
Journal of Systems Engineering and Electronics

Vol. 30, No. 6, December 2019, pp.1192– 1201

Optimized interval 2-tuple linguistic aggregation operator
based on PGSA and its application in MAGDM

ZONG Mengting1, SHEN Tian2,*, and CHEN Xi1

1. School of Business, Nanjing University, Nanjing 210000, China;
2. School of Education, Nanjing University of Traditional Chinese Medicine, Nanjing 210000, China

Abstract: This study proposes a multiple attribute group decision-
making (MAGDM) approach on the basis of the plant growth si-
mulation algorithm (PGSA) and interval 2-tuple weighted average
operators for uncertain linguistic weighted aggregation (ULWA).
We provide an example for illustration and verification and com-
pare several aggregation operators to indicate the optimality of
the assembly method. In addition, we present two comparisons
to demonstrate the practicality and effectiveness of the proposed
method. The method can be used not only to aggregate MAGDM
problems but also to solve multi-granularity uncertain linguistic in-
formation. Its high reliability, easy programming, and high-speed
calculation can improve the efficiency of ULWA characteristics.
Finally, the proposed method has the exact characteristics for lin-
guistic information processing and can effectively avoid information
distortion and loss.
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1. Introduction

The multiple attribute group decision-making (MAGDM)
problem is an important research topic in complex engi-
neering, economics, and management [1 – 5]. An expert
evaluation matrix is derived through MAGDM analysis, in
which each decision maker (DM) considers his/her own
preference and provides judgment information on possible
alternatives over a range of attributes. Each DM’s judg-
ment information is then aggregated to produce an overall
ranking of potential alternatives by a given method. Re-
gardless of the utilized method, the primary issue is to ag-
gregate the respective values given by each DM. One of
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the hot research topics is the integration of uncertain lin-
guistic information, which occurs when DMs express their
preferences in their native language owing to the nature
of the alternative language and their vague knowledge of
it. Linguistics is an effective means for humans to express
their feelings toward different matters [6,7]. Therefore, a
2-tuple linguistic representation model was proposed to
deal with linguistic information [8]. The 2-tuple linguis-
tic representation is composed of a numeric value and a
linguistic term and has exact characteristics for linguis-
tic information processing. Moreover, a common problem
in linguistic information processing, information distortion
and loss, can be effectively avoided with this model [9,10].

Information aggregation takes a key part in the decision-
making process; thus, a large number of 2-tuple ag-
gregation operators are proposed. Examples include the
2-tuple weighted averaging operator, the 2-tuple arithmetic
mean operator, and the 2-tuple ordered weighted aver-
aging (TOWA) operator [11]; the dependent 2-tuple or-
dered weighted geometric (DTOWG) operator [12]; the
interval TOWA (ITOWA) operator and the interval 2-tuple
weighted average (ITWA) operator; the generalized inter-
val 2-tuple weighted average (GITWA) operator, the inter-
val 2-tuple ordered weighted geometric operator, the in-
terval 2-tuple weighted geometric (ITWG) operator, and
the generalized interval TOWA operator [13]; the uncer-
tain linguistic hybrid aggregation (ULHA) operator and the
uncertain linguistic ordered weighted averaging (ULOWA)
operator [14]; and the uncertain linguistic weighted geo-
metric Bonferroni mean (ULWGBM) operator [15]. The
main aggregation operators can be categorized into two
types, the first of which can transform linguistic assess-
ment information to fuzzy numbers according to the exten-
sion principle carried out on the computation and analysis
of fuzzy numbers [16,17]. The second category calculates
and deals with the language phrase symbol directly accord-
ing to the order and nature of the language evaluation set
[18,19].
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Linguistic information collection problems exist and
should be improved. Therefore, we propose an optimized
interval 2-tuple linguistic aggregation method by using the
plant growth simulation algorithm (PGSA) and ITWA ope-
rators in order to solve the MAGDM problem in this study.
First, we map the attribute value judgment matrix of un-
certain linguistic information provided by each expert to
the corresponding two-dimensional planar point set. Then,
we develop an aggregation operator based on the PGSA,
which is used to obtain the general Steiner points (the opti-
mal rally point). Compared with the ant algorithm and the
simulated annealing algorithm, the PGSA shows outstand-
ing computational stability in solving the Steiner problem.
Employing the optimal number of intervals and the ge-
neral Steiner points according to the aggregation opera-
tor to establish group preference delivers satisfactory si-
mulation results [20 – 22]. Therefore, the MAGDM
method with interval 2-tuple linguistic information on the
basis of PGSA and ITWA operators are proposed. In ad-
dition, we propose and compare a few dependent inter-
val 2-tuple linguistic aggregation operators in this study.
Finally, we present two comparisons to demonstrate that
the proposed method is practical and effective. The con-
tributions of this study are characterized by four aspects.
First, this study proposes a decision-making method to in-
tegrate uncertain linguistic information. Second, the pre-
sented method can be used not only to aggregate MAGDM
problems but also to solve multi-granularity uncertain lin-
guistic information. Third, the presented method improves
the efficiency of uncertain linguistic weighted aggregation
(ULWA) characteristics, namely, its high reliability, easy
programming, and high-speed calculation to simplify the
aggregation and to make it easy to use. Finally, the pro-
posed method combined with a few 2-tuple correlation al-
gorithms has the exact characteristics for linguistic infor-
mation processing and thus avoiding a common problem
in linguistic information processing, i.e., information dis-
tortion and loss.

