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Abstract: This paper investigates the problem of controlling a
chasing spacecraft (chaser) to track and rendezvous with an un-
controlled target. Based on the actual situation, the torque-free
motion of an axisymmetric prolate rigid body is employed to repre-
sent the short-term attitude motion of the tumbling target. By taking
advantage of the dual quaternion’s compact and efficient descrip-
tion of the general rigid motion, the coupled and integrated model
of the 6-degree-of-freedom (6-DOF) relative motion between the
chaser and the tumbling target is derived in the chaser’s body fixed
frame after taking full consideration of coordinate transformation.
Based on the logarithm of dual quaternion, a sliding mode control
(SMC) law based on the exponential reaching law and the conti-
nuous relay function is brought forward to address the problem of
synchronization control of the 6-DOF relative motion. Simulation
results illustrate the effectiveness of the proposed method.
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1. Introduction

On-orbit service is helpful to remove space debris, prolong
orbital lifetime and enhance performance of targets, which
is significant for sustainable development of the aerospace
industry [1,2]. As for on-orbit service missions, many tar-
gets, such as dysfunctional or spent satellites, have lost the
ability of attitude adjustment. Under influences of pertur-
bation torques and residual angular momentum before fail-
ure, they usually have complex rotational motion, such as
spin or tumbling [3,4]. To track and rendezvous with these
unstable targets, relative attitude and position should be
simultaneously controlled with high precision, which re-
quires an accurate model of the 6-degree-of-freedom (6-
DOF) relative motion. The conventional model neglects
strong coupling between rotation and translation, and is no
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longer applicable in spacecraft proximity missions nowa-
days [5—7]. In recent years, the 6-DOF coupled model
has been actively studied [8]. In [9 - 13], coupled dynam-
ics of relative motion between the tumbling target and the
chaser is derived by two steps. First, the rotation and trans-
lation are modeled separately. Usually, the relative rota-
tion model is established in body fixed frame by quaternion
or modified Rodrigues parameters. Moreover, the relative
translation model is established in the target’s orbit frame
or the chaser’s line-of-sight frame by the position vector.
Then, the two parts are incorporated into one united frame-
work based on kinematic and dynamic couplings. Mixed
calculation between different coordinates and mathema-
tical tools increases complexity of the model and is in-
efficient. Besides, given that the couplings between rela-
tive attitude and position are intricate, this method cannot
guarantee to take all coupling terms into consideration, let
alone establish the accurate model of the 6-DOF relative
motion.

In contrast to this two-part modeling method, a dual
quaternion enables the model of 6-DOF relative motion
to be integrated, which is a more effective approach to
deal with the coupled modeling. Composed of real and
dual parts, a dual quaternion could describe the attitude
and position simultaneously with only eight parameters.
Therefore, couplings between rotation and translation are
automatically contained within the dual-quaternion-based
model, which also has advantages of non-singularity, com-
pactness, high computation efficiency and explicit physical
meaning [14 — 17]. Brodsky et al. [18] first established cou-
pled dynamics of a single rigid body by dual quaternion.
Wang et al. [19] first derived the dual-quaternion-based
coupled dynamics of the 6-DOF relative motion between
two spacecraft and proposed a terminal sliding mode pose
tracking control law. Based on the model given in [19], va-
rious control laws for relative position and attitude track-
ing were further explored and designed in [20-25]. How-
ever, the model of relative motion presented in [19] was
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developed under the assumption that the target is stable in
its orbit and the target body fixed frame is always aligned
with the target orbital frame, which is obviously invalid in
the case of the tumbling target.

Thus far, there exist few research results about dual-
quaternion-based modeling of the relative motion between
the chaser and a tumbling target, which is exactly what this
paper focuses on. Unlike [10,26,27], where the tumbling
target was assumed to rotate at an arbitrary constant angu-
lar velocity, in this paper the attitude motion of the target
is derived based on the attitude dynamics, which can better
represent its real motion state. Fully considering transfor-
mation among different coordinates, all linear and angular
velocities, radius vectors and so on are converted to the
chaser’s body fixed frame, then the integrated model based
on dual quaternion that describes the 6-DOF motion of the
chaser’s body fixed frame relative to the target’s body fixed
frame is derived in detail. Finally, a sliding mode control
(SMC) controller with an exponential reaching law and a
continuous relay function is designed and then simulated.
The effectiveness of the proposed approach is verified by
simulation results.

