithm is universal rather than
for specific types of networks. The values of elements in
the distance matrix are revised constantly through matrix
multiplications until all of the shortest paths between two
nodes are counted. Differences between the proposed algo-
rithm and other algorithms like Floyd lie in that: (i) defini-
tion of the distance matrix is different from that proposed
in other algorithms; (ii) the values of elements in the dis-
tance matrix are not calculated directly by iterated distance
matrix multiplications, but indirectly by iterated connec-
tion matrix multiplications. These differences are not help-
ful to improve algorithm complexity. However, adoption of
this definition and algorithm can set up relevant proposi-
tions and deductions with strict mathematical justification
basis. The propositions and deductions are concise, simple
and easy for use, which can greatly reduce time complexity
of the solution algorithm. From verifications of two exam-
ples, it can be seen that the proposed algorithm based on
the k& order distance matrix is correct for calculating the
network diameter, which can greatly improve solution ef-
ficiency of large-scale networks diameters, especially of
complex networks with small-world effect.
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