This paper has these following sections: Section 2 intro-
duces a few operation laws and basic concepts of interval
2-tuple linguistic variables; Section 3 develops the PGSA
operator to aggregate the expert decision values in the form
of interval 2-tuple linguistic variables; Section 4 presents
an approach to the MAGDM problem based on PGSA and
ITWA operators; Section 5 provides a numerical example
to demonstrate the practicality and feasibility of the pro-
posed approaches; Section 6 presents two comparisons;
and finally, Section 7 is the conclusion and prospect.

2. Preliminaries

2.1 Linguistic information

Numerous aspects of distinct activities cannot be assessed

quantitatively, but rather qualitatively, that is, with impre-
cise or vague knowledge. In such cases, an effective ap-
proach will not use numerical values, but linguistic assess-
ments. A linguistic variable expresses values in linguistic
terms, i.e., the values of a variable are expressed as sen-
tences or words in an artificial or natural language, not as
numbers. When traditional quantitative expressions are not
suited to reasonably describe too complex or ill-defined si-
tuations, linguistic variables will be used.

The basic concept of linguistic information is given as
follows: suppose that S = {si|i = 0, 1, . . . , g} is a finite
and completely ordered discrete term set, where si denotes
the ith linguistic term or label of s, and g + 1 is the cardi-
nality of s. Generally, assume s should have the following
characteristics [23,24]:

(i) The set is ordered si > sj , if i > j;
(ii) The negation operator Neg(si) = sj , such that

j = T − i;
(iii) The maximization operator Max {si, sj} = si, if

si � sj ;
(iv) The minimization operator Min {si, sj} = sj , if

si � sj .

2.2 The 2-Tuple linguistic variables

The 2-tuple is used to characterize the 2-tuple linguistic
representationmodel and to aggregate the linguistic assess-
ment information. By using the proposed method, the com-
monly occurred information loss and distortion in linguis-
tic variable aggregation can be effectively avoided, and the
linguistic assessment information can be precisely judged.
The 2-tuple is represented by the 2-tuple (si, ai), where
si represents language phrases that belong to the prede-
fined linguistic assessment information set, and ai repre-
sents the separation between the calculation and the origi-
nal language evaluation phrase set [25].

The range of β in the 2-tuple linguistic approach is be-
tween 0 and g, as proposed by Herrera and Martı́nez. In
this case, β represents the aggregated result of the evalua-
tion indices of labels which are evaluated with a linguistic
term set S.

Definition 1 [25] Let si � S be a linguistic term.
Function θ is defined as the following formula, which can
acquire its corresponding 2-tuple linguistic information:{

θ : S → S × [−0.5, 0.5)
θ(si) = (si, 0), si ∈ S

. (1)

Let β ∈ [0, 1] be a value which comes from symbolic
aggregation and S = {so, s1, . . . , sg} be a linguistic term
set. Then, the translation function Δ can be defined as the
following formula, which can acquire the 2-tuple linguistic
variable equivalent to β:

Δ : [0, T ] → S × [−0.5, 0.5),
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Δ(β) = (si, αi) =
{

si, i = Round(β)
αi = β − i, α ∈ [−0.5, 0.5)

(2)

where α is the value of the symbolic translation, si has the
closest index label to β, and Round (·) is the usual round-
ing operation. The number of linguistic terms of S is used
to determine the interval of α.

Definition 2 [25] Let (si, αi) be a 2-tuple linguistic
information and S = {so, s1, . . . , sg} be a linguistic term
set. Then, a function Δ−1 can be used to transform 2-tuple
linguistic information into its equivalent numerical value
β ∈ [0, 1]. The function Δ−1 is defined as follows:

Δ−1 : S × [−0.5, 0.5) → [0, 1] (3)

Δ−1 : (si, αi) = i + αi = β. (4)

We can convert linguistic terms into a 2-tuple by adding a
0 value as symbolic translation 1:

si ∈ S ⇒ (si, 0). (5)

Suppose that (si, αi) and (sj , αj) are any two 2-tuples,
which possess these properties:

(i) The set is ordered if i > j: (si, αi) > (sj , αj); if
i = j, αi = αj : (si, αi) = (sj , αj); if i = j, αi > αj :
(si, αi) > (sj , αj).

(ii) The negation operator Neg {(si, αi)} = Δ{g −
[Δ−1(si, αi)]}.

(iii) The maximization operator Max {(si, αi), (sj , αj)}
= (si, αi), if (si, αi) � (sj , αj).

(iv) The minimization operator Min {(si, αi), (sj , αj)}
= (sj , αj), if (si, αi) � (sj , αj).