2. Preliminaries

In this section, some basic concepts and operation rules
of quaternion and dual quaternion are summarized to pro-
vide essential foundations for the development of main re-
sults presented. More details involving these can be found
in [28-31].

2.1 Quaternion

Invented by Hamilton, a quaternion q is defined as a com-
plex number

q=qo+ qi+qj+ gk (D

formed from imaginary basis units (1,1, j,k) by means of
real numbers qo, ¢1, ¢2 and g3, where i2 = j2 = k? =
ijk = —1. qo is the scalar part and ¢11 + g2j + gsk is the
vector part.

Note that scalars and 3D vectors can be equivalently
viewed as corresponding quaternions with zero vector and
zero scalar parts and vice versa.

For computational convenience, in what follows, the
matrix (4D vector) form of a quaternion is used, which is
defined as
]T

a=[w0 @, w=la ¢ a6’ (2)

The identity and zero elements of quaternions are de-
finedas1 =1 0,]T,0=1[0 0,]T witho=1[0 0 0]T.
Consider two quaternions in matrix form, a =

[ao al]T,b=[by bI]T, and some operations on quater-

nion are given as follows:

Conjugation: a* = [ag —ay]"
L . . . aobo — Qy - b'u
Multiplication: @ o b = |:a/0bv + boay + ay X bv]

Cross product:
xb—l( ob—boa)= 0
e —o\¢ Y= a, x by
Dot product:
1 .
abzi(aob*—l—boa*): |:a/0b0+0a'u b’U:|

Norm: N?(a) =aca*=a*oa

3)
The quaternion multiplication can be written in a com-
pact form as
aob=atb=>b"a. 4)

a™ and b~ are 4 x 4 matrices, which are given as

at = |% —a,
"~ |a, aol +S(ay)
b 8T
b= {bv bOI_ S(bv):| (5)

where I is a 3 X 3 unit matrix, S(a,) is defined as

0 —as as
S(av) = as 0 —ai | . (6)
—asg al 0

Applying (4) to multiplication of three quaternions a, b
and c, there is

aoboc=a%chb. @)

A unit quaternion satisfies N?(q) = 1. It can be used
to represent arbitrary rotation. Supposing a frame A ro-
tates about a unit axis v with an angle ¢ and becomes the
frame B, this rotation can be described by the unit quater-
nion q = [cos(®/2) sin(®/2)u]T. The expressions of
a fixed vector r in frames A and B are related by

[ a _ 1 OT 0
rowereas[y gglle] o

where C(q) = 2T — 2¢0S(q,) + S(g,)S(qy) is the di-
rection cosine matrix (DCM) of the rotation represented by
q.

Besides, the logarithm of a unit quaternion q is defined

as
¢ arccos qo d_

Ing=—-u=—=¢q,= 7, 9
2 1/1_q3 2

where & = 2arccos qo, @, = qv/\/1 — G
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2.2 Dual number and dual vector

Introduced by Clifford, a dual number @ can be defined as
an ordered pair combing a real part ¢ and a dual part o’

a=a+e¢ed (10)

where a and o’ are real numbers, ¢ is the dual unit (opera-
tor), which satisfies €2 = 0 and £ # 0. When applied to a
dual number, there is £a = e(a + ea’) = ca + €%a’ = ea.

In space geometry, the dual number can be used to rep-
resent the relative displacement and orientation between
two space lines. That is, a dual angle is defined as

0=0+ed an

where 0 is the projected angle between two lines and d is
the shortest distance between them, i.e., the length of com-
mon perpendicular. For the dual angle 6, we have

sin ) = sin(f + ed) = sin 0 + ed cos 0

0. 12
cos @ = cos(f + ed) = cosf — ed cos 0

A dual vector is a dual number, whose real part a and
dual part @’ are both 3D real vectors. A dual vector a is
defined as

a=a+ea (13)

The unit condition of a dual vector is N?(a) = 1 and
a-a’ = 0. Unit dual vectors can be used to represent space
lines. As shown in Fig. 1, a space line passes the point
P and its unit direction vector is I. It can be described as
L = 1l + em and m is the line moment relative to the
origin.