2.3 Interval number

We provide preliminaries of interval numbers below to
compute uncertain linguistic operators hereinafter. Let x =
[xL, xU ] be an interval number where xL, xU ∈ R, xL �
xU ,R means a real number set. On the other hand, if
xL = xU , x means a real number, that is, x = xL = xU .
The rules for comparing interval numbers x = [xL, xU ]
and y = [yL, yU ] are as follows:

(i) x > y if and only if xL > yU ;
(ii) x = y if and only if xL = xU and yL = yU .
However, if x and y are overlapped, then it is difficult

to determine which one of the two is greater. We present
a simple technique to rank interval numbers, wherein an
interval can be expressed in the form of a numerical point.
This technique can be briefly described as below:

Let x∗ be the center value of interval x and ∇x∗ be
the error distribution of x, where x∗ = (xU + xL)/2 and
∇x∗ = (xU − xL)/2. x can be mapped into a crisp value
to rank interval numbers by introducing the DMs’ risk at-
titudes, that is, for each interval number, the ranking value

can be defined by

φε(x) = x∗ + ε∇x∗ (6)

where ε ∈ [−1, 1], and ε means the optimism/pessimism
degree that is used to denote the DMs’ risk attitudes. Gene-
rally, ε can be selected by the DM. Depending on the range
of ε, DM risk attitudes may include three types, namely,
pessimistic, neutral, and optimistic. ε may have ranges of
−1 � ε < 0, ε = 0, and 0 < ε � 1. Therefore, the
ranking value φε(x) may have these corresponding ranges:
[x∗ − ∇x∗, x∗], x∗ and [x∗, x∗ + ∇x∗]. Obviously, given
a specific ε, x is greater than y, which is denoted as x > y

if and only if φε(x) > φε(y). x is equal to y, which is
denoted as x = y if and only if φε(x) = φε(y).

2.4 Interval 2-tuple linguistic variables

The model of interval 2-tuple linguistic representation
is now widely applied and studied, including material
and personnel selection, complex engineering, economics,
management, and robot evaluation. This model has the fol-
lowing definitions:

Definition 3 [26] Let S = {s0, s1, . . . , sg} be a lin-
guistic term set, in which two linguistic terms form an
interval linguistic variable, which is denoted by [si, sj ],
where i � j, and si, sj mean the linguistic terms of the
set S, and si and sj mean respectively lower and upper
limits.

Definition 4 [27] Let S = {s0, s1, . . . , sg} be a
linguistic term set, in which two 2-tuples form an in-
terval 2-tuple linguistic variable, which are denoted by
[(si, ai), (sj , aj)], where i � j and ai � aj , si(sj) and
ai(aj) mean linguistic labels in the term set S and the sym-
bolic translation, respectively. The interval 2-tuple which
transforms equivalent information to an interval number
[β1, β2](β1, β2 ∈ [0, 1], β1 < β2) is derived with this func-
tion

Δ[β1, β2] = [(si, ai), (sj , aj)]⎧⎪⎪⎨⎪⎪⎩
si, i = Round(β1, g)
sj, j = Round(β2, g)
ai = β1 − i, ai ∈ [−0.5, 0.5)
aj = β2 − j, aj ∈ [−0.5, 0.5)

. (7)

On the contrary, there is always a function which can be
used to convert an interval 2-tuple into an interval number
[β1, β2](β1, β2 ∈ [0, 1], β1 < β2) as follows:

Δ−1[(si, ai), (sj , aj)] = [i + ai, j + aj ] = [β1, β2]. (8)

Specifically, the condition of si = sj and ai = aj will
decrease the interval 2-tuple linguistic variable down to a
2-tuple linguistic variable.
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3. The PGSA and ITWA operators

3.1 The ITWA operator

Definition 5 [27] Let ãi = [(ri, ai), (ti, εi)](i =
1, 2, . . . , n) be a set of interval 2-tuples and w =
{w0, w1, . . . , wn}T be their associated weight, wherewi ∈
[0, 1],

n∑
i=1

wi = 1. The ITWA operator can be expressed by

ITWAw(ã1, ã2, . . . , ãn) =
n∑

i=1

wiãi =

Δ

[
n∑

t=1

wiΔ−1(ri, ai),
n∑

i=1

wiΔ−1(ti, εi)

]
. (9)

3.2 Obtaining the optimal aggregation evaluation
value based on the PGSA

3.2.1 Mapping of uncertain linguistic information in
decision matrices

Let interval linguistic variable [s(t)
aij , s

(t)
bij ] (i =

1, 2, . . . , m; j = 1, 2, . . . , n; t = 1, 2, . . . , p), s(t)
aij , s

(t)
bij ∈

S, aij , bij ∈ {0, 1, . . . , T}, aij � bij . Thus S̃ij =
[(s(t)

aij , 0), (s(t)
bij , 0)] is the interval 2-tuple. According to

Definition 4, Δ−1(S̃ij) = [Δ−1(s(t)
aij , 0), Δ−1(s(t)

bij , 0)]
can be obtained, which is expressed as random interval
numbers β(t) = [β(t)

aij , β
(t)
bij ]m×n. Then, the interval num-

bers are mapped into two-dimensional coordinates cor-
responding to the decision preference information where
β

(t)
aij is the abscissa value and β

(t)
bij is the ordinate value.

Therefore, an MAGDM problem with interval numbers
that contain t DMs and m alternatives concerning n at-
tributes may be seen as p planes that are composed of
m × n planar point sets

β(t) = [β(t)

aij , β
(t)

bij ]m×n → (β(t)

aij , β
(t)

bij ) ∈ R2,

i = 1, 2, . . . , m; j = 1, 2, . . . , n; t = 1, 2, . . . , p (10)

where R2 expresses the two-dimensional Euclidean space.

3.2.2 Aggregation of the uncertain linguistic information
decision matrices

We map the uncertain linguistic information into a planar
point set. The aggregation of expert evaluation is needed
to find an assembly point that best represents the evalua-
tion points. If the sum of the distances between one and
several other points is the shortest, then this rally point can
best represent the other points. The corresponding interval
2-tuple of this rally point is the most comprehensive evalu-
ation value that represents the evaluation value of differ-
ent experts. Based on the initial definition of the Fermat

point by the mathematician Fermat, for any given point
on the planes p1, p2, p3, find another point P and connect
point P with points p1, p2, p3. The minimum distance of
the point of attachment is known mathematically as the
“Fermat problem,” and point P is called the “Fermat point”
[28]. In the beginning of the 19th century, this problem was
further extended by Swiss mathematician Steiner to allow
the plane to include a finite number of points, i.e., a unique
point P is found to obtain the minimal total Euclidean dis-
tance [29]. A natural extension of the Steiner problem may
be expressed by the difinition as follows.

Definition 6 Based on the n points p1, p2, . . . , pn(n �
4) on the plane, if there is a point P that minimizes the dis-

tance D =
n∑

i=1

wi|PPi| where the corresponding positive

weights wi ∈ [0, 1](i = 1, 2, . . . , n), then this is called
a weighted Steiner problem. Thus, we call point P the
weighted Steiner point (see Fig. 1).

Fig. 1 Weighted Steiner problem

According to Section 3.1, we can map the attribute value
judgment matrix of uncertain linguistic variables on two-

dimensional planar point sets, that is, β
(t) → R2 (t =

1, 2, . . . , n). Thus, the aggregation on the interval num-
ber [β(t)

aij , β
(t)
bij ] is the equivalent of the set in the plane

e1, e2, . . . , en(n > 3). Obviously, we should find a point
E∗ where the distance of the point of attachment is the
minimum.

3.2.3 Obtaining the generalized Steiner point of the
expert evaluation points by using PGSA

Unfortunately, P cannot be obtained by elementary geo-
metry methods, and the difficulty increases as the known
points increase. We use the PGSA to find the optimal as-
sembly point P to solve this problem.

The PGSA, which is a kind of intelligent optimization
algorithm based on the principle of plant to light, was first
proposed by Li [30], which has a simple parameter set-
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ting, fewer restrictions, strong random searching ability,
and high stability; thus, it is superior in solving global op-
timal solutions and has been widely used in numerous re-
search fields in recent years [31 – 35]. Scholars have com-
pared the PGSA with the genetic algorithm (GA) and the
particle swarm optimization algorithm, and the results in
the existing literature show that the optimal network pro-
posed by the PGSA is a better scheme [33]. According
to PGSA scholars, theoretical analyses and numerical ex-
ample results have shown that the PGSA has certain ad-
vantages compared with the GA as a representative of
the modern heuristic algorithm. For example, the PGSA
can be treated as the objective function and the constraint
condition separately with no encoding and decoding, it
can avoid constructing new calculating objective functions,
and it does not encounter the problems of punishment co-
efficients, such as selection, crossover and mutation rates,
and satisfactory stability of solutions. The PGSA has an
ideal search mechanism with directional and random equi-
librium, which is determined by the morphogen concentra-
tion, and can find the global optimal solution at a relatively
fast speed [29,34]. The procedure proposed to obtain the
generalized Fermat point is as follows:

Step 1 To determine the initial growing point, am ∈ X .
X is the length of the bounded closed box of Rn with ini-
tial growing point am as the uniform random point in the
bounded closed box.

Step 2 To determine the rate of the growing point,

pm =

n∑
i=1

(1/|amsi|)
v∑

m=1

n∑
i=1

(1/|amsi|)
, m = 1, 2, . . . , v. (11)

Step 3 To establish the interval probability of the grow-
ing point on the closed space according to the result of
Step 2. Then, select the current iteration growing point by
random numbers.

Step 4 To determine the step length λ (take λ as
l/1 000), let the growing point am grow according to the
system L with ∂ = 90◦. Then, replace the point am with
the new growth rally points.

Step 5 If new growing points are no longer produced
and the preset number of iterations have been reached, ob-
tain the global optimal and local optimal solutions and stop
computing; otherwise, return to Step 2.

4. An approach to MAGDM

In this section, the attribute preference values are the form
of interval 2-tuple linguistic variables, while the attribute
and the expert weights take the form of real numbers.

Let S = {s0, s1, . . . , sT } be a linguistic term of T + 1
and S be a set of interval 2-tuple linguistic variables. Let
X = {X1, X2, . . . , Xm}(m � 2) be a set of m discrete al-
ternatives and u = {u1, u2, . . . , un}(n � 2) be a set of at-
tributes. Let D = {d1, d2, . . . , dl}(l � 2) be a set of l DMs
DMk(k = 1, 2, . . . , l) and w = {w1, w2, . . . , wn}T be a

weight vector of attributes. Suppose that Dk = [d
k

ij ]m×n

is a linguistic decision matrix of interval 2-tuple, where d
k

ij

is the attribute value for alternative xi concerning attribute
ui, which is provided by DM dk and is in the format of

interval 2-tuple linguistic variables d
k

ij ∈ S. In addition,
DMs can utilize various linguistic term sets for expressing
the preference values.