Fig.1 Space line

A dual vector is termed as a motor if its real part is a free
vector which is independent of the reference point and its
dual part is a location vector which varies with the choice
of reference points. In this sense, the dual velocity vector,
dual force vector and dual momentum vector involved in
later sections can all be perceived as motors.

2.3 Dual quaternion

A dual quaternion ¢ can be viewed as a dual number with
quaternion components:

g=q+eq (14)

whereq =1[g0 ¢1 ¢ @)"andq =[g ¢ ¢ &]"
are two quaternions.

Similar to quaternions, for convenience, we also use the
vector form of dual quaternions in computation. The vec-
tor form of a dual quaternion is defined as a 8D column

vector. The vector form of q is defined as

da=w0 o @ ¢ 9 ¢ & ¢ (15)

1=[1 0]Tand0 = [0 0] are the identity and zero
elements of dual quaternions.

Consider dual quaternions ¢; = g1 + eq} and ¢» =
g2 + £q). Some necessary operations written in the vector
form are given as

Conjugate: g* =

N q
Swap: ¢° =
pa =]

q1°qi
q1°G5+q;°q

{er]z}
q1 9

Norm: N2(q) = qoq*=q*oq

Multiplication: gy o g2 =

Circle product: q; ® @

(16)
A unit dual quaternion satisfies N2(g) = 1. Similar to
the way that unit quaternion is used to describe rotation,
a unit dual quaternion can be employed to represent any
rigid transformations consisting of rotation and translation.
In Fig. 2, the general rigid motion between the frame A
and the frame B is described by a rotation g followed by
a translation t® (or a translation t® followed by a rotation
q), which is equivalent to a rotation about the screw axis
N with the angle 0 succeeded by a translation d parallel to
the axis, namely a screw motion. This frame transforma-
tion can be specified by

~ 1 1.,
q=q+5q’:q+6§qotb:q+£§t oq. (17

Fig.2 Transformation of coordinates

Using elements of screw motion, the unit dual quater-
nion can also be written as

@ = cos(8/2) + Nsin(6/2). (18)
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The expressions of a fixed dual vector 7 in coordinates
A and B are related by

=g or%0q. (19)

Besides, the logarithm of a unit dual quaternion defined
by (17) is given as

Ing=Inq+et’/2 = &q,/2 +et’/2.  (20)

Comparing Section 2.1 and Section 2.3, we can see that
there are many similarities between quaternion and dual
quaternion. In fact, based on the principle of transference
formulated by Kotelnikov, dual quaternion completely in-
herits the properties of quaternion.

2.4 Coordinates

The coordinates used in the following modeling process
are given in Fig. 3.

Earth centered inertial frame: denoted as F7. Its origin
is at the center of the earth. The axis x; points to the ver-
nal equinox, axis y; points to the North Pole, and axis z; is
given by the right-hand rule.

Fig.3 Coordinates for the relative motion

Body fixed frame: denoted as F'p. Its origin is at the
center of mass (c.m.) of the spacecraft and three axes are
aligned with principal axes of inertia. Body fixed frames
of the chaser and the target are denoted as Fo and Fr, re-
spectively.

Orbit frame: denotes as Fp. This frame is centered at
the c.m. of the spacecraft. The axis z, directs from the
spacecraft radially inward, axis y, is negative normal to
the orbit plane, and axis x, completes the setup.

3. Problem formulation

The problem investigated in this paper is to simultaneously
control the relative position and attitude with high preci-
sion during the final phrase of approaching a passive tum-
bling target.