This paper uses the MAGDM problem to rank the al-
ternatives or to select the most desirable one(s) among a
finite set X by using the interval 2-tuple linguistic deci-

sion matrix Dk = [d
k

ij ]m×n. An approach is proposed
here to solve this problem with interval 2-tuple linguistic
variables by means of the PGSA operator. The methods
include these steps:

Step 1 Convert the linguistic decision matrix Dk =
[d

k

ij ]m×n into the linguistic decision matrix of interval 2-

tuple R̃k = (r̃ij)m×n = [(rk
ij , 0), (tkij , 0)])m×n, where

rk
ij , t

k
ij ∈ S, S = {si|i = 0, 1, 2, . . . , g} and rk

ij � tkij .
Suppose that DMk provides its assessment on a set of

five linguistic terms, where the linguistic term set is de-
fined as

S = {s0 = very poor, s1 = poor, s2 = slightly poor,

s3 = fair, s4 = slightly good, s5 = good,

s6 = very good}.
The following requirements can be used to convert the

linguistic information contained in the decision matrix into
its corresponding interval 2-tuple linguistic assessment: (i)
a certain grade, e.g., poor can be written as [(s1, 0), (s1, 0)]
and (ii) e.g., poor-medium means that the attribute under
consideration is between poor and medium, which may
be defined as [(s1, 0), (s3, 0)].

Step 2 Utilize the decision information contained in
matrix R̃k and the ITWA operator

r̃k
i = [(rk

i , ak
i ), (tki , εk

i )] =

ITWAw(r̃k
i1, r̃

k
i2, . . . , r̃

k
im) =

Δ[
n∑

j=1

wjΔ−1(rk
ij , 0),

n∑
j=1

wjΔ−1(tkij , εi)],

i = 1, 2, . . . , m; k = 1, 2, . . . , l (12)

to derive the individual overall preference values r̃k(k =
1, 2, . . . , 5) of the alternative Ai.
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Step 3 Map the attribute value judgment matrix of un-
certain linguistic variables to two-dimensional planar point
sets according to the fourth part. We can obtain β(t) =
[β(t)

aij , β
(t)
bij ]m×n.

Step 4 Utilize the decision information contained in
the matrix and aggregate all the DMs’ opinions based on
the PGSA into a collective alternative appraisal value to
get the optimal interval numbers.

Step 5 Rank the alternatives or select the most desir-
able one(s) according to the comparison laws of (6).

5. Illustrative example

5.1 Problem description and the decision process

We present an MAGDM example of a robot selection prob-
lem in this section. After the preliminary simulation, we
select five robots (alternatives) Ai(i = 1, 2, . . . , 5) with
the capacity to perform the chosen task. A committee of
four DMs, that is, DM1, DM2, DM3, DM4 are created to
determine the optimum robot (alternative) for the appli-
cation. The analysis includes these alternative attributes:
C1, C2, C3 (purchase cost), C4 and C5. The attribute
weight vectors are w = (0.18, 0.30, 0.18, 0.12, 0.22)T.
Each DM will consider its own preference and provide its
judgment (uncertain linguistic term) on possible alterna-
tives over multiple attributes. Then, we can get an expert
evaluation matrix. We need to aggregate each DMs’ judg-
ment information to obtain an overall ranking of the five
alternatives. Specifically, DM1 will provide the judgement
by means of linguistic term set A, DM2 will provide by
means of B, DM3 will provide by means of C, and DM4

will provide by means of D. These linguistic term sets are
defined according to the following formulas:

A = {a0 = very low, a1 = low, a2 = medium,

a3 = high, a4 = very high},
B = {b0 = very low, b1 = low,

b2 = medium low, b3 = medium, b4 = medium high,

b5 = high, b6 = very high},
C = {c0 = extra low, c1 = very low, c2 = low,

c3 = medium low, c4 = medium, c5 = medium high,

c6 = high, c7 = very high, c8 = extra high},
D = {d0 = very low, d1 = low, d2 = medium,

d3 = high, d4 = very high}.
Table 1 presents how the four DMs assess the five alter-

natives on each of the attributes.

Table 1 Linguistic assessments

AttributeDM Alternative
C1 C2 C3 C4 C5

A1 M M-H H H M
A2 M-H M H M M-H

DM1 A3 H H-VH VH H VH
A4 M M L-M L L
A5 H H-VH M H H
A1 M M ML-M MH M-H
A2 ML-M M L M ML

DM2 A3 H VH H VH VH
A4 L MH M ML ML
A5 M-H H H MH-H H
A1 M M H-VH H M-H
A2 M-MH M-H H H H

DM3 A3 EH VH VH-EH VH VH
A4 L ML L L-ML L-M
A5 VH VH H-VH H-VH VH
A1 M M H H M-H
A2 M-H M H H H

DM4 A3 H VH H-VH VH VH
A4 L-M M L L-M M
A5 H VH H H-VH H

Table 2 Interval 2-tuple linguistic decision matrix of the DMs

Attribute
DM Alternative

C1 C2 C3 C4 C5

A1 [(a2, 0), (a2, 0)] [(a2, 0), (a3, 0)] [(a2, 0), (a3, 0)] [(a3, 0), (a3, 0)] [(a2, 0), (a2, 0)]

A2 [(a2, 0), (a3, 0)] [(a2, 0), (a2, 0)] [(a3, 0), (a3, 0)] [(a2, 0), (a2, 0)] [(a2, 0), (a3, 0)]

DM1 A3 [(a3, 0), (a3, 0)] [(a3, 0), (a4, 0)] [(a4, 0), (a4, 0)] [(a3, 0), (a3, 0)] [(a4, 0), (a4, 0)]

A4 [(a2, 0), (a2, 0)] [(a2, 0), (a3, 0)] [(a1, 0), (a2, 0)] [(a1, 0), (a1, 0)] [(a1, 0), (a1, 0)]

A5 [(a3, 0), (a3, 0)] [(a3, 0), (a4, 0)] [(a2, 0), (a2, 0)] [(a3, 0), (a3, 0)] [(a3, 0), (a3, 0)]

A1 [(b3, 0), (b3, 0)] [(b3, 0), (b3, 0)] [(b2, 0), (b3, 0)] [(b4, 0), (b4, 0)] [(b3, 0), (b5, 0)]

A2 [(b2, 0), (b3, 0)] [(b3, 0), (b3, 0)] [(b1, 0), (b1, 0)] [(b3, 0), (b3, 0)] [(b2, 0), (b2, 0)]

DM2 A3 [(b5, 0), (b5, 0)] [(b5, 0), (b5, 0)] [(b5, 0), (b5, 0)] [(b5, 0), (b5, 0)] [(b5, 0), (b5, 0)]

A4 [(b1, 0), (b1, 0)] [(b4, 0), (b4, 0)] [(b3, 0), (b3, 0)] [(b2, 0), (b2, 0)] [(b2, 0), (b2, 0)]

A5 [(b3, 0), (b5, 0)] [(b5, 0), (b5, 0)] [(b5, 0), (b5, 0)] [(b4, 0), (b5, 0)] [(b5, 0), (b5, 0)]

A1 [(c4, 0), (c4, 0)] [(c4, 0), (c4, 0)] [(c6, 0), (c7, 0)] [(c6, 0), (c6, 0)] [(c4, 0), (c6, 0)]

A2 [(c4, 0), (c5, 0)] [(c4, 0), (c6, 0)] [(c6, 0), (c6, 0)] [(c6, 0), (c6, 0)] [(c6, 0), (c6, 0)]

DM3 A3 [(c8, 0), (c8, 0)] [(c7, 0), (c7, 0)] [(c7, 0), (c6, 0)] [(c7, 0), (c7, 0)] [(c7, 0), (c7, 0)]

A4 [(c2, 0), (c2, 0)] [(c3, 0), (c3, 0)] [(c2, 0), (c2, 0)] [(c2, 0), (c3, 0)] [(c2, 0), (c4, 0)]

A5 [(c7, 0), (c7, 0)] [(c7, 0), (c7, 0)] [(c6, 0), (c7, 0)] [(c6, 0), (c7, 0)] [(c7, 0), (c7, 0)]
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Continued
Attribute

DM Alternative
C1 C2 C3 C4 C5

A1 [(d2, 0), (d2, 0)] [(d2, 0), (d2, 0)] [(d3, 0), (d3, 0)] [(d3, 0), (d3, 0)] [(d2, 0), (d3, 0)]

A2 [(d2, 0), (d3, 0)] [(d2, 0), (d2, 0)] [(d3, 0), (d3, 0)] [(d3, 0), (d3, 0)] [(d3, 0), (d3, 0)]

DM4 A3 [(d3, 0), (d3, 0)] [(d4, 0), (d4, 0)] [(d3, 0), (d4, 0)] [(d4, 0), (d4, 0)] [(d4, 0), (d4, 0)]

A4 [(d1, 0), (d2, 0)] [(d2, 0), (d2, 0)] [(d1, 0), (d1, 0)] [(d1, 0), (d2, 0)] [(d2, 0), (d2, 0)]

A5 [(d3, 0), (d3, 0)] [(d4, 0), (d4, 0)] [(d3, 0), (d3, 0)] [(d3, 0), (d4, 0)] [(d3, 0), (d3, 0)]

The overall ranking of the five alternatives is obtained
by using the methods proposed in this paper, after which
the most desirable alternative can be accordingly obtained.
The steps are as follows:

Step 1 The decision matrix presented in Table 1 is con-
verted into the linguistic decision matrix of interval 2-tuple
R̃k = (r̃ij)m×n = ([(rk

ij , 0), (tkij , 0)])m×n, as is depicted
in Table 2.

Step 2 The individual overall preference values r̃k(k =
1, 2, . . . , 5) of the alternative Ai are derived by means of
the decision information contained in matrix R̃k and the
ITWA operator.