3.1 Attitude motion of the target

The target is assumed to be a rigid body without the con-

trol torque. Since spatial disturbances torques are negligi-
ble, it is reasonable to represent the target’s short-term mo-
tion characteristics by the attitude motion in the torque-free
state. The target’s attitude dynamics is given by Euler’s ro-
tational equation

Jtd)t —+ w X (tht) =Tt (21)

where J; and w; are the target’s inertia matrix and angu-
lar velocity, and Ty is the external torque exerting on the
target. According to the definition of the body fixed frame,
the products of inertia in the frame F7r are zero. Therefore,
in the frame F7r, the component form of (21) in the absence
of torques is given as

Jowg + (J2 — Jy)wswy =0
Jywy + (Jp — J2)wzw, =0 (22)
Jowy + (Jy — Jg)wywe =0

where w;, w, and w, are components of w;, and J;, J,
and J, are the target’s principal moments of inertia. For
simplicity, we make the realistic assumption that the tar-
get is an axially symmetric prolate rigid body [32], whose
axis of symmetry of the inertia tensor is the axis z;. With
Jz < Jy = J, = Jir, (22) becomes

wy =0
Wy — (1= Jp/ Jer)waws =0 . (23)
Wy + ( - JI/']t’r‘)wmwy = O

The solution of (23) is

Wy = const
wy = wyp sin(Qpt + o) (24)
W, = wyy cos(Qpt + 1)

where wy, is the transverse angular rate in the y;z; plane,
1o is a constant initial phase, and 2, = (1 — J,./Ji )wy; s
called the body nutation rate because it is the rate at which
the angular velocity rotates about the symmetry axis in the
body fixed frame.

The target’s attitude kinematics are derived by employ-
ing 1-2-1 Euler angles (¢, 8, v). For convenience, suppose
that axis = of the inertial reference frame F7 is parallel to
the target’s angular momentum vector H; and we have

(b:_:QSa 9207 1/):Qb (25)
Jtr
where H = || H,||, s is called the inertial nutation rate

because it is the rate at which w; and the axis z; rotate
about the fixed angular momentum vector H in the frame
Fr, and 6 = arccos(J,w,/H) is called the nutation angle
which is the angle between H; and the axis x;. A pictorial
view of the target’s attitude motion is presented in Fig. 4.
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Fig. 4 Torque-free motion of an axially symmetric prolate rigid
body

In practice, the attitude motion of the faulty spacecraft
may be more complicated. However, limited by the maneu-
verability of real capturing mechanism, rendezvous will be
carried out after conducting some detumbling operations
[33—35]. Therefore, it is reasonable to represent the tar-
get’s attitude motion by (23) and (25) in simulation analy-
sis.

3.2 Dual-quaternion-based kinematics

Note that the superscript represents the frame in which a
vector is expressed, while the subscript represents the ob-
ject which a vector is related to.

The general motion of a rigid body is represented by
the motion of its body fixed frame relative to the inertial
reference frame. Suppose the position vector and attitude
quaternion of the frame F'p with respect to the frame F
are r and q. Then the description of this spatial motion in
terms of the dual quaternion is given as

e 1, 1
d=q+eyriog=qteggor’ (26)
Differentiating (26), the dual-quaternion-based kine-
matic equation of a single rigid body is given as
g=:0'0G=-God @7)

where @' and &° are velocity motors.

The relative motion between the chaser and the target
is represented by the general motion of the frame F¢ re-
lative to the frame Fr. Since the difference between two
dual quaternions is defined by multiplication, the error dual
quaternion g, is given as

o~ 1 X
QG:quQCZQG‘FEEQGO(Tg_qeOTEOQG):

1
Qe+€§q60TZ=q6+EQQ (28)
where g = gqf o g. is the attitude error quaternion,

ré =71t — g or! oq. is the positon vector of the frame

Fo relative to the frame F7p.

Differentiating (28), the kinematic equation of relative
motion between the chaser and the target can be given as

(/I\e:(/jt OZI\C—’—EI\ZFOEI\CZ
~ ~t o~ 1. .
54e0 (@0 —q 0w 0q) = 5q.00; (29
where @¢ is the error velocity motor.

3.3 Dual-quaternion-based dynamics

To formulate the rigid body dynamic equation in the dual
number form, we first define the dual inertia operator M
as

—~ d
M=m—I+eJ (30)
de

where m and J are the mass and the inertial matrix of the
rigid body respectively. The operator d/de has a comple-
mentary sense of the dual unit €. By comparing operations
of £ and d/de on a dual vector a, there is

ca=c(a+ed)=ca
d . d . 31
Ea:E(a—i—aa'):a’ 1)
The inverse of M is defined as
—~ d 1
M *t'=J1'—4+e—1I (32)
de m

The expression of the momentum motor H ofa rigid
body with respect to the c.m. can be written as

—_

N d
H=Mw= (mEI—i—EJ) (w+ev) =mv+edw.
(33)
Taking derivative of (33), the dual-quaternion-based dy-

namic equation of a single rigid body expressed in the
frame F'g can be obtained as

dH?