Step 3 Map the attribute value judgment matrix of
the uncertain linguistic variable on two-dimensional pla-
nar point sets according to the fourth part. We can obtain
β(t) = [β(t)

aij , β
(t)
bij ]m×n (refer to Table 3).

Step 4 Utilize the decision information given in
Table 3. Aggregate all the DMs’ opinions based on the
PGSA into a collective alternative appraisal value to get
the optimal interval numbers (see Table 4).

Table 3 Individual overall preference values indicated by [β1,β2]

Alternative
DM

A1 A2 A3 A4 A5

DM1 [4.60,5.20] [4.36,5.16] [6.80,7.40] [2.96,3.32] [5.64,6.24]
DM2 [3.92,4.74] [2.98,3.22] [7.52,7.52] [3.47,3.47] [6.02,6.67]
DM3 [4.60,5.22] [5.04,5.82] [7.18,7.36] [2.30,2.86] [6.70,7.00]
DM4 [4.60,5.04] [5.04,5.40] [7.28,7.64] [3.04,3.64] [6.60,6.84]

Step 5 Rank the alternatives or select the most desirable
one(s) according to the comparison laws of different aggre-
gation methods. The ranking orders of the alternatives are
A3 � A5 � A2 � A1 � A4 and the best alternative is A3.
� means “preferred to”.

Table 4 Optimal interval numbers by PGSA

Alternative A1 A2 A3 A4 A5

The optimal interval number by PGSA [4.600,5.200] [4.578,5.237] [7.219,7.470] [2.960,3.320] [6.392,6.779]
The ranking value φ 4.780 4.776 7.294 3.068 6.058

5.2 Comparison with other operators

We obtain the optimal interval numbers based on the PGSA
by utilizing the decision information given in Table 3.
Then, we aggregate all the DMs’ opinions by using the air
mean operator, the ITWG operator, and the depended in-
terval 2-tuple weighted average (DITWA) operator, which
are shown in Table 5. In addition, we count the sum of
the distance of the assembly point and the other points by
using different aggregation methods. Their comparison is
depicted in Table 6. The ranking order of the alternatives

are shown in Table 7. The ranking order of the alternative
robots may differ depending on the aggregation operators
used. Therefore, the results may lead to different decisions
depending on the particular type of the utilized aggregation
operator. However, in this example, A3 is clearly the best
choice. Therefore, the committee can recommend A3 as
the most suitable for the loading task. Furthermore, we can
see that the sum of the distance of the assembly point and
the other points by the PGSA is the shortest, which indi-
cates that the points obtained by PGSA can best represent
the comprehensive evaluation of experts.

Table 5 Four collective preference values

Average operator A1 A2 A3 A4 A5

Ari average [4.352,5.056] [4.360,4.904] [7.200,7.480] [2.944,3.320] [6.240,6.688]
φε1 4.563 4.523 7.284 3.057 6.374

ITWA & DITWA [4.488,5.080] [4.728,5.392] [7.280,7.480] [2.992,3.360] [6.264,6.704]
φε2 4.666 4.927 7.290 3.102 4 6.396

ITWG & ITWG [4.400,4.968] [4.640,5.312] [7.168,7.448] [2.792,3.160] [6.184,6.648]
φε3 4.570 4.842 7.252 2.903 1 6.323

ITWA & PGSA [4.600,5.200] [4.578,5.237] [7.219,7.470] [2.960,3.320] [6.392,6.779]
φε4 4.780 4.776 7.294 3.068 6.058
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Table 6 Sum of the distance of the assembly point and the other points

Aggregation method A1 A2 A3 A4 A5

Ari average e1 = 1.367 9 e1 = 4.422 2 e1 = 1.031 0 e1 = 1.688 5 e1 = 1.916 1

ITWA & DITWA e2 = 1.919 0 e2 = 4.064 8 e2 = 1.029 0 e2 = 1.619 5 e2 = 1.913 4

ITWG & DITWG e3 = 1.347 3 e3 = 4.045 3 e3 = 1.041 5 e3 = 2.094 0 e3 = 1.928 3

PGSA e4 = 1.0010 e4 = 4.038 3 e4 = 1.027 2 e4 = 1.665 9 e4 = 1.908 7

Distance comparison
e4 < e3 <

e1 < e2

e4 < e3 <

e2 < e1

e4 < e2 <

e1 < e3

e4 < e2 <

e1 < e3

e4 < e2 <

e1 < e3

Table 7 Ranking orders of different aggregation methods

Aggregation method Ranking
The best

alternative

Ari average A3 � A5 � A1 � A2 � A4 A3

ITWA & DITWA A3 � A5 � A2 � A1 � A4 A3

ITWG & DITWG A3 � A5 � A2 � A1 � A4 A3

PGSA A3 � A5 � A2 � A1 � A4 A3

6. Comparison with other methods

The performance of the proposed method is compared with
that of the ULWBM/ULWGBM [15] and ULHA/ULOWA
[14] methods, respectively.

6.1 The first comparison

We utilize MAGDM problems in this section to illus-
trate the comparison. Suppose an organization plans to
implement an enterprise resource planning (ERP) system
[35]. Five potential ERP systems are chosen here, that
is, Ai(i = 1, 2, . . . , 5) as candidates by collecting the
information of both the systems and ERP vendors. The
company employs a few experts or organizations as ex-
ternal resources for decision making. Four attributes are
elected in this project to evaluate the alternatives, namely,
G1, G2, G3, G4. The DMs evaluate the five possible alter-
natives Ai(i = 1, 2, . . . , 5) by using uncertain linguistic
numbers under the aforementioned four attributes (weight-
ing vector is w = (0.2, 0.1, 0.3, 0.4)) and construct the
following matrix A = (ãij)5×4.

We utilize the ULWBM (or ULWGBM) operator ap-
proach to address the uncertain linguistic information in
MAGDM problems, and to select the most desirable candi-
date. Meanwhile, the proposed methods ITWA and PGSA
are also used, with the comparison result shown in Table 8.
Table 9 shows that both methods provide the same best al-
ternative, which is A3, similar to other results.

Table 8 The overall preference values

Alternative ULWBM ULWGBM ITWA & PGSA

A1 [s0.71, s0.98] [s1.30, s1.41] [s2.40, s3.36]

A2 [s0.78, s1.10] [s1.36, s1.48] [s3.40, s4.00]

A3 [s1.20, s1.47] [s1.52, s1.60] [s4.80, s5.82]

A4 [s1.05, s1.35] [s1.46, s1.56] [s4.00, s5.02]

A5 [s0.81, s1.12] [s1.36, s1.49] [s3.36, s4.80]

We obtain the same sort and optimal scheme. The com-
prehensive value presented in Table 10 shows that the pro-
posed method is close to the original expert evaluation
value, which means that we can obtain additional infor-
mation with minimal information loss.

Table 9 Ranking orders of different operator approaches

Operator approach Ranking
The best

alternative

ULWBM A3 � A4 � A5 � A2 � A1 A3

ULWGBM A3 � A4 � A5 � A2 � A1 A3

ITWA & PGSA A3 � A4 � A5 � A2 � A1 A3

Table 10 Overall preference values of the alternatives

Alternative ULHA & ULOWA ITWA & PGSA

A1 [s5.53, s6.76] [s5.60, s6.89]

A2 [s5.48, s7.02] [s5.65, s7.00]

A3 [s5.88, s7.21] [s5.76, s7.07]

A4 [s5.34, s6.55] [s5.55, s6.68]

A5 [s5.17, s6.67] [s5.18, s6.66]

6.2 The second comparison

In this section, we illustrate the comparison by using the
problem of evaluating university faculty for promotion and
tenure [35]. Additionally, the attributes applied to a few
universities include teaching u1, research u2, and service
u3. Five candidates (alternatives), Aj(j = 1, 2, . . . , 5) are
evaluated by using the term set S = {s0, s1, s2, . . . , sg}
by four DMs, Gk(k = 1, 2, 3, 4) whose weight vector
v = (0.24, 0.26, 0.23, 0.27)T under the three attributes.
Table 10 presents the comparison results. Table 11 shows
that both methods provide the same best alternative A3

which is similar with other results. Similar results are
achieved by using the ULHA and ULOWA methods as
well as the methods ITWA and PGSA proposed in this
study, thereby simplifying the aggregation and making it
easy to use. Therefore, the effectiveness and innovation of
the methods are illustrated.

Table 11 Ranking orders

Operator approach Ranking
The best

alternative

ULHA & ULOWA A3 � A2 � A1 � A4 � A5 A3

ITWA & PGSA A3 � A2 � A1 � A4 � A5 A3
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7. Conclusions

The MAGDM problem which is presented here is used to
rank the alternatives or to select the most desirable one(s).
An approach is proposed here to solve the MAGDM
problem by using interval 2-tuple linguistic variables on
the basis of the PGSA operator. The MAGDM problems
are mainly reflected in two aspects. The group decision-
making problem is based on interval 2-tuple linguis-
tic judgment matrices. Additionally, different aggregation
operators are compared in the process of preference aggre-
gation. We provide an example for illustration and verifi-
cation and compare several aggregation operators to indi-
cate the optimality of the assembly method. In addition,
we present two comparisons to demonstrate the practical-
ity and effectiveness of the proposed method.

The contribution of this study is characterized by four
aspects. First, this study proposes an intelligent optimiza-
tion algorithm, which is the PGSA, to integrate uncertain
linguistic information. Second, the presented method can
be used not only to aggregate MAGDM problems but also
to solve multi-granularity uncertain linguistic information.
Third, the presented method improves the efficiency of
ULWA characteristics, namely, its high reliability, easy
programming, and high-speed calculation to simplify the
aggregation and to make it easy to use. Finally, the pro-
posed method combined with a few 2-tuple correlation al-
gorithms can effectively avoid a common problem in lin-
guistic information processing, i.e., information distortion
and loss, based on its exact characteristics for linguistic in-
formation processing.

We expect to extend the proposed approach in future
research by optimizing the decision-making process with
more new characteristics. Potential MAGDM applications
in other fields can be developed, such as medical waste
management, project evaluation, and supplier selection. In
addition, future decision-making theories and methods can
be combined with data science, social network analysis,
and other methods for cross integration between different
disciplines for objective and scientific decision making.
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