—~ b —~ ~ ~
n =Mo +3"x Mo* =Gl +U" =

(GP 4 eT®) + (f° + &7?) (34)

where G and U? are the gravity motor and the con-
trol force motor, G®* = —umr®/|r®||® is the gravity,
T® = 3ur® x (J-rb)/||rb||° is the gravity gradient torque,
and f° and 7° are control force and torque respectively.

According to the definition of the error velocity motor,
the chaser’s velocity motor is written as

@ =W¢+q; oDy 0qe. (35)
Substituting (35) into (34), there is

dH:  — d
a - Mg

[Moo(@+q owtoq,)] = (GE+eTo)+(ferers). (36)

~c | A ~t A ~c | A ~t A
We+gcowyoge)+(W+qgow;oge)x
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After some manipulation of (36), the dynamic equation
of relative motion expressed in the frame F is given as
[M. o (&¢+

PN ~c ~k ~t ~
Mo, = —(@5+q; oW, 0qe.) X

—~ .t

q; OWfoqe)] M.[q; o &, 0q. — wgx

(@ 0@} oq.) + G+ U 37)
Let F(&¢,Gc) = —(@ +§: 0@} 0ge) x [Meo (@ +

(2 0®foq.)| — M.[q; 00, 0q. — B¢ x (q; 0@} q.) + G,
then a more compact form of (37) can be given as

Mo, = F(&¢,q.) + US. (38)

3.4 Effects of the target attitude motion

The dual-quaternion-based model of the 6-DOF relative

motion is represented by (29) and (37). To facilitate the

subsequent analysis and design, the integrated model is de-

composed into real and dual parts. For brevity, the follow-
ing definitions are given as

WS = ws + evs

{ Wl = w! +ev! (39

Then the decomposition form of the error kinematic
equation (29) can be written as

qe = 5(16 © wg
(40)

1
5((Ié ow¢ + e O’Ug)

4. =
The decomposition form of the error dynamic equation
(37) is given as

W = I (W + Caw!l) x J(WE + Cow?)]—

3
Cctwt X w + J_l—urcx
’f'

C

-t
Cctwt —

(Je - re) +Jt7e
¢ = —2C,w} x v¢ — Cuwi x (C’Ct'u;e + Cawix
re) — wt X v+ Cop(w) x vf) +

<fc pme g> @)
7‘

(&

Cct”’t

where r. and r; are the orbit radius, C.; = C(q.) is the
DCM which transforms coordinates in the frame Fr to the
frame F¢. Since the distance between the chaser and the
target is negligible compared to the orbit radius, r. and r;
are considered to be equal, and orbit frames of the chaser
and the target are also regarded as the same.

The model of relative motion given in [17] is derived
based on a key assumption that the target’s body fixed
frame is always aligned with its orbit frame. Therefore, the
expressions of radius, linear and angular velocity vectors
in the frame F'p are the same as those in the frame Fp and
are fixed, namely,

rl=r?=[0 0 —rT

ré=r2=100 0 —r]T

’Ug = ’U? = [’Ut 0 O]T (42)
wi=wl=[0 —w 0]T

Due to the target’s attitude motion, this assumption can-
not hold anymore. However, if the transformation relation-
ships between two body fixed frames and the orbit frame
are known, their expressions in the frame F'z can be con-
verted from those in the frame Fp.

The target’s angular velocity expressed in the frame F7r
is directly given in (24) when deriving attitude dynamics
of the target in Section 3.1.

Based on attitude kinematics of the target, the DCM CY;
that transforms coordinates in the frame F7 to the frame Fr
can be calculated. According to the chaser’s orbit elements,
the DCM C,,; that transforms coordinates in the frame F;
to the frame Fp can be calculated. Consequently, we have
the following relationships between the orbit frame and
body fixed frames:

{ Cto = CtiCio (43)

Cco = CctCto

where C}, transforms coordinates in the frame F to the
frame Iy, C,, transforms coordinates in the frame Fp to
the frame F.

Therefore, the radius and linear velocity vectors ex-
pressed in body fixed frames can be calculated as

r; = Ciory
e =Ceor? . (44)
vy = Covy

Substituting (42) with (24) and (44), we can obtain the
model of relative motion between the chaser and a tum-
bling target.

3.5 Control law design

In this section, we deal with the 6-DOF tracking control
problem of the chaser relative to a tumbling target. Since
the attitude of the target is time-varying, the objective of
tracking control is to design a controller that enables the
chaser to be synchronous with the attitude of the target and
to approach the target from the initial position to the de-
sired berth point which has a safe distance of 2 m to the
target.
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To guarantee the system converge to the desired state
fast and steadily, and to have high control precision in the
presence external disturbances, a sliding mode controller
based on the exponential reaching law and the continuous
relay function is designed.

To begin with, define the linear sliding surface as

s=s+tes’=w+cwe (45)

where ¢ = ¢ + ec’ is a parameter of the linear slid-
ing surface and its components are positive real numbers,
e = e + ce’ = 21n g, represents the error of relative at-
titude and position. According to (9) and (20), we have
€= Dqey + ere.

Consider two dual quaternions @ = a + ca’ and b =
b + eb’, then operation ‘®’ written in the vector form is

defined as
aRb= [&S%Z,} (46)
where D(a) is defined as
D(a) = diag(a). 47)
According to the exponential reaching law, there is
§=-020E)-k®s (48)

where § = 8 + €’ and k = k + ¢k’ are parameters, all
of whose components are positive real numbers. 6(3) is a
continuous relay function and is given as

9(81)281/(|SZ|—|—0’1), 12172,,6 (49)

where o; is a small positive real number.
The controller is designed as
Ui = -F(@.q.) - M.(60 @)~
d20(3°)—k®s (50)
where € = é + €’ is calculated [17] as
, C+1 " c_|_2—§l5ecot(§l5e/2) ¢y
ée=w,+-exw w
€ 2 € 2 @3 e
(e x w¢)
e =vS—wt xrie

. (81

The stability of the resultant closed-loop system is stated
in the following theorem.

Theorem 1  Consider the 6-DOF tracking system
given by (30) and (38). By employing the controller (48),
(€,5¢) — (0,0) as t — oo for all initial conditions.

Proof The proof includes the following two consecu-
tive steps:

(i) The closed-loop system can reach the sliding surface
§ = 0 for all initial conditions.

(i) After reaching § = 0, the tracking error (€, <) —
(0,0) as t — oo.
The first Lyapunov function is chosen as
1, =
Vi = 535 © (M.s). (52)

According to the definitions of the circle product and the
swap given in (16), we have

1_ = 1
Vi = 585 © (M.3) = §(ms' -8’ +s-Js).  (53)

Note that V; is a valid Lyapunov function, since V7 > 0
and V; = 0 if and only if § = 0. The derivative of (49) is
given as .

V1 =80 (M) =
§0 U+ F@L4) + MEwe,). (54
Substituting the control law (49) into (52), there is
N=580(-000()-kas)=
-8 - (D(6)0(s') + D(k)s")—
s-(D(8)0(s) + D(K')s). (55)

Since D(8), D(4"), D(k) and D(k') are positive matri-
ces, V1 < 0. If and only if 8 = 0, there is V; = 0. Hence
the closed-loop system can reach the sliding surface s = 0
for all initial conditions.

Since V1 > 0and V; <0, tlim V1 (t) exists and is finite.
Hence

t
nmjmmw=ggmm—mm) (56)

t=o0 Jo
also exists and is finite. By Barbalat’s lemma, tlilgo Vi(t) =
0 and thus tlggo s(t)=0.
After reaching 3 = 0, we have
G =-cwe (57)

Then consider the following Lyapunov function

1.
Vo= 380€>0. (58)

Vo =0ifandonlyif e = 0. According to (51) and (56),
the derivative of (49) is calculated as
Vho=eve=e w+ev =
—e-(D(c)e) — €' - (D(c)e"). (59)
D(c) and D(¢') are positive matrices, so V5 < 0. Since

)
Vo > 0and Vo < 0, lim Va(t) exists and is finite. Hence

t—oo

t
hmjwmw=ggww—%@ (60)

t—o0 0
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also exists and is finite. It then follows from Barbalat’s
lemma that tlim e(t) = 0. Along with tlim 5(t) = wg +

¢®eé =0, thereis Jlim &(t) = 0. 0
4. Simulation analysis

In this section, the control law (40) are numerically
simulated. Under the same initial conditions, its anti-
interference ability is compared with the generalized pro-
portional differential controller designed in [36].

The target inertial matrix is J; = diag[300,800,
800] kg -m?. It is assumed to be an uncontrolled satellite in
geosynchronous orbit with the torque-free attitude motion.
Its spin angular rate is w,, = 8 °/s and the nutation angle
is @ = 3°. According to Section 3.1, the attitude motion of
the target can be calculated as

(6 0 T =[3t 3 51" (6D

{ wi =[8 0.16sin(5¢) 0.16 cos(5t)]T
The chaser’s inertia matrix and mass are J. =
diag[450, 1625, 1 625] kg-m? and m.. = 1 000 kg. It orbits
the earth in approximately geosynchronous orbit. Its argu-
ment of perigee is 221.32°, right ascension of the ascend-
ing node is 85.24°, and initial true anomaly is 111.66°. The
initial parameters of the relative motion are given as

_ 1
{ i/l\eo = (qeo t+ Ei%o °Teo (62)
W = wép + (7ey +wép X T8H)
where r¢, = [~20 8 6]T m, g = [0.554 0.791
~ 0226 02587, 7, = [0 0 0T, wl =

—[0.14 0.002 0.001]".

The disturbance torque and force acting on the chaser
are set as

75 =10.13 0.13 0.13]T + N(0,v) 63)

£5=10.22 0.22 0.22]T + N(0,v)

where N (0,v) is white Gaussian noise with zero mean
value and variance v = 1 x 1074,

To be intuitionistic, the relative rotation and transla-
tion errors are represented by 3-2-1 Euler angles and rela-
tive position, whose time histories are given in Fig. 5 and
Fig. 6.

Time histories of relative linear and angular velocities
are given in Fig. 7 and Fig. 8. It can be seen that relative ro-
tation and translation converge to the desired state steadily.
Fig. 9 and Fig. 10 give the time responses of control torque
and force.
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The control precision is represented by the error values
at the end of the control process, as shown in Table 1. It
can be seen that the control force and torque are smooth
and have little chattering. The relative attitude and position
errors are within 0.05° and 1 mm at time of 400 s, which
indicate the controller can achieve high control precision.

Table 1 Control results at time of 400 s
Value

1072 x [4.80 4.79 4.80]T
10~4 x [8.71 5.67 9.82]T

State variable
Relative attitude/(°)
Relative position/m

The anti-interference capacity of the controller (50) is
compared with that of the generalized PD controller in
[36], whose control parameters are tuned so that the set-
tling time and control precision are similar to those of the
controller (50). The simulation results show that to achieve
the same control precision, the magnitudes of the distur-
bance torque and force that the PD controller can with-
stand are 74 pp, = 0.1877 and fj pp, = 0.004fg, which
are much smaller.

5. Conclusions

In this paper, the integrated model of the coupled rela-
tive rotational and translational motion between a chaser
and an uncontrolled tumbling target is developed by using

the dual quaternion representation. For the short period of
the final approaching phrase, the target’s attitude motion
is described by the torque-free motion of a prolate rigid
body. After deriving the relative dynamics in the chaser’s
body fixed frame, this integrated model is decomposed into
two parts. The decomposition form indicates the coupling
terms clearly and shows the influence of the target’s atti-
tude motion on the descriptions of some important physical
quantities in the model, which are then modified. A sliding
mode controller based on the exponential reaching law and
the continuous relay function is designed to guarantee syn-
chronization control of the 6-DOF relative motion in the
presence of external disturbances. The simulations results
show the proposed controller is effective and of high ac-
curacy. The new model given provides the foundation for
further research. In future work, more control algorithms
can be developed to improve the performance of motion
tracking of the tumbling target.